Appl. Math. Inf. Sci.11, No. 2, 621-626 (2017) %N =¥\ 621

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/110234

Some Explicit Formulas for the Frobenius-Euler
Polynomials of Higher Order

H. M. Srivastav&?*, Mohamed Amine Boutichend Mourad Rahmafi

1 Department of Mathematics and Statistics, University aftdia, Victoria, British Columbia V8W 3R4, Canada

2 Department of Medical Research, China Medical Universiogpital, China Medical University, Taichung 40402, TaiwBepublic
of China

3 USTHB, LaROMaD, Faculty of Mathematics, P. O. Box 32, El Al&l11, Algiers, Algeria

4USTHB, Faculty of Mathematics, P. O. Box 32, El Alia 16111gigks, Algeria

Received: 27 Dec. 2016, Revised: 20 Feb. 2017, AcceptedeB52017
Published online: 1 Mar. 2017

Abstract: The object of the present paper is to investigate a classedterm recurrence relations for the Frobenius-Eulgmuohials
of higher order. By making use of a new explicit formula foe throbenius-Euler polynomials of higher order in terms efwreighted
Stirling numbers of the second kind, we provide an algorithntalculating these polynomials. Furthermore, as aniegipbn of the
results derived in this paper, we present an algorithm formaing the Lipschitz-Lerch zeta function at nonnegatiteger arguments.
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1 Introduction are defined by the following generating function
For A € C with A # 1, the Frobenius-Euler polynomials ( 2 )a &7 ad Er(1a> (X) i
Hi") (x| A) of ordera € C, are defined by the following e+1 nZO n!

generating function

In the special case wheo = 1, the Frobenius-Euler
pal polynomials are reduced to the Eulerian polynomials
_|.

1_/\ a =]
<—e2—)\> €= zOHr@(XM)n given by
pa !

Whenx =0,

HY (X[ A) = Hn (x| A),

which are widely cited in the literature. For an expository
Hrga) (0] A) = H,ﬁ") ) survey on this topic, we referthe_reader’t’q:[
Recently, many research articles were devoted to the

are called the Frobenius-Euler numbers. Clearly, we haveStudy of the Frobenius-Euler polynomia; 13 and many
generalizations were introducet¥ 16]. As an example of

N /n a recent application of the Frobenius-Euler polynomials,
H (x| ) = 20("> H () XK (1)  T.-X. He [11] presented a relationship betwelRp(x | A)
k= andB-splines (see alsd[15]).

In this paper, we propose to investigate several explicit

The generalized Euler polynomiat™ (x), given by formulas of the Frobenius-Euler polynomidts® (x| A)
of ordera in terms of the weighted Stirling numbers of
EY () := H\" (x| —1) the second kind. As a consequence of our investigation,
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we provide an algorithm computing the Frobenius-EulerClearly, we have

i (a)
polynomialsHy ™ (x| A). Wi K) = S(n.k) andWi K) — K
We first recall some basic definitions and some results ho(n.K) =S(n.k) andWa.r(n.k) =& (n+1.k+1).
that will be useful in the rest of the paper. Foe C, the  For more details on these numbers, we refer the reader to

Pochhammer symbdb ), is defined by [10,19,21,25 and also to the references cited therein.
The weighted Stirling numbers’ (x) of the second
(Vn=v(V+1)--(v+n-1) and (v)o=1 kind are defined by (sed,[5])
The (signed) Stirling numbegn, k) of the first kind are k() — 1Ak n
the coefficients in the following expansion: n (X) = g4
n 1 K K—j k N
X(X=1)-- (x=n+1)= 3 s(nk)x" =gzo(—1> j (x+14)",
K=0 =

where A denotes the forward difference operator. The
exponential generating function ofX (x) is given by

5 AW G = -1 ©

and satisfy the recurrence relation given by
s(n+1,k) =s(n,k—1) —ns(n,k) (1£k<n). (2)

The Stirling numbers of the second kind, denoted by
S(n,k), are the coefficients in the following expansion:
and weighted Stirling numbersX(x) satisfy the

XN — iw <X> S(n,k) following recurrence relation:
1 ,K).
<=0 TR0 =)+ (xR0 (1ZkZn).

