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1 Introduction

One of the best-known integral inequalities is the
Minkowski inequality, a generalization of the well-known
triangular inequality. The best known formulation is as
follows.

Minkowski inequality. If p > 1 is a real number, and f
and g are functions of class L,[ay,a>]. Then the following
inequality, on [a,ay], is satisfied

(/ |f+g|”dx)}7 < (f1rra) 'y (/sra) g

This inequality, along with Holder’s inequality, the
inequalities of the arithmetic mean and the geometric
mean, have played dominant roles in the theory of
inequalities. Today, it is in very common use, in various
areas, these and other inequalities, hence, it is not
surprising that numerous studies have been carried out
linked to these inequalities and, in recent years, the
subject has generated considerable interest on the part of
many mathematicians, which has turned this area into a
useful and important tool in the current development of
different branches, pure and applied, of mathematics.

Definition 1. A function ¢(u) is said to be in Lp[ay,as) if

1

(["totorac)”

Definition 2. A function ¢(u) is said to be in L, s[a1,as)] if

<oo, 1 < p<oo.

a s
(/ |<p(u)|PuSdu> <oo, 1< p<oo, 5>0.
ap

On the other hand, we know that fractional calculus,
the calculus with derivatives and integrals of non-integer
order, has been gaining attention in the last 40 years and
has become one of the most active areas in mathematics
today. This has brought about the emergence of new
integral operators that are natural generalizations of the
classical Riemann-Liouville fractional integral. In a
previous work (see [2]). The authors defined a
generalized operator that contains as a particular case
several of those reported in the literature.

Definition 3. The k-generalized fractional
Riemann-Liouville integral of order o with o € R, and
s # —1 of an integrable function ¥ (u) on [0,c0), are given
as follows (right and left, respectively):

The following definitions specify the type of functions s J% o(u) = / “F(z,s)p(t)dt and (1)
that we will consider in this work (see [1]). Fait kIi(et) Jay  [F(u,7)] %
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s 2 1 @ F(t,5)p(T)dT
T 0 = i @) / [F(zu)]'F

p w(ith F(1,0)=1,F(u,t) = [*
TF(0,5)d6.

(@)

F(6,5)d0 andF(t,u) =

With the functions I" (see [3-5] and [6]) and I}, defined
by (cf. [7]):

g}

F(Z)Z/O ©le7Tdr, R(z) >0, and 3)

I;(z) = / TZ*'e*Tk/kdr,k > 0. 4)
0

It is clear that if k — 1, we have I}(z) — I'(z2), I#(z) =

()&~ (5) and I;(z+ k) = zI;(z). Also, we define the
k-beta function as follows:

|
Bk(u,v):%/o 11— o)ilar,

u v L (w)I; (v
1B(%, %), and By (u,v) = O,

Minkowski’s inequality is one of the inequalities that
has been given the most attention in recent years. To cite
just a few examples, directly linked to fractional operators,
we recommend consulting [1, 8—15] and references cited
therein.

The main purpose of this paper, using the generalized
fractional integral operator of the Riemann-Liouville
type, from Definition 3, is to establish several integral
inequalities of Minkowski type which contain as
particular cases, several of those reported in the literature.

notice that By (u,v) =

2 Main Results

Our first result provides a Minkowski reverse inequality,
within the generalized operators of Definition 3.

Theorem 1. For k >0, s # —1, a > 0 and p > 1. Let
0,y € Ly a,7] be two positive functions in [0,-+oo)
such that for all T > aj,
U WP(T) < oo If0 < m < 2
forallu € [ay, 7], then

‘YJFTaI(p”( ) < o and
<M form,M € R" and

<=

a 1 5. 1 @
(Vg g @7 (0)7 + (Vg v (1) 7 <c1(Vg, (@+w) (1))
(5)
. _ M(m+1)+(M+1)
with Ccl1 = W
o(u)
y(u)

¢(u) <M(o(u) +y(v))

Proof.Using the fact that

<M,a; <u<T, weget

—Mo(u)

)

which is equivalent to

(M +1)P@P(u) < MP(@(u) + y(u))”. (6)

F(u,s)
M (@)[F(ru)]  F
integrate the resulting inequality with respect to u over
(ay,7), we get

Multiplying both sides of (6) by then we

(M+1) o M?P a
S < s p
T P (DS Egy a0t W@ O
thus,
M_ 8

®)

On the other hand, as my(u) <
(1+2) v < (+) (ot + vy,

Now, multiplying both sides of (9) by

¢(u), it follows that

©)

F(u.s)
Ki(@)[F(za)) %
then we integrate the resulting inequality with respect to u
over (ay, T), we obtain

1

a 1
< m—+1( T, (@+y)P(T))7.

