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Abstract: In this paper, a cubic transmutation approach, proposed by Rahman et al. [1], is used to introduce the cubic transmuted Burr-

XII distribution. The distributional properties like moments, moment generating function, characteristic function, quantile function,

reliability function and hazard rate function are discussed for the proposed distribution along with the distributions of different order

statistics. The maximum likelihood estimation of the model parameters has been discussed for the proposed distribution. In order to

investigate the applicability of the proposed distribution two real-life applications have been considered.
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1 Introduction

Probability distributions are being used to model real-world phenomena. Nowadays, generalizing the probability
distribution is a very common practice due to capture more complex real-world problems. Still, there are so many
real-wold problems that do not follow any of the standard probability models. So, generalizing the probability
distributions is an ever-existing process.

The Pearson distribution is a class of continuous probability distributions, in which the density function y = f (x) is
defined to be any valid solution to the differential equation, see [2], can be expressed as

1

y

dy

dx
=

(x− a)

c0 + c1x+ c2x2
, (1)

where c0, c1 and c2 are constants. The Burr [3], cumulative distribution function y = F(x) is obtained from the following
simple differential equation

1

y

dy

dx
= (1− y)g(x,y). (2)

It is to be noted that (2) comprises 12 distributions, is very similar to (1) for g(x,y) = (c0+c1x+c2x2)−1. The Burr-XII
distribution or simply the Burr distribution is a member of a system of continuous distributions (2) for a positive random
variable. It is also well known as the Singh-Maddala distribution [4], and sometimes called the “generalized log-logistic
distribution”. It is most commonly used to model household income in the U.S. and it has limited applicability. The
Burr-XII distribution has the density function, see [5], as

g(x) = αβ
xα−1

(1+ xα)β+1
, x ∈ R

+,

where α ∈R
+ and β ∈R

+ are the shape and scale parameters respectively. Burr distribution becomes the Pareto Type
II (Lomax) distribution for α = 1 and it is a special case of the Champernowne distribution, see [6], often called the Fisk
distribution, see [7], for β = 1.
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The main target of this article is to increase the applicability of the Burr-XII distribution specially in the area of
household income, environmental, biology, engineering, reliability, insurance and other areas of life. For doing so, a
second-order Burr-XII distribution is introduced that can capture the complex behavior in the real-life datasets.

The layout plan of the article: In Section 2, the cubic transmuted Burr-XII distribution is introduced. Some of the
distributional properties are described in Section 3 along with the distributions of the different order statistics in Section 4.
The maximum likelihood estimation of the model parameters is described in Section 5. Section 6 describes two real-life
applications of the proposed distribution. Some concluding remarks are listed at the end.

2 Cubic Transmuted Burr-XII Distribution

The Burr-XII distribution was first introduced in the literature by Burr [3], which has the distribution function as

G(x) = 1− (1+ xα)−β , x ∈ R
+, (3)

where α ∈R
+ and β ∈R

+. Further detail studying the distribution, see [8,9]. Shaw and Buckley [10], introduced the
transmuted family of distribution to solve the problems related to the financial mathematics. This family has the following
cumulative distribution function

F(x) = (1+λ ) G(x)−λ G2(x), x ∈R, (4)

where λ ∈ [−1,1] and G(x) is the base distribution function of any standard probability distribution. For λ = 0, (4)
has the base distribution function. Maurya et al. [11], use (3) in (4) and developed transmuted Burr-XII distribution which
has the following cumulative distribution function

F(x) = 1+
[

(λ − 1)(xα + 1)−β −λ (xα + 1)−2β
]

, x ∈ R
+,

where α,β ∈R
+ and λ ∈ [−1,1]. Consider the distribution function of a cubic transmuted family proposed by Rahman

et al. [1], which is written as

F(x) = (1−λ )G(x)+ 3λ G2(x)− 2λ G3(x), x ∈R, (5)

where λ ∈ [−1,1] and G(x) is the distribution function of any baseline probability distribution. In order to introduce
the distribution function of the proposed CTBurr-XII distribution, use (3) in (5) which can be further expressed as

F(x) = (xα + 1)−3β
{

(xα + 1)β − 1
}[

λ
{

(xα + 1)β − 2
}

+(xα + 1)2β
]

, x ∈ R
+, (6)

where α,β ∈ R
+ and λ ∈ [−1,1]. The corresponding probability density function of the proposed CTBurr-XII

distribution is obtained by differentiating (6) with respect to x, which can be stated in the following definition.