The exponential generating functions fefn,k) and As a consequence from the generating func(i) one

S(n,k) are given by can deduce the following results:
ysink) &= g Inia+ 2l 70 =S, @
n= . .
and , S5 (=S (n+rk+r) (5)
nZkS(n, k) ek (e#F—1)", and r
- n—k ok _
respectively. m (ﬁ) =W (n. ). (6)

For any nonnegative integey ther-Stirling numbers
S (n,k) of the second kind, which were introduced by .. .
Brgdez B], are a generalization of the familiar Stirling 2 EXplicit Formulasfor the Frobenius-Euler
numbersS(n,k) of the second kind. In fact, the numbers Polynomialsof Order a
S (n,k) count the number of partitions of a set of o . ]
that the first r elements are in distinct subsets. H\") (x| A) of ordera € C, expressed in terms of the
Furthermore, their exponential generating function isweighted Stirling numbers of the second kind, is given by
given by the following result.

Theorem 1. The following relationship holds true

(a) e (@) k
M x(2) = 5 ST )

- Zn_ 1 rz k
nst,(n+r,k+r)ﬁ_ﬁe (e —1)".

For any positive integem, the r-Whitney numbers
Wi (n,k) of the second kind, which were introduced by proof,  From @3), we have
Mezd [18], are the coefficients in the following

expansion: (8 (a z
n e <k20 ()\( _):II(_)k ynk (X)> E
(mx+r1)" = %mkwm,,(n,k)x(x_ 1) (x—k+1) L .
k= _ () <zkyk(x){>
- ‘ A
and are given by their generating function as follows: oA —1)" \i= n!
e 1 /&—1\
=) Zn N 1 v4 z k — eXZ (a) - <—> )
nZka,r(nak)ﬁ = mer (e —1)". kZO Kk \ A -1
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Since " "
nzo(a)nﬁ =(1-2°%,
we get
o) n . _1 —a
%(é ) e (-5)
- iH,(]a)(xM) §|

which gives, by identification, the desired result.
O

Remark 1. By settingx=0 anda =s (s being a positive
integer) in(7), we have

)y v ()
A= 2 o

which is a result due to Carlit#].

L S(n.K),

Remark 2. By substitutinga = 1, Theorenl is reduced
to the known result given earlier by Chang and g [

Remark 3. If we setx = £ in (7) and using( ), we

obtain an explicit representation for\" (x| A) at
rational arguments involving the&-Whitney numbers
Wi (n, k) of the second kind.

(_‘ ) CI
(A— 1)
In particular, form= 1, we have

(a) e (o)
Hn (r|/\)_k;7(/\_1)k8,(n+r,k+r).

Remark 4. Setting A = —1, we obtain the following
explicit formula for the generalized Euler polynomials

E (x) :

=MWy (n,K)

ynk (X) )

a) _ d (—1)k
(X)—k;T( )

which was given by Boutichet al.[2].

3 Frobenius-Genocchi Polynomials of Higher
Order

Recently, Yilmaz Yasar anOzarslan 26] introduced and
studied a new family of polynomials, called

It is natural that we define the generalization of the
Frobenius-Genocchi polynomials by means of the
following generating function:

rd

( )&z zoe QLS

We call G (x|A) in (8) the Frobenius-Genocchi
polynomials of ordeor. Whenx =0,

1-XA)z
e€—A

(8)

Y2 =6 ()

denote the Frobenius-Genocchi numbers of ooder
The generalized Genocchi polynomié!ﬁam (x), given
by (see, for details 12,23])

are defined by the following generating function:

2z

(Fe) =g

By settinga = 1 in (9), we obtain the classical Genocchi
polynomials:

zn

(9)

Gn(x) =G (x).
It is obvious thatG" (x| A) belongs to the class of
Appell polynomials. Some of the well-known properties

are readily derived froni8) . For example, we have

d

96l (x| 2) =Gl (x| 1)

and
D)= 5 (M)l (a)k 10
=3 (e ames o

Theorem 2. The following explicit formulas hold true

GQ)(XM): (n—1) Hrgl,)| (x[A) (11)
oo o), )
T (n=1)! k;()\ _1)k<5”n_| x). (12)

The following corollary is derivable easily from
Theoren?.

Coroallary. The Frobenius-Genocchi polynomials
G\ (x| A) of order | at rational arguments are given by

Frobenius-Genocchi polynomials, which are defined by

the following generating function:

(1-2)z

z
Z = Z}an|/\

o (%) = 5o

in terms of the Whitney numbers of the second kind.