<=

(kv (o) (10)

Adding Egs. (8) and (10), we obtain the result.

Remark.If we consider the kernel F(t,s) = 77!, this
theorem becomes Theorem 9 of [1].

Theorem 2. For k >0, s # —1, o« > 0 and p > 1. Let
.,y € L slay, 7] be two positive functions in [0,00) such
that for all T > ay, SJEal(pP(T) < oo and SJgal YP (1) < oo
If 0 <mc< ol M for mM € R" and for all

v (u)
u € lay, 7], then

(UL, 07 (D)5 + (I, wr(D))
> ea(IF, 07 ()P (L, W (2)7,

=

(1)

(mt)(M+1) 5

with ¢y = v

Proof Multiplying the equations (8) and (10) we have
(m+1)M+1),, ¢ Lo 1
(Vg 07(0)7 (Vo WP ()7

M
< (Vk, (9+w)(1))7.

Now, using the Minkowski inequality, we obtain

12)

(m+)M+1)

- L g 1
i (Vea, @7 (D)7 (g v (2)r (13)
<

(UL, 97 (0)F + (UE, wP(0)7)2.
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Therefore, we obtain
2 2
P P

(E, 0707 + (U, wr (o)

> (U o)t g on v

(14)

Remark.Theorem 10 of [1] is a particular case of the
previous result if we put F(t,s) = 7%,

Other inequalities of the Minkowski reverse type are
given in the results that we present below.

Theorem 3. For k >0, s # —1, o > 0 and p,q > 1 and
% + é = 1. Let ¢,y € Ly sa1, 7] be two positive functions

in [0,00) such that for all T > ay, ngal(pp(T) < oo and

s.]l?,mwp(f) <o [f0<m< lﬁ';)) <M for mM € R" and
forall u € [ay, 1), then

<=

(UL, 0(0)7 (U, w(x)s (15)
< (%)”lq«v;i,w%(r)wé(r)).
Proof.Since $EZ; <M, a; <u<t,wehave
Wi (1) > M1 @i (u). (16)

F(u,s)
k(o) [F(ra0)'
then we integrate the resulting inequality with respect to u
over (ay, T), we obtain

Now, multiplying both sides of (16) by

1, @ 1 a 1 1 1
M v (g, 0(1)r < (g [er (i ()7, (17)
On the other hand, as my(u) < ¢(u), we get
Py (u) < @7 (u). (18)

1
Then, multiplying both sides of (18) by w4 and using % +
;= 1, it follows that

1 1 1

m? y(u) < @F (u)ye (u). (19)
F(u,s)

M) [F(za)] %

then we integrate the resulting inequality with respect to u

over (ap,T), we have

Now, multiplying both sides of (19) by

<(9f, [P (@wi(@)i. 0

<=

L@
m?i (g4, Y(7))

Finally, multiplying equations (17) and (20), we obtain the
result.

Theorem 4. For k >0, s # —1, a > 0 and p,q > 1 and
% + é = 1. Let ¢,y € Ly sai, 1] be two positive functions

in [0,00) such that for all T > ay, S.Igal(pp(f) < oo and

Slgalwp(r) <o If0<m< lﬁ';)) <M form,M € R* and
Sforallu € [ay,t], then

I lo(a(n)] @)
%

< ey (UL, 107 +y7)(0) +ea( U, [07+ w)(0)),

or=1pgp
p(M+1)P

q—1
where c3 = and c4 = q(z

m+1)4°

Proof.Using @(u) < My(u), we obtain the following
inequality:

(M+1)P@P (u) <MP(@+ y)" (u). (22)

multiplying both sides of (22) by

Now,
—a, then we integrate the resulting inequality

F(u.s)
kI (@)[F(Tu)] *
with respect to u over (a;,7), we have

sr% MP s %
Vi OF () < M)y Vo (@ + W) (7). (23)

Also, we know that 0 < m < ;’;EZ; ,a; <u<T,thus we get

(m+ D)%y (u) < (¢+w)"(u). (24)
F(u,s)

G (@) F(za))
then we integrate the resulting inequality with respect to u
over (ap,T), we get

Then, multiplying both sides of (24) by

T V(@) < e T (0 WD) 29)
Now, using the Young’s inequality, we have
P(u u
o)) < 21 | ¥ (26)
p q
Then, multiplying both sides of (26) by
F(u,s)

, then we integrate the resulting inequality

K (o) [F(r))' &
with respect to u over (ay, 7), it follows that

a a 1 a
Ui a (ow)(7) < —( Vg, 0 (7) + 5( T o W(7)).