Definition: A continuous random variable X is said to have a proposed CTBurr-XII distribution if its probability

density function can be written as follow

f (x) = α β xα−1 (xα + 1)−3β−1
[

−6λ + 6λ (xα + 1)β − (λ − 1)(xα + 1)2β
]

, x ∈ R
+, (7)

where α,β ∈ R
+ and λ ∈ [−1,1].

Some of the possible shapes for the density and distribution functions of the proposed CTBurr-XII distribution are
presented in Fig. 1. It has been observed from the figure that the proposed model has the capability to capture the complex
behavior of the real-life datasets.

3 Distributional Properties

Some of the important distributional properties of the proposed CTBurr-XII distribution, presented in (7), are discussed
in the following subsections.
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Fig. 1: The density and distribution functions of the proposed CTBurr-XII distribution

3.1 Moments

The moment is a specific quantitative measure of the shape of a probability function. For a specific probability distribution,
the first moment is the expected value, the second central moment is the variance, the third standardized moment is
the skewness, and the fourth standardized moment is the kurtosis. The rth raw moments of the proposed CTBurr-XII
distribution is obtained as

µ
′
r = Γ

(

r+α

α

)

[

(1−λ )Γ
(

β − r
α

)

Γ (β )
+

3λΓ
(

2β − r
α

)

Γ (2β )
−

2λΓ
(

3β − r
α

)

Γ (3β )

]

,αβ > r. (8)

The mean of the proposed distribution is obtained by setting r = 1 in equation (8) and expressed as follow

µ = µ ′
1 = Γ

(

1+α

α

)

[

(1−λ )Γ
(

β − 1
α

)

Γ (β )
+

3λΓ
(

2β − 1
α

)

Γ (2β )
−

2λΓ
(

3β − 1
α

)

Γ (3β )

]

.

The variance of the proposed CTBurr-XII distribution is obtained as

σ2 = µ ′
2 − (µ ′

1)
2 = Γ

(

2+α

α

)

[

(1−λ )Γ
(

β − 2
α

)

Γ (β )
+

3λΓ
(

2β − 2
α

)

Γ (2β )
−

2λΓ
(

3β − 2
α

)

Γ (3β )

]

−

[

Γ

(

1+α

α

)

{

(1−λ )Γ
(

β − 1
α

)

Γ (β )
+

3λΓ
(

2β − 1
α

)

Γ (2β )
−

2λΓ
(

3β − 1
α

)

Γ (3β )

}]2

.

One can obtain all the higher moments by using r > 2 in equation (8).

3.2 Moment Generating Function

The moment generating function for the proposed CTBurr-XII distribution is stated by the following theorem.

Theorem 1. Let a continuous random variable X follows the CTBurr-XII distribution, then the moment generating

function MX(t) of X is

MX (t) =
∞

∑
r=0

tr

r!
·Γ

(

r+α

α

)

[

(1−λ )Γ
(

β − r
α

)

Γ (β )
+

3λΓ
(

2β − r
α

)

Γ (2β )
−

2λΓ
(

3β − r
α

)

Γ (3β )

]

.
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Proof. The moment generating function is defined as

MX(t) = E[etX ] =

∫ ∞

0
etx f (x)dx,

where f (x) is given in (7). Using the series representation of etx given by Gradshteyn and Ryzhik [12], we have

Mx(t) =

∫ ∞

0

∞

∑
r=0

tr

r!
xr f (x)dx =

∞

∑
r=0

tr

r!
E(X r). (9)

Using E(X r) from (8) in (9), we have the moment generating function MX(t).

3.3 Characteristic Function

The characteristic function for the proposed CTBurr-XII distribution is stated by the following theorem.

Theorem 2. Let a continuous random X follows the CTBurr-XII distribution, then the characteristic function φX (t) is

φX (t) =
∞

∑
r=0

(it)r

r!
·Γ

(

r+α

α

)

[

(1−λ )Γ
(

β − r
α

)

Γ (β )
+

3λΓ
(

2β − r
α

)

Γ (2β )
−

2λΓ
(

3β − r
α

)

Γ (3β )

]

.

where, i =
√
−1 is the imaginary unit and t ∈R.

Proof. The proof is simple like moment generating function.