'z)\ 0 = MW, (n—1,k)
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By settingx= 0 in Theoren?®, we obtain the following  Proof. From(14) and(2), we have

explicit formula for the Frobenius-Genocchi numbers of (A 1)m+lm+1

ordera: i1 = S [s(mk—1)—msmK)]H% (A).
n! n—| (|) ' (a)m+l k=0
I !
Gy (A) = o k;()\ _kl)k S(n—1.k) After some rearrangement, we find that

(a) (A-1)(a)
By settingA = —1 in (12), we obtain an explicit formula “nm+1= 7 (A -1 %hiim— — " %hm

for the Genocchi polynomias!’ (x) of orderl as follows: (@1 (D2
or the Genocchi polynomiaiSy” (x) of orderl as follows: This evidently completes the proof of Theor8m

O
0 k
Gn kZnt (%) (13) Finally, we consider the polynomial&féﬂf (X,A)
defined by
If we setx=0in (13), we obtain an explicit formula for the (@ N /n @
generalized Genocchi numbers of ordlewhich is given Gnm(X) = hm (X,A) = z (k) Dm (A)xk,
by Luo and Srivastavdl[7, p. 5709, Eq. (53)]. k=0
It obviously follows from(1) that
4 Recurrence Relations for the Ay (X A) =
Frobenius-Euler Polynomialsof Higher and that
Order A (xA) =H\" (x| A).

In this section, we propose an algorithm, which is basedTheorem 4. The polynomialsdéﬁf (x,A) satisfy the

on a three-term recurrence relation, for calculating thefollowing three-term recurrence relation
Frobenius-Euler polynomial$—|r§°’) (x| A) of order a. m+a

First, by settingx = 0 in Theorem1, we obtain the Hpam(X) = (X+ M) Znm(X) + P 1dnm+1(x) (16)
following explicit formula for the Frobenius-Euler

numbers: with the initial sequence given by
n Aom(X) = 1.
= Z ——=<—5(n,Kk). . .
So(A — 1)k Proof. Itis readily seen that
n
Now, by means of the Stirling transform (see, for details, Xi% n(X) =n (n) 7@ ()\)Xn—k
[20Q]), we obtain dx kZO k) km
a C (1 @ k1
(/\( )1) Z (n, k) H,. Hla )()\)' —n%( K )korl,m()‘)Xn .
K=o =

Next, it is convenient to introduce the sequenceBy using(15),, we obtain

(@) (1) with two indices as follows:
am (A) xi%m(x) = Nnm(X)

dx
@ A-D" -
Shm=hm (A) = WZS (MRHT () (24) _n“zl(n—1> (m+aﬂkm+1+m£fk ) k-1
2\« J\7—1
together with
(X m+ir < ) L
dom=1 and ho=H\"(A).
- k-1
Theorem 3. The.s4 %) ()) satisfies the following three- —nmk;< K )”k,mxn

term recurrence relation

After some manipulations, we thus find that
m—+a

pim = 53— Fnmi1+MFm (15) m
: +a
A-1 XNh-1.m(X) = Mam(X) — NS 4.1 ()
with the initial sequence given by N )
- “wnfl,m )
Hom=1. which is obviously equivalent t(16) .
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As an immediate application ¢fL6), let us consider
the Lipschitz-Lerch zeta function defined by (s2&,p4])

. © 2k
(0 (S, a, E) = kzom (17)

(a>0;0(s) >0whené e R\Z; O(s) >1whené € Z).

It is well-known that, if £ is not an integer, the
Lipschitz-Lerch zeta functiong(s,a,&) is an entire
function ins € C and also that the values @f(s,a,¢)

[10] R. L. Graham, D. E. Knuth and O. Patashni&pncrete
Mathematics A Foundation for Computer Scienc8econd
edition, Addison-Wesley Publishing Company, Reading,
Massachusetts, 1994.

[11] T.-X. He, Eulerian polynomials anB-splines,J. Comput.
Appl. Math.236 (2012), 3763-3773.

[12] Y. He, S. Araci, H. M. Srivastava and M. Acikgdz, Some
new identities for the Apostol-Bernoulli polynomials arnt
Apostol-Genocchi polynomialsAppl. Math. Comput262
(2015), 31-41.

[13] D. S. Kim and T. Kim, Some new identities of Frobenius-
Euler numbers and polynomials), Inequal. Appl.2012
(2012), Article ID 307, 1-10.

whens:= —nis nonnegative integer are given in terms of [14] p. s Kim and T. Kim, Higher-order Frobenius-Euler and

Eulerian polynomial$l, (x| A) by (see 8])

p(—na )= (1—e2"‘"5)_1 Hn (a|e*2""'5) .

We now present the following algorithm for
@(—n,a,&). We start with the sequencgym := 1 as the
first row of the matrix (%nm) Each entry is
determined recursively by

n,m=0"

m+1
Fni1im= (A+M) Znm+ m%n,mL

Then

%n,o
1—e2mé’
whereZhn o are the first column of the matr(ﬂn,m)n‘m.

p(—n,aé):= (18)
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