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1 Introduction

The Fractional Calculus can be defined as a
generalization of the integer-order differentiation. Its
history goes back to seventeenth century, when in 1695
the derivative of order oo = 1/2 was described by Leibnitz
in his letter to L'Hospital [25]. The Fractional Calculus
has become more popular and useful due to its ability to
describe some natural phenomena in numerous fields of
engineering [21-24]. Moreover, it is well-known the
importance of fractional calculus in obtaining fractional
integral inequalities which are often used to prove the
existence and uniqueness of fractional differential
equations. In this line, there are several known forms of
the fractional integrals which have been used to obtain
fractional inequalities. The first is the Riemann-Liouville
fractional integral [5]:

Theorem 1.Let f,g and h be positive and continuous
functions on [0,0), such that

(g(f)—g(P))(%—%)ZO; T,p€0,4], 1>0.
Then we have
JU(f() _ I (8f(1))

72 (h) = T (gh(r))

forall ¢ >0, > 0.

Theorem 2.Let f,g and h be positive and continuous
Sfunctions on [0,0), such that

(g(T)—g(P))(%—%)ZO; T,p€0,4], 1>0.

Then for all o0 > 0, w,t > 0, we have
JE(f(1) - (gh(1)) + 7" (f(2)) -J* (gh(r)) -
Je(h(2)) -7 (gf (1)) + 07 (h(r)) - T*(gf (1)) —

Theorem 3.Let f and h be two positive continuous
Sunctions and f < h on [0,0). If% is decreasing and f is
increasing on [0,00), then for any p > 1,00 > 0,t > 0, the

inequality
(@) ()
J(h(t)) — J%(hr(1))’

is valid.

Theorem 4.Let f and h be two positive continuous
Sfunctions and f < h on [0,0). If% is decreasing and f is
increasing on [0,0), then for any
p>1,00>0,w>0,t>0, we have

JE(F@) -7 (hP(0)) + I (f(2)) - T (RP(1)) .-
JO(h(@)) -7 (fP(0)) + 7% (h(2)) - TE(fP(1)) —

The second is the Hadamard fractional integral [8, 20]:
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Theorem 5.Let f be an integrable function on [1,e0) such
that there exist two integrable functions ¢1,¢, on [1,00)
with ¢1(t) < f(t) < ¢a(t), Vt € [1,00). Then, for t > 1,
o, >0, one has

TPy (1) M 1% f (1) +1 19 (1) 7 1P £ (1)

21 1%y (1) H 1P g1 (1) +7 1% £ (0) 1P £ (o).
Theorem 6.Ler f be an integrable function on [1,%) and
p,q > 0 satisfying 1/p+1/q = 1. Suppose that there exist
two integrable functions ¢y, ¢, on [1,00) such that ¢ (1) <

f@) < ¢a(2) for all t € [1,00). Then, fort > 1,a, >0,
one has

1 (logr)P o
PR(ES)) HI((¢2— )P) (1)

1 (logt)* .
¢ Tlat) HIB((f—90)P2) (1)

%o () H 1P oy (0) + 1 (1) H 1P (1)
SH %0, () HIP () +7 1%F (1) H 1P 9y (1).

Theorem 7.Let f be an integrable function on [1,%) and
p,q > 0 satisfying p+ q = 1. Suppose that there exist two

integrable functions @1,¢, on [l,) such that
O01(t) < f(t) < ¢o(t) for all t € [l,). Then, for
t>1,0,B >0, one has
(logt)f 4 4 (logt)* 4 g
P'm' I ¢2(t)+61'm' " f(t)
> 1% (g0 — )P () 1P (F = 2)7(2)
(logt)f o (logt)* B
+P'm' 1 f(t)'f'ﬁl'm' 179y (t).

Another kind of fractional integral that appears in integral

inequalities is the Saigo fractional integral [3, 4, 12, 16,
2?1

Theorem 8.Ler p > 1 and let f,g be two positive
functions on [0,0) such that for all x > 0,
BENr@ < e gPNEW] < e 0
f(0)
g(7)

0<m< <M < oo, 7€ (0,x) we have

e8] + 1P g )]

1+M(m—|—2) 1%
S e ey KA AT

==

forany oo > max{0,—B},f<1,p—1<1n<0.