3.4 Quantile Function and Median

The quantile function for the proposed CTBurr-XII distribution is obtained by solving F(x) = q, see for example [13],
and further proceed as follow

(xα + 1)−3β
{

(xα + 1)β − 1
}[

λ
{

(xα + 1)β − 2
}

+(xα + 1)2β
]

= q,

which can be further obtained as

xq =

[{ 3

√

δ1 +
√

δ 2
2 + 4δ 3

3 +θ

3
3
√

2(q− 1)
−

3
√

2δ3

3(q− 1) 3

√

δ1 +
√

δ 2
2 + 4δ 3

3 +θ

−
1−λ

3(q− 1)

}1/β

− 1

]1/α

, (10)

where θ = 54λ q2 − 27λ 2q− 81λ q− 2, δ1 = 2λ 3 + 21λ 2+ 33λ , δ2 = 2λ 3 + 21λ 2+ 33λ +θ , and δ3 =−λ 2 − 7λ +
9λ q− 1. By using (10), one can easily obtain the first quartile (Q1), second quartile (Q2) or median and third quartile
(Q3) by setting q = 0.25, 0.50, and 0.75 respectively.

3.5 Generating Random Sample

The random number from the proposed CTBurr-XII distribution is generated by setting F(x) = u, see for example [14],
and further obtained as

(xα + 1)−3β
{

(xα + 1)β − 1
}[

λ
{

(xα + 1)β − 2
}

+(xα + 1)2β
]

= u,

where u ∼U(0,1), and the above can be further obtained as

X =

[{ 3

√

δ1 +
√

δ 2
2 + 4δ 3

3 +θ

3
3
√

2(u− 1)
−

3
√

2δ3

3(u− 1) 3

√

δ1 +
√

δ 2
2 + 4δ 3

3 +θ

−
1−λ

3(u− 1)

}1/β

− 1

]1/α

, (11)

where θ = 54λ u2 − 27λ 2u− 81λ u− 2, δ1 = 2λ 3 + 21λ 2+ 33λ , δ2 = 2λ 3 + 21λ 2+ 33λ +θ , and δ3 =−λ 2 − 7λ +
9λ u− 1. Hence, one can use (11) to generate random samples from the proposed CTBurr-XII distribution.
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Fig. 2: The reliability and hazard rate functions of the proposed CTBurr-XII distribution

3.6 Reliability Analysis

The reliability function is simply the complement of a distribution function and is defined for the proposed CTBurr-XII
distribution as

R(t) = 1−F(t) = 1− (tα + 1)−3β
{

(tα + 1)β − 1
}[

λ
{

(tα + 1)β − 2
}

+(tα + 1)2β
]

.

The hazard function is the ratio of the probability distribution function to the reliability function and is given by

h(t) =
f (t)

R(t)
=

f (t)

1−F(t)
=

αβ tα−1 (tα + 1)−3β−1
[

−6λ + 6λ (tα + 1)β − (λ − 1)(tα + 1)2β
]

1− (tα + 1)−3β
{

(tα + 1)β − 1
}[

λ
{

(tα + 1)β − 2
}

+(tα + 1)2β
] .

Fig. 2 describes several plots of the reliability and hazard rate functions for the proposed CTBurr-XII distribution.
It has been observed from the figure that the proposed distribution has the capability to capture several increasing then
decreasing hazard rate functions.

4 Order Statistics

The probability density function of the rth order statistic for the proposed CTBurr-XII distribution is given as follow

fr:n(x) =
n!

(r− 1)!(n− r)!

[

αβ xα−1 (xα + 1)−3β−1 ×
{

−6λ + 6λ (xα + 1)β − (λ − 1)(xα + 1)2β
}

]

×
[

(xα + 1)−3β
{

(xα + 1)β − 1
}{

λ
{

(xα + 1)β − 2
}

+(xα + 1)2β
}]r−1

×
[

1− (xα + 1)−3β
{

(xα + 1)β − 1
}{

λ
{

(xα + 1)β − 2
}

+(xα + 1)2β
}]n−r

,

where r = 1,2, · · · ,n. Using r = 1, obtain the density function of lowest order statistic X1:n, and is given as

fX1:n
(x) = n

[

αβ xα−1 (xα + 1)−3β−1
{

−6λ + 6λ (xα + 1)β − (λ − 1)(xα + 1)2β
}

]

×
[

1− (xα + 1)−3β
{

(xα + 1)β − 1
}{

λ
{

(xα + 1)β − 2
}

+(xα + 1)2β
}]n−1

,
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also for using r = n, the density function of highest order statistic Xn:n, is obtain by

fXn:n(x) = n

[

αβ xα−1 (xα + 1)−3β−1
{

−6λ + 6λ (xα + 1)β − (λ − 1)(xα + 1)2β
}

]

×
[

(xα + 1)−3β
{

(xα + 1)β − 1
}{

λ
{

(xα + 1)β − 2
}

+(xα + 1)2β
}]n−1

.

