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Abstract: Repeated measurement designs (RMDs) are frequently used in the fields of psychology, animal sciences, medicine and
pharmacology, etc. Minimal strongly balanced RMDs are important to estimate the residual and direct effects independently and
economically. Minimal strongly balanced generalized RMDs are preferred where minimal strongly balanced RMDs are impossible.
Here, some new generators are developed for minimal strongly balanced generalized RMDs in periods of (i) two, (ii) three, and (iii)
four different sizes. Proposed designs possess the high efficiency of Separability.
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1 Introduction

Repeated Measurements Design (RMD) is an experimental design where experimental units are measured repeatedly by
giving a sequence of treatments. RMD is minimal (i) balanced if each treatment follows exactly once by every other
treatment (excluding itself), (ii) strongly balanced if each treatment follows exactly once by every other treatment
(including itself), and (iii) generalized strongly balanced if each treatment follows once and no time, or once and twice
by every other treatment (including itself). [1] introduced RMDs. [2] constructed some RMDs for p < v, where p is
period size and v is number of treatments. Circular balanced RMDs (BRMDs) were introduced by [3]. Some classes of
BRMDs and strongly BRMDs (SBRMDs) were presented by [4]. In unequal period sizes, minimal BRMDs and
SBRMDs were constructed by [5]. In periods of two different sizes, [6] presented some efficient RMDs and SBRMDs.
For some cases, [7], [8], [9], [10], [11] and [12] presented circular BRMDs (CBRMDs) and circular SBRMDs
(CSBRMDs). [13], [14] and [15] presented minimal circular partially and strongly partially BRMDs in periods of equal
and two different sizes. Some more references can be found in [16]. Here, some generators are presented for some
classes of efficient minimal circular generalized SBRMDs (CGSBRMDs) in periods of (i) two, (ii) three, and (iii) four,
different sizes. Design construction method is explained in Section 2 for the construction of minimal CGSBRMDs.
Procedure for finding efficiency of Separability is also described. Generators for minimal CGSBRMDs in periods of (i)
two, (ii) three, and (iii) four different sizes are developed in Section 3, 4 and 5 respectively.

2 Method of cyclic shifts

[17] developed method of cyclic shifts for the construction of designs. Rule II of this method is explained here for the
construction of minimal CGSBRMDs.

Let S1 = [qj1,92; -+ qj(—1)) and S2 = [gi1,qi2, -, Gi(s—2)]t, Where 0 < g;; <v—2, if each of 0,1,2,...,v — 2 appears
once in §* = [CIthIjZa o qj(r—1):9i1:9i25 -5 qi(s—2),V — 1— (CI]I + qj2+a ) +Qj(r71))m0d(v - 1)]’ itis minimal CSBRMD
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in p; =r and pp = s. It will be minimal CGSBRMDs if each of 0,1,2,...,v — 2 appears either (i) 0 and 1, or (ii) 1 and 2
times.

Example 2.1: S = [1,5,4,11,10,9,8],S, = [2,3, 7]t generate minimal CGSBRMD in p; = 8, p, = 5 for v = 13. Here,
S§*=11,5,4,11,10,9,8,0,2,3,7] it means each of 0,1,...,5,7,8,..., 11 appears once while 6 does not appear. So it is
minimal CGSBRMD.

Take v-1 subjects for S} = [1,5,4,11,10,9,8]. First period is assigned as 0, 1,...,v — 2 respectively. To get the
elements of period 2, add 1 (mod 12) to the elements of period 1. Similarly add 5 (mod 12) to the elements of second
period to get the elements of third period. Similarly, the process of adding 4,11,10,9 and 8 gives the following array, see
Table 1.

Table 1: Arrays obtained from S = [1,5,4,11, 10,9, 8]

Periods | 1 | 2 | 3 | 4|5 |6 |7 |8 |9|10]|11 | 12
1 0|1 2134156789 ]|10]11
2 I 2 (34|56 |7 |8 ([9]10]11]0
3 6 |7 (8|9 |10|11]0 |1 |23 ]4]5
4 10| 11| 0 1 213141516789
5 9110110 |1 2|3 |4|5]6]|7]38
6 7081910110 | 1 |2 |3]4]|5]6
7 4 1516|789 |10|11]0]1 2|3
8 0| 1 2134156 |7]8]9]|10]11

For S, = [2,3,7]t, 12 more subjects are taken. Arrays will be obtained in the similar way as of S; except the last period
where v-1 will be inserted which is 12 here, table 2

Table 2: Arrays obtained from S, = [2,3,7]t

13 |14 | 15|16 | 17 | 18 | 19| 20 | 21 | 22 | 23 | 24
o1 (2|3 4|56 |7|8]9]|10|I11
213 (4156|789 ]|10]11]0 1
S|16 | 7|89 (10]11]0 | 1]2]| 3|4
O 123|456 |7|8]9]|10|I11
121121212 (12|12 |12 |12 |12 | 12 | 12| 12

Table 1 and Table 2 together present the required minimal CGSBRMD using 24 subjects.