Theorem 9.Let p > 1, % + é = 1 and f,g be two positve

functions on [0,00) such that gxﬁn[f(x)] < oo,
1P g(x)] < oo 1fO<m<§ET§ <M< e 0]

we have

18150+ [P st
< (M) %[ 1 - Lot
forall x> 0,a >max{0,—B},f<1,—1<n<0.

Theorem 10.Ler f,g be two positive function on [0,)
such that I&f’n[fp(x)] < oo, Igf;ﬁ’n[gq(x)] < oo, x> 0. If

0<m< ggﬁj <M < oo, T €0,x]. Then we have
P01+ [P
< (M) 15950

where p > 1,- LI l = 1, for all

p
x> 0,0 > max{0, B}B<1B—1<n<0

Theorem 11.Ler f > 0,g > 0 be two functions defined on
[0,00) such that g is non-decreasing. If

1P F () > 18P g (), x>0,

then for all o > max{0,—B},B<1,p—1<n<0,y>
0,0 >0,y— 6 >0, we have

1P 0 ) < 1P 1 ()0 ).

Theorem 12.Suppose that f,g and h be positive and
continuous functions on [0,0) such that

[g(T)g(P)](% - %) >0; ,p€[0,x),x>0.

Then for all x > 0,00 > max{0,— B}, <1, —1<n <0,

we have
OIS RO
P ) 1P (gh) ()]

Theorem 13.Suppose that f,g and h be positive and
continuous functions on [0,0) such that

[g(T)g(P)](%%) >0; t1,p€(0,0),r>0.
Then for all x > 0,a > max{0,—B},y >
max{0,—¢},B<1,—1<n<0,0<1,0—1<& <O,

we have

PN 1(gh) () + 10 1P (UG M () ()

> 1.
PRI () )+ 10 S ()G M (gh) (x)]
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In 2015, Caputo and Fabrizio introduced a new fractional
derivative [13]. The interest for this approach was due to
the necessity of using a model describing structures with
different scales [13]. In the literature there is no evidence
of the use of the Caputo fractional derivative and
Caputo-Fabrizio fractional integral to obtain fractional
integral inequalities. The propose of this paper is to use
the CF fractional integral to establish some new integral
inequalities which have been obtained before by using the
Riemann-Liouville, Hadamard and Saigo fractional
operators [1, 5, 9]. The obtained Caputo-Fabrizio
fractional inequalities could be helpful to prove the
existence and uniqueness of some ordinary
Caputo-Fabrizio fractional differential equations. The
paper has been organized as follows, in Section 2, we
define basic definitions related to fractional integrals. In
Section 3, appears the main results. Finally, conclusion is
summarized in Section 4.

2 Preliminaries

Here we give the following definitions:

Definition 1.Let o € R such that O < o < 1. The Caputo-
Fabrizio fractional integral of order & of a function f is
defined by [10]

l—a

1 .
850 =5 [ eI p(s)as,

Definition 2.Let a,a € R such that 0 < o < 1. The
Caputo-Fabrizio fractional derivative of order o of a
function f is defined by

t
D (t):ﬁ / e 1209 1 (5)ds.

Definition 3.Ler o > 0,B,n1 € R, then the
fractional integral Ig;ﬁ’n[f(t)] of order o for a
real-valued continuous function f(t) is defined by

Saigo

16 f ()}

—a—B i
:tl"(a) /0(tir)ailFl(‘xﬁLﬁa*ﬂ;a;l*;)f(f)dr,

where the function F\(—) is the Gaussian hypergeometric
function defined by

=

n
Z n n t ,

(€)n !

Fi(a,b;c;t)

and (a), is the Pochhammer symbol

(@p=ala+1)---(a+n—1),(a)o=1.

Definition 4.7he Hadamard fractional integral is defined

by
! a—1
150 = s [ (oet) 105
1

forRe(a) >0,¢> 1.

Definition 5.7he Riemann-Liouville fractional integral is
defined by

B0 = g [~ 0 A
0

Definition 6.We say that two functions f and g have the
same sense of variation (synchronous) on [0,00) if [16]

(f(1) = f(p))(e(1) —g(p)) =0 7,p € (0,1),1>0.

For more details, see [1, 6, 7, 8, 11-15, 17-20].