Note that for λ = 0, it has the density function of the rth order statistic for Burr-XII distribution, as follow

gXr:n(x) =
n!

(r− 1)!(n− r)!

αβ xα−1

(xα + 1)β+1

[

1− (xα + 1)−β
]r−1

×
[

1− 1− (xα + 1)−β
]n−r

,r = 1,2, · · · ,n.

The kth order moment of Xr:n for the proposed CTBurr-XII distribution is obtained by using the equation

E(X k
r:n) =

∫ ∞

0
xk

r · fXr:n(x) ·dx.

5 Estimation

In this section, the estimation of the model parameters for the proposed CTBurr-XII distribution has been conducted. This
was down by using maximum likelihood estimation technique. For doing this, consider a random sample x1,x2, · · · ,xn of
size n from the proposed CTBurr-XII distribution, which has the likelihood function as

L =
n

∏
i=1

[

αβ xα−1(xα + 1)−β−1(−6λ + 6λ (xα + 1)β − (λ − 1)(xα + 1)2β )
]

,

and the equivalent log-likelihood function l = ln(L) is

l = n log[αβ ]+ (α − 1)
n

∑
i=1

log[xi]+ (−3β − 1)
n

∑
i=1

log[1+ xα
i ]+

n

∑
i=1

log
[

6λ (xα
i + 1)β − (λ − 1)(xα

i + 1)2β − 6λ
]

. (12)

The maximum likelihood estimates of α , β and λ are obtained by maximizing the log-likelihood function given in
(12). For doing so, taking the derivatives with respect to unknown parameters and further proceed as

∂ l

∂α
=

n

α
+

n

∑
i=1

log(xi)− (3β + 1)
n

∑
i=1

xα
i log(xi)

xα
i + 1

+
n

∑
i=1

6β λ xα
i log(xi) (x

α
i + 1)β−1 − 2(β (λ − 1))xα

i log(xi)(x
α
i + 1)2β−1

6λ (xα
i + 1)β − (λ − 1)(xα

i + 1)2β − 6λ
,

∂ l

∂β
=

n

β
− 3

n

∑
i=1

log [xα
i + 1 ]+

n

∑
i=1

6λ (xα
i + 1)β log(xα

i + 1)− 2(λ − 1)(xα
i + 1)2β log(xα

i + 1)

6λ (xα
i + 1)β − (λ − 1)(xα

i + 1)2β − 6λ
,

and
∂ l

∂λ
=

n

∑
i=1

6(xα
i + 1)β − (xα

i + 1)2β − 6

6λ (xα
i + 1)β − (λ − 1)(xα

i + 1)2β − 6λ
.

Now setting ∂ l
∂α = 0, ∂ l

∂β = 0 and ∂ l
∂λ = 0 and solving the resulting non-linear system of equations gives the maximum

likelihood estimate Θ̂ =
(

α̂, β̂ , λ̂
)′

of Θ = (α,β ,λ )
′
. Hence, theoretical solution is very much complex even sometimes

impossible for this nonlinear set of equations. In order to get the numerical solution, apply R-package “bbmle”, for more
details see [15]. Also as n → ∞, the asymptotic distribution of the MLE’s are, see for example [16,17], given as





α̂

β̂

λ̂



∼ N









α
β
λ



 ,





V̂11 V̂12 V̂13

V̂21 V̂22 V̂23

V̂31 V̂32 V̂33







 .

The asymptotic variance–covariance matrix V, of the estimates α̂, β̂ , λ̂ is obtained by inverting Hessian matrix; see
“Appendix”. An approximate 100(1 - α) two-sided confidence intervals for α, β and λ are given by:

α̂ ±Z α
2

√

V̂22, β̂ ±Z α
2

√

V̂33, and λ̂ ±Z α
2

√

V̂11,

where Zα is the αth percentile of the standard normal distribution.
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6 Applications

In order to check the applicability, two real-life applications have been conducted for the proposed CTBurr-XII
distribution, which are described by the following two subsections.

6.1 Fatigue Fracture Data

This dataset represents the life of fatigue fracture of Kevlar 373/ epoxy subjected to constant pressure at 90% stress level
until all had failed. The data was extracted from [18] and it has previously been used by Barlow et al. [19]. The summary
statistics of the dataset are given in Table 1, and observed that it has positively skewed distribution.