2.1 Efficiency of Separability
[18] formula to find E's is modified here for CGSBRMDs and is given by.

Es=[1—-1/(vW/v—1)]%100%

3 Minimal CGSBRMDs in period of two different sizes

[19] presented minimal CGSBRMD:s in p; and p, for some specific cases. Here, some more generators are presented to
generate these designs for some of the remaining cases.

3.1 Minimal CGSBRMDs in which some ordered pairs do not appear

Generator 3.1.1: Minimal CGSBRMDs can be obtained for v = 2c¢ji+2cy + 1, p1 = 2¢1, po =2c3+ 1, ¢ > 1, from
following sets.

Sipr=[cil+1,c1l42,....cil+c1,(v=1)—(cil+1),(v=1) = (il +2,...,(v = 1) = (cil +¢; — 1))].

1=0,1,2,...,i—1

Sit1 =[0,c1i+1,¢c1i4+2,...;cii+c—1,(v—=1) = (c1i+1),(v—=1) = (c1i +2),...,(v—=1) = (cri+ c2 — 1]t
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Table 3: Examples of Generator 3.1.1

v | p1| p Sets of Shifts Es
13 8 5 [2,1,4,3,11,10,9]+[0,5,7]t 0.92
I5|110] 5 [2,1,3,4,5,12,13,11,10]+[0,6,8]t 0.93
17 110 | 7 [1,2,3,4,5,15,14,13,12]+[0,6,7,10,9]t 0.94
19 (10| 9 | [1,2,3,4,5,17,16,15,14]+[0,6,7,8,12,11,10]t | 0.94

Generator 3.1.2: Minimal CGSBRMDs can be obtained for v = 2cyi +4c; + 2, p1 = 2¢1, p2 = 2¢2 + 1, from following
sets.

Siii=lal+Lell+2,. . cil+c,v=1)—(cil+1),(v—1)—(c1l4+2),.... v=1) = (c1l+¢c1 — 1)];
1=0,1,2,...,i—1

Siv1=lcri+ Lcii+2,...,cii+ca,(v—1)=(cii+1),(v=1) = (c1i+2),...,(v—=1) = (c1i+ ¢2)]
Sit+2
[L+ciitc,24cri+co,..cri+2c,(v—1)—(cri+ca+1),(v=1)—(cri+c2+2),.... (v—=1) = (c1i+2¢c2 — )]t

Table 4: Examples of Generator 3.1.2

vV ipt| p Sets of Shifts Es
18 | 8 5 [2,1,4,3,16,15,14]+[5,6,12,11]+[7,8,10]t 0.94
22 | 8 7 [1,2,3,4,20,19,18]+[5,6,7,16,15,14]+[8,9,10,13,12]t 0.95
24 110 | 7 [1,2,3,4,5,22,21,20,19]+([6,7,8,17,16,15]+[9,10,11,14,13]t 0.96
28 | 10 | 9 | [1,2,3,4,5,26,25,24,23]+[6,7,8,9,21,20,19,18]+[10,11,12,13,17,16,15]t | 0.96

Generator 3.1.3: Minimal CGSBRMDs can be obtained for v = 2c i+ 2¢3, p1 = 2¢1, p2 = 2¢3, from following sets.

Sipr=leil+ el +2,...,cil4+ci,(v=1)=(cil+1),(v=1)—cl+2,...,(v—=1) = (cil +¢1 — 1)]
[=0,1,2,..i—1.

Siv1 =1[0,cri+ 1L,c1i+2,..,cii+c—1,(v=1)—(c1i+1),(v=1) = (c1i+2), ... (v—=1) = (cii+ ca — 1]t

Table 5: Examples of Generator 3.1.3

v | p1| p Sets of Shifts Es
141 8 6 [1,2,3,4,12,11,10]+[0,5,6,8]t 0.92
18| 10| 8 [1,2,3,4,5,16,15,14,13]+[0,6,7,8,11,10]t 0.94
22 | 12 | 10 [1,2,4,3,20,6,5,19,17 ,18,16]+[0,7,8,9,10,14,13,12]t 0.95
19| 10 | 9 | [1,3,2,4,5,6,7,24,22,23,21,20,19]+[0,8,9,10,11,12,17,16,15,14]t | 0.96

Generator 3.1.4: Minimal CGSBRMDs can be obtained for v = 2¢yi+ 4¢3, p1 = 2¢y1, p2 = 2¢3, from following sets.