3 Main Results

Here, we give some interesting inequalities concerning the
Caputo-Fabrizio fractional integral.

Theorem 14.Let p be a positive function on [0,0) and let
f and g be two differentiable functions having the same
sense of variation on [0,0). If ', g € Le([0,00)), then for
allt >0,a € (0,1), we have

0 < Igp()Igipfe(t) —Igpf(t) - I5ipg(t)

2
<N Nz 1| - [Bp(0) - 1622 p (1) = (IS5ep (1) ] (D)
Prooflet f and g be two functions satisfying the

conditions of theorem 14 and let p be a positive function
on [0, ). Define

(D)= 1P)(e(r)—glp)) @
forall 7,p € (0,¢). We have

H(t,p):=

H(t,p) > 0. 3)

Thanks to (3), we have

/ / o TP,
202

-p(7)p(p)H (7, p)dTdp
=1Iop(t) - Igpfe(t) —Igpf(t) - Ipg(t) > 0. (4)

The relation (3) can be written as follows:

= [ o

(z)dydz. 5)
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Hence, we can write

e <| [Croa| [ ¢
< 1o e (2~ )2 ©

Therefore

/ / o S =p).
202

-p(T)p(p)H(7, p)dfdp

Wl s

(T =2tp+p*)p(7)p(p)ddp. )

Consequently

1 tort e, Clag,
272/0 /o em @ (7070 p(1)p(p)H (T, p)dTdp

<1 e 18 e - [P () - 15 p(e) = (B2p(0) 7). (8)

According to (4) and (8), we get (1), and thus theorem 14
is proved.

Now, we are ready to generalize Theorem 14 to the
following theorem:

Theorem 15.Let p be a positive function on [0,00) and let
f and g be two differentiable ﬁmctions having the same
sense of variation on [0,%0). If f',g’ € Le([0,0)), then for
allt > 0,a,B €(0,1), we have

0 < Ipfst)-Thp(t) +1gp() - T pfa(t)
—18pf(t) - 18 pg(t) — Igpg-1opf
<= 18 = {18 p(0) - 1 p(0)
+I8p(0) - 1 p(e) = 2ap(t) - Thep(r)} (9)
Proof1t is easy to see that

e Eh b

)

= 1§pfs(t) - 1hp(t) +18p(r) -
_IOtpf( ) o;Pg( )
—1I§ps(t) - o,pf(t) > (10)

From the relation (6), we obtain the following estimate

e ph b

e'ﬁ( -p)

p(T)p(p)H(T,p)dTdp
I8 pfa(r)

-p(v)p(p)H(T,p)dtdp
<1 18 e 1P (0) - Hyp(0)
I p() - Irp(0) ~ 216ap(0) - Ihtp(1)]

Combining (10) with (11), inequality (9) follows.

(1)

Theorem 16.Let f,g and h be positive and continuous
functions on [0,0), such that

(8(7)—8(13)) (m - @) >0, 1,p€l0,4],r>0,

n(p)  h()
(12)
then we have 1 2ef(r)
o/t > 68/t 13
IEA(T) = 1¢gh(r) (1

forany a € (0,1),z > 0.

Proof.Suppose that f, g and & are positive and continuous
functions on [0,e0). Using (12), we can write

g(0)- L §g§+g<p> %
~slp)- 121 —g(0)- 10 >0

forall 7,p € [0,7],¢ > 0. That is
g(0)f(p)h(T)+g(p)f(T)h(p)

—8(p)f(p)h(t)—g(7)f(T)h(p) =0 (14)
forall 7,p €[0,7],# > 0.
Gl

Now, multiplying both sides of (14) by -y - e~

1

e & =P) then integrating the resulting inequality with
respect to T and p over (0,7) x (0,7), we get

Iigh(t) - 15.f (1) — Iig f (¢) - Igh(1) = 0

From (15), inequality (13) follows.