Table 1: The summary of the fatigue fracture and the bladder cancer datasets

Dataset Min. Q1 Median Mean Q3 Max

Fatigue Fracture 0.0251 0.9048 1.7362 1.9592 2.2959 9.0960

Bladder Cancer 0.080 3.348 6.395 9.366 11.838 79.05

In order to asses the practicality of the proposed CTBurr-XII distribution, several other distributions like TBurr-XII
and Burr-XII are selected. As first step, estimate the model parameters with corresponding standard errors of the proposed
model along with selected models, and estimated values are presented in Table 2.

Table 2: MLE’s of the parameters and respective SE’s for selected distributions along with proposed CTBurr-XII distribution

Distribution Parameters Estimate SE

CTBurr-XII λ 0.7225 0.2050

α 1.7379 0.2656

β 0.6609 0.0791

TBurr-XII λ 5.72e-08 0.2238

α 1.0221 0.1871

β 1.000 0.1063

Burr-XII α 2.2306 0.2670

β 0.6656 0.0946

The estimated plots for the selected models along with the proposed CTBurr-XII distribution are plotted over the
empirical cd f plot, and presented in the left of Fig. 3. Hence, from the figures, observed that the dataset fitted well with
the proposed distribution as compared with other selected models. Critically observed that three parameters proposed
CTBurr-XII distribution is suitable than three parameters TBurr-XII distribution for modeling this dataset.

Again, some model selection criteria like Log-likelihood, Akaike’s information criterion (AIC), corrected Akaike
information criterion (AICc), Bayesian information criterion (BIC) are selected to asses the practicality of the proposed
model. The calculated model selection criteria values are presented in Table 3. According to the obtained model selection
criteria values, it has been seen that the proposed CTBurr-XII model fitted well as compared with other competing models.
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Table 3: Selection criteria values obtained for selected models

Distribution Log-likelihood AIC AICc BIC

CTBurr-XII - 125.9509 257.018 258.2351 265.894

TBurr-XII - 148.0415 302.083 302.4164 309.0752

Burr-XII - 128.5534 261.1068 261.2712 265.7682
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Fig. 3: The estimated distribution functions for the selected models along with the proposed CTBurr-XII distribution are plotted over

the empirical distribution functions for the fatigue fracture (left) and bladder cancer (right) datasets

6.2 Bladder Cancer Data

The second dataset represents the remission times (in months) of a random sample of 128 bladder cancer patients as
reported in [20]. Summary statistics of the dataset are described in Table 1, and observed that it has the right-skewed
distribution.

The estimated values of the model parameters with corresponding standard errors for the selected models are given in
Table 4. The estimated plots for the selected models along with the proposed CTBurr-XII distribution are plotted over the
empirical cd f plot, and presented in the right of Fig. 3. Hence, from the figures, observed that the dataset fitted well with
the proposed distribution as compared with other selected models. Hence again critically observed that three parameters
proposed CTBurr-XII distribution is suitable than three parameters TBurr-XII distribution for modeling this dataset.

Table 4: MLE’s of the parameters and respective SE’s for selected distributions along with proposed CTBurr-XII distribution

Distribution Parameters Estimate SE

CTBurr-XII λ 0.9731 0.4603

α 1.6102 0.3479

β 0.2742 0.0274

TBurr-XII λ 5.09e-07 0.5072

α 0.4999 0.0111

β 0.9991 0.0951

Burr-XII α 2.3346 0.3539

β 0.2337 0.3994
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The obtained model selection criteria like Log-likelihood, AIC, AICc and BIC values are presented in Table 5.
According to the obtained model selection criteria values, it has also been seen that the proposed CTBurr-XII model
fitted well as compared with other competing models.

Table 5: Selection criteria values obtained for selected models

Distribution Log-likelihood AIC AICc BIC

CTBurr-XII - 432.7963 871.5926 871.7861 880.1487

TBurr-XII - 472.0219 950.0438 950.2374 958.5999

Burr-XII - 453.5166 911.0332 911.1292 916.7372

The proposed CTBurr-XII distribution shows a quit better fit than any other selected model for this study. One
important point should be noted here that, the proposed CTBurr-XII distribution and TBurr-XII distribution contains
three parameters, but the proposed model was flexible enough to handle both of the above two datasets.

7 Concluding Remarks

This article introduced a new CTBurr-XII distribution. The important distributional properties along with the distributions
of different order statistics are discussed. The proposed distribution is applied on the life-time datasets and observed the
quite better fit than any other selected models used in this study. Hopefully, this distribution will be flexible enough to
handle more complex real-life datasets arising in different areas of life.
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