Sipi=leil+ el +2,...,cil+ci,(v=1)=(c/l+1),(v=1)—cl+2,....,(v=1) = (cil +¢; — 1)]
[=0,1,2,.i—1.

Siv1=[1+c1i,24cii,...,crit+ca,(v—1)=(c1i+1),(v=1) = (c1i+2),...., (v—=1) = (cri+c2 — 1)]
Siv2 =
[0,14cii+ca,2+cii+ca,.ncti+2c—1,(v=1)—=(cii+c2+1),(v=1) = (cri+c24+2),....(v—=1) = (c1i+2c2 —2)]t

Table 6: Examples of Generator 3.1.4

v Ipl | p Sets of Shifts Es
20 | 8 6 [2,1,4,3,16,17,18]+[6,5,7,13,14]+[0,8,9,11]t 0.95
26 | 10 | 8 [1,2,3,4,5,24,23,22,21]+[6,7,8,9,19,18,17]+[0,10,11,12,15,14]t 0.96
32 |12 | 10 [1,2,4,3,5,6,30,29,27,28,26]+[8,7,9,10,11,24,23,22,21]+ [0,12,13,14,15,19,18,17]t 0.97
38 | 14 | 12 | [1,2,3,4,5,6,7,36,35,34,33,32,31]+[8,9,10,11,13,12,29,28,27,26,25]+ [0,14,15,16,17,18,23,22,21,20]t | 0.97

3.2 Minimal CGSBRMDs in which some ordered pairs appear twice together

Generator 3.2.1: Minimal CGSBRMDs can be obtained for v = 2c¢ji+2cy — 1, p1 = 2¢1, po =2¢3+ 1, ¢ > 1, from
following sets.

Siii=lell+ el +2,....cil4+c;,v=1) = (cil+1),(v=1) = (c1l+2),....,(v=1) = (1l +¢; = 1)]
[=0,1,2,.i—1.

Siv1=[0,14c1i,2+cpiy..,cri+cr,(v—1)—(c1i+ 1),(v=1) = (c1i+2),...,(v—=1) = (cri+ 2 — 1)] t
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Table 7: Examples of Generator 3.2.1

v | p1| p2 Sets of Shifts Es
13| 8 7 [2,1,4,3,11,10,9]+[0,5,6,7,7]t 0.87
17 |10 | 9 [1,2,3,4,5,15,14,13,12]+[0,6,7,8,9,10,9]t 0.90
21 | 12 | 11 [2,1,4,3,5,6,18,19,16,17,15]+[0,7,8,9,10,11,13,12,11]t 0.92
25 | 14 | 13 | [1,4,3,2,5,7,6,23,20,22,21,19,18]+[0,8,9,10,11,12,13,16,15,14,13]t | 0.93

Generator 3.2.2: Minimal CGSBRMDs can be obtained for v = 2¢i+ 4¢3, p1 = 2¢1, p2 = 2¢3 + 1, from following sets.
S =leill+1,c1l+2,....cil+ci,(v=1)=(cil+1),(v—1) = (c1]+2),....,(v—1) — (1l + 1 — 1)]
[=0,1,2,...,i— 1.

Siv1=[14+c1i,24criyencti+ e, v=1) = (c;+1),(v=1) = (c1;+2),.... v=1) = (c1;+ ¢2)]
Sit2

[14+ciit+c,24cri+ca, . cii+2c,(v—1)=(cii+ca+1),(v=1)=(cii+c2+2),...,(v=1) = (c1i+2c; — 1)]t

Table 8: Examples of Generator 3.2.2

v P1 P2 Sets of Shifts Es
20 3 7 [2,1,4,3,18,17,16]+[6,5,7,14,13,12]+[8,9,10,11,10]t 0.92
26 | 10 9 [1,2,3,4,5,24,23,22,21]+[6,7,8,9,19,18,17,16]+[10,11,12,13,15,14,13]t 0.94
2| 12] 11 [1,2,4,3,5,6,30,29,27,28,26]+(7,8,9,10,11,24,23,22,21,20]+[12,13,14,15,16,19,18,17,16]t 0.95
38 14 | 13 | [1,2,3,4,5,6,7,36,35,34,33,32,31]+[8,9,10,11,12,13,29,28,27,26,25,24]+[14,15,16,17,18,19,23,22,21,20,19]t | 0.96