5)

Theorem 17.Let f,g and h be positive and continuous
functions on [0,0), such that

(g(T) —8(P)) (% - %) >0; 1,p€l0,1],t>0,
(16)

then for all o, € (0,1),7 > 0, we have
I§gh(t) - I f(t) [gh(t) IS ()
18h(t) - I8 £ (1) + I8 f (1) - Ih(r)

Proof.Suppose that f, g and & are positive and continuous
functions on [0, ). Now, multiplying both sides of (14) by

>1 (17

- LB, . . .
L o5 0=%) .7 B ""P) then integrating the resulting

o
inequality with respect to 7 and p over (0,7) x (0,7), we

get

I8gh(1) - 15 £ () + o gh(t) - 1§ £ (1)
> I8h(t) - 188 (t) + 1§ f (t) - IEh(c).
Hence, we obtain (17).

Note 1.1t is obviously to see that (16) holds true for f, g,k
such that either

© 2019 NSP
Natural Sciences Publishing Cor.



Inf. Sci. Lett. 8, No. 2, 73-80 (2019) / www.naturalspublishing.com/Journals.asp

(i)g is increasing and % is decreasing
or
(i1)g is decreasing and jli is increasing.
Theorem 18.Let f and h be two positive continuous
Sfunctions and f < h on [0,). If% is decreasing and f is
increasing on [0,00), then for any p > 1, a € (0,1),z >0,
the inequality
I8F(0) _ 180
I§n(r) = I¢hP (1)’

(18)

is valid.

Proof.Since p > 1 and f is increasing, then g := fP~! is
also increasing. Then by applying the theorem 16, we get

80 1507 (0)
A0 = G0 )

now, since f < h on (0, |, then

(19)

1—

e @ T n(n) 7N (1) <

1—

e @ (t=7) -hP(7)

(20)
for all T € [0,¢],7 > 0. Integrating both sides of (20) with
respect to T over (0,1), yields

1§ (b7~ (0)) < I8 (hP (1)) @1

1 1
o o

Consequently

BU0) g I
Ig(h- fr=1(e)) I (e fr= 1) — IGhe(t)
Combining (19) with (22), we obtain (18).

(22)

Theorem 19.Let f and h be two positive and continuous
Sfunctions and f < h on [0,). If% is decreasing and f is
increasing on [0,0), then for any p > 1, o, € (0,1),7 >
0, we have

B F() - 18 (0) + 18 (0) - 1B R (1)
I&h(t) - 15 £7(6) + D () - 187 (1)

>1. (23)

Proof Taking g := fP~!, then by theorem 17, yields

1800 17 (0] 16 £ (0) + 18 £ 0) - Iy - 7 (1))

3 5 > 1.
Igih(2) - Io P (2) + I h(2) - I 7 (2)

(24)
Using the fact that f < & on [0,00), we can write

1 L8 1—

5 ; <I*P>.h.f"*1(p)§%~e* PP e (p) (25)

for all p € [0,¢],¢ > 0. Integrating both sides of (25) with
respect to p over (0,7), we obtain

Brr=1e) <1Preo). (26)

Multiplying (21) by Igf(t) and (26) by I§ f(1), we can
write

() 1 (7~ (0)) + 181 (0) -1 (hf? = (1))
<IBF()- I (WP (1)) +ILF (1) - TE (hp(e)).  @7)
Now, using (24) and (27), we deduce (23).

Theorem 20.Let o € (0,1), p > 1 and f,g be two positive
(@

continuous functions on [0,00). If0 <m < ——= <M, T €

g(7)

(0,7), then we have

1877 (0)] "7+ [18g? ()]

- % I+ @] @8

Proof.Using the condition % <M,t € (0,¢),t >0, we
8
can write
(M+1)7- fP(7) <MP-(f+8)P(1). (29)

Multiplying both sides of (29) by L .e="a* (=%, then
integrating resulting identity with respect to 7 from O to x,
we get

(M +1)7 I fP (1) < MP-I5,(f + )" (t)

Hence, we can write

187 0]'" < s G+ @] o

< Lrg’ we obtain

on the other hand, using condition m o7

therefore
<1+%)pg”(r)§ (%)p(f(’r)—l—g(r))p. (31)

Now, multiplying both sides of (31) by L - ¢~ F4=7) then
integrating resulting identity with respect to 7 from O to ¢,
we have

1

5P 0] < - (7 +0)P @] 32)

The inequality (28) follows on adding the inequalities (30)
and (32)

Theorem 21.Let o € (0,1),p > 1,5 + ¢ = 1 and f,g be
two positive and continuous functions on [0,0). If

f(7)

O<m< 2 <M<,

) T €[0,], (33)

© 2019 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

78 = 0)

G. Nchama et al.: The Caputo-Fabrizio fractional integral to generate...

then the inequality

187 )] "7 [16e()] "
< (MY gl pirw g 69
holds.