27)

< | =
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From (23), (25), (27), and the inequality
(u+v)s <257 +v), s > 1,u,v > 0, we have

IE, (ow)(1) < ~(3IE, 07(2) + é( g, wi(n) 28)

MP
—
T pM+1)p

S

Vi (@+ )" (2)
] Y g
+q(m+ 1)(] ‘IF,al ((P + W) (T)

WM e
SZ;@gqjﬂg Tfay (@7 +yP)(1)

201 a
— Uk (¢! 7).
b T (0 ()
Therefore, the proof is completed.
Theorem 5. For k >0, s #= —1, o > 0 and p,q > 1 and
% + é = 1. Let ¢,y € L; ([ay,7T] be two positive functions
in [0,4o0) such that for all T > ay, SJEa] OP(T) < o and

SJI-%,a]‘Vp(T) <o lf 0<c<m< ;’;E';)) <M forc,m,M c R*
and for all u € [ay, 7], then

M+ 1
M—c

(U, (9(2) — cy(x)P)7 (29)
< (Vh, 07(1)7 + (Tf, WP (D)7
1

(E, (0(x) = cy()")7.

==

nm-—=c

Proof.Using the hypothesis 0 < ¢ < m < ;’;E';) <M, we

Z

obtain the following inequalities:

(o)~ cw(w)" (P —cw(@)

<yP(u) <

01— (m oy
and
P
(37 ) (ot - cviwy 61)
<o = () (000 - et

Now, multiplying both sides of (30) and (31) by
F(u7_§-) . . . .
——— -, then we integrate the resulting inequalit
M (@)[F(za)]' & ¢ & ey
with respect to u over (a;,T), we obtain

(0, (9(7) = cy(2))) 7 (32)

and
= (T, (0(0) —cw(x)))? (33)
< (If, 07(0)7
<k, (0(0)—cy())r.

Then, adding (32) and (33), we obtain the result.
Theorem 6. For k >0, s # —1, a > 0 and p > 1. Let
Q¥ € Ly ay,t] be two positive functions in [0,~+oo)
such that for all © > a1, “Jf, @P(7) < e and
‘J,Ea]l//”(f) < oo If 0 < a < ¢u) < A and
0 <ay < y(u) <A for ay,az,A1,A; € RY and for all
u € lay,t), then

(E, 0" ()7 + (U, yr(e)7 (34)

Al(a1+A2) +Ar(ar +Ay) ;2 ,
<= (;1—1—;2)(4122—1—;1) = Fa, (@(T) +y(7))7)7.

Proof.Of the hypothesis 0 < ay < w(u) <A, it is followed
that

1 1 1
— < < —.
Ay T y(u) T ap
Multiplying member to member (35) and 0 < a; < ¢(u) <
A1, we conclude that

(35)

ar _ ou) A

— —. 36
AW a (36)
From (36), we deduce
o< (220) ey 6
~\a1+A
and
vws () wwrewr. oy
T \ax+Aj

Now, multiplying both sides of (37) and (38) by
F(u,s) . . . .
—— 2 -, then we integrate the resulting inequalit
K (@)[F(z.a0)]' % ¢ & ey
with respect to u over (a1, 7), we have

Crtaer ot < (55 ) ok @ v
(39)

and

~|—

Caf, or (o)} < ( A

ar +A; ) ( SJ"%’“] (p(7)+ V’(T))p)’_l’-

(40)
Finally, adding (39) and (40), we obtain the result.
Theorem 7. For k >0, s # —1, a > 0 and p > 1. Let
0,y € Lya,7] be two positive functions in [0,-+oo)

such that for all © > ay, slgalwp(r) < oo and

@© 2021 NSP
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JE, () <o [f0<m < U < MformMER* and  and
forallu € [ay,7], then O<m§M+m$EZ; <M. (48)
ULl @n
< W( Uk (0(2) + y()?)
< = (o oY@,