Proof.Since % <M,7 € [0,t],t > 0, therefore

[8(0)]"/ = M [p(x))s,
and so,

(] [g(0)] Y > MV (o)) e [f(x)] V4
=M. f (7). (35)

Multiplying both sides of (35) by 4 .e~a" (=%, then
integrating resulting identity with respect to 7 from O to ¢,
we have

161717 (0)-"4(0)] = MV I £ (0),
and consequently
(L7 @)-gMae)]) 7 = M e (15 () 7. 36)

On the other hand, since mg(t) < f(7),7 € [0,¢],¢ > 0,
then we have

@] = w7 (g2,
and so,

[s(0)] Y- [£(0)] 7 > m!/P . [g()]) /7 [g(x)] /4
=m'/P.g(1). (37)

Now, multiplying both sides of (35) by é o @7 , then
integrating resulting identity with respect to T over (0,¢),
we obtain

I5;[g"/(0) - £11P ()] = m'TP - 15 (1),
Hence, it follows
(¢ [g"2(0) - /P 0)]) 0 = ml 7 (iGg(0) /7. (38)
Thanks to (36) and (38), we obtain (34).

Theorem 22.Let 0 < ox < 1,p > 1,1—1,—1-5 =1, fand g be
two positive and continuous functions on [0, ). If

0<m§£%25gw<% T €(0,1],
then we have
)" ] < () a1 -0

(39)

ProofReplacing f(7) and g(7) respectively by ( f(f))p

and (g(7))?,7 € [0,7],# > 0 in theorem 21, we obtain
39).

Theorem 23.Let 0 < ox < 1,p > 1,%+é =1, fand g be
two positive and continuous functions on [0, ). If

f(7)

0<m<—= <M <o, (40)

g(7)

then we have

Proof.Using theorem 21, we obtain
p 1/
570 =18 (Z5) " (e)"]
> (M)I/W, [,a /7) }l/f’[la 0]"".

M 0Or g”/—q(t) 0r8

Hence, we can write

s> ()" [1& gﬁszz)] 1)) @2)

Thanks to (42), we obtain (41).

Theorem 24.Let 0 < o < 1,p > 1,%—1—% =1 and f be

a positive and continuous function on [0,0). If 0 < m <
f(t) <M < e and

] [1 —e*‘TT"‘-fDﬁ’/q, 43)

0= (7=

then the inequality

wlro) < ()" o)

holds.

Proof.Using theorem 23 and condition (43), we obtain

as required.
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Remark.For any p > 1, with f a positive and continuous
function, we note that

0<m< fP(T) <M <o 0<m'/? < f(1) <MVP <.
(44)

Theorem 25.Let 0 < a < 1,p > 1 with £+ 1 =1, and f
be a positive and continuous function on [0,0). If

0<m< fP(t) <M<, tT€[0,1],
then
&))"
e R O I R (7ak0)

Proof:Putting g(7) = 1 into theorem 22, yields

M)I/Pq.l& [f(t)]

g @] iG] < (=

m

which is equivalent to
7))
M~ 1/ra 1 1-a 1\ 1/4
<(2)" (= - ]) o

m 11—«

Substituting g(7) = 1 into theorem 21 and using (44), we
obtain

)7 )< ()" g ),

that is

15 £(0)]”

< (MY et ) g )
Hence, we can write

I f (1)

()l o)

(47)

Combining (46) with (47), inequality (45) follows.

Acknowledgement

This work was supported by Universidad Nacional de
Guinea Ecuatorial (UNGE) and Havana University. The
authors would like to thank the anonymous reviewers for
their valuable suggestions that helped improve the clarity
of this paper.

4 Conclusion

In this paper, we presented some interesting fractional
inequalities using the Caputo-Fabrizio fractional integral.
The results are concerned with some inequalities using
functions with the same sense of variation. As a future
work, authors are planning to use these inequalities to
prove existence and uniqueness of some Caputo-Fabrizio
ordinary fractional differential equations.
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