Proof.Using the hypothesis 0 < m < ﬂ('x < M, we obtain

the following inequalities:

v(D)(m+1) < ou)+y(u) <

and

y(M+1)  (42)

1 v
M~ o(u)

From (43), it is followed that

o(s) (M5 ) < o+ vl < oe) ()

<

< (43)

|-

Multiplying member to member (43) and (44), we
conclude that

PV as)
< T OO+ VO < ()
F(u,s)

Now, multiplying both sides of (45) by —————,
kI (o) [F(T.u)]
then we integrate the resulting inequality with respect to u

over (ay, T), we have the inequality (41).

Theorem 8. For k >0, s # —1, o« > 0 and p > 1. Let
¢,y € Ly slay, 7| be two positive functions in [0,00) such
that for all T > ay, SJgal ©P(T) < oo and SJFT?‘{,ZI YP (1) < oo
If 0<m< ol M for mM € R" and for all

v (u)
u € lay, 1, then

(U, 07 ()7 + (U, wP(x)7 (46)
<2(%7f, (7 [o(x), y(2)])7)
with
nle(7),y(1)] =

+1o(7)

(m+M)w(T)*<P(T)}

M
max{(g -

7MII/(T)7

Proof.Of the hypothesis 0 < m < 38) <Manda; <u<T.

we have the following inequalities:

o)
v

Ny

O<m<M+m— <M a7)

From (47), (48) and remembering that n[@(7), y(7)] =
max{(¥ + 1)g(7) — My(r), U0} e deduce

(m+M)y(t) —¢(7)

m

y(7) <

On the other hand, from the hypothesis, it also follows
that 0 < % < ¥l o % then

<nle(7),y(7)]. 49

o(u)
1 I 1 yu
M M m e G0
and o oy
yu
M e S ©D
From (50) and (51), we have
LG Dew w1
i < olu) < - (52)
which implies that
1 1
ot <1 | (374 ) 000 - wiw)
_ MM +m)o(u)~ My ()
- mM (53)

< (% + 1) @(u) — My (u)

<nle(t), y(7)].

By raising both of inequalities (49) and (53) to p, we
obtain

v (1) <n’le(7), y(7)] (54)

and
@"(u) <n’lo(7), w(7)]. (55)
Multiplying both of (54) and (55) by

F(u.s) then we inte ing i i
—, grate the resulting inequality
kI (o)[F (7)) K

with respect to u over (ay,T), we have

sides

1

( “'Jp%',a] Y (c)7 < ( “'Jf,a, (?lo(0), w(D))7).  (56)

and

(9E, 9P (@) < (UE, Ple(), WD), (57)

Finally, adding inequalities (56) and (57), we conclude the
result (46).

Remark.The previous observations are still valid for
Theorems 3, 4, 5, 6, 7 and 8, containing as particular
cases Theorems 11-16, respectively, of [1].
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3 Conclusions

As we said at the beginning of the work, the generalized
operators of Definition 3 contain, for a proper choice of
kernel F, several well-known integral operators. For
example, let us consider the kernel F(7,s) = 7°, then we
will have successively:

us+1_7s+1
F = 58
(u,7) T (58)
« S+17‘L"Y+1 17%
Flu,t) % = [2—— 59
o)t = [ 59

Regarding the (k,s)-Riemann-Liouville fractional
integral in Definition 2.1 of [16], analogously, if s = 0 and
k =1, we obtain the classic Riemann-Liouville operator.
In addition to the previous one, it is clear that our operator
is also a successive generalization of the generalized
integral k-fractional (see [?, 17]) of the Integral
Katugampola (see [18]) of the (k,s)-Riemann-Liouville
fractional integral in Definition 2.1 of [16] of the
Riemann-Liouville k-integral of a function with respect to
another function (a variation of the y-integral, see [?, 19])
and the classic Riemann Integral.

It is clear, then, that the results obtained in [?, ?, 20]
achieved within the framework of the Riemann
integral [10], where we worked with the generalized
k-fractional integrals [15], in the framework of integral
Katugampola [8], with the y-integral among others, can
be obtained as particular cases of our results.

Obviously, it remains an open problem, the obtaining
of other integral inequalities in this generalized framework
such as Gruss, Chebyshev, Opial, etc.
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