Generator 3.2.3: Minimal CGSBRMDs can be obtained for v = 2c i+ 2c¢3, p1 = 2¢1, p2 = 2¢;, from following sets.
S =leill+1,c1l+2,....cil+ci,(v=1)=(cil+1),(v—=1) = (c1]+2),....,(v—1) — (1l + 1 — 1)]
[=0,1,2,...,i— 1.

Siv1 =[0,14c1i,2+ciiy...,cri+c—1,(v=1)=(c1i+1),(v=1) = (c1i+2),...,(v=1) = (cii+¢3) = 2]t

Table 9: Examples of Generator 3.2.3

v |ipl| p Sets of Shifts Es
12 | 8 6 [1,2,3,4,10,9,8]+[0,5,6,6]t 0.86
16 | 10 | 8 [1,2,3,4,14,5,13,11,12]+[0,6,7,8,9,8]t 0.90
20 | 12 | 10 [2,1,4,3,6,18,5,17,15,16,14]+[0,7,8,9,10,12,11,10]t 0.92
24 | 14 | 12 | [1,2,3,4,5,6,7,22,21,20,19,18,17]+[0,8,9,10,11,12,15,14,13,12]t | 0.93

Generator 3.2.4: Minimal CGSBRMDs can be obtained for v = 2cy; +4c¢; — 2, p1 = 2¢y, p2 = 2¢3, from following sets.
S =lal+1,el+2,..cil+c,(v=1)=(cil+1),(v=1) = (c1]+2),....,(v=1) = (1l +¢; — 1)]
1=0,1,2,.i—1.

Sivi=[1+c1i,24cii,...,crit+ca,v—=1) = (cr1i+1),(v—=1) = (c1i+2),...,(v—=1) = (c1i+ ¢2) — 1]

Sit2 =
[0,14cii+ca,2+4ciitca,.pcti+2c—1,(v=1)—=(cri+c2+1),(v=1)—(cii+c24+1),....; (v—=1) = (c1i+2c2 —2)]t

Table 10: Examples of Generator 3.2.4

V1P| P2 Sets of Shifts Es
18] 8| 6 [2,1,4,3,16,15,14]+[6,5,7,12,11]+[0,8,9,9]t 0.91
24 | 10 | 8 [1,2,3,4,5,22,21,20,19]+([6,7,8,9,17,16,15]+[0,10,11,12,13,12]t 0.93
30| 12 | 10 [1,2,4,3,5,6,28,27,25,26,24]+[7,8,9,10,11,22,21,20,19]+[0,12,13,14,15,17,16,15]t 0.94
36 | 14 | 12 | [1,2,3,4,5,6,7,34,33,32,31,30,29]+(8,9,10,11,12,13,27,26,25,24,23]+[0,14,15,16,17,18,21,20,19,18]t | 0.95
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4 Minimal CGSBRMDs in three different periods sizes

4.1 Minimal CGSBRMD:s for v odd

Generators developed in this section provide minimal CGSBRMDs for v odd in pj, ps and p3. Here, some ordered pairs
do not appear.

Generator 4.1.1: Minimal CGSBRMDs can be obtained for v = 2¢ji+2¢ + 2¢3 + 1, i integer, p; = 2¢y, pa = 2¢2 + 1,
and p3 = 2c3, from following sets.

Sipr=leil+ el +2,..,cil4+ci,(v—=1)=(cil+1),(v=1) = (cil +2),..., v=1) = (cil +c1 — 1)];
[1=0,1,2,...,i—1.

Sivi=[1+c1i,24cpi, ..., crit+ca,(v—1)=(cji+1),(v=1) = (c1i+2),...,(v=1) = (cii+ ¢2)]
Sivo=[1+crit+ca,2+cri+ca,...,ciitcat+ez3—1,(v=1)=(cii+c2+1),(v—1)—(cri+c2+2),....(v—1) = (c1i+
Cz+C3—])]

Table 11: Examples of Generator 4.1.1

Vv|pi|p2| p3 Sets of Shifts Es
19| 8 7 4 [2,1,4,3,15,16,17]+[6,5,7,13,12,11]+[8,10]t 0.94
21 | 10 | 7 4 [1,2,3,4,5,19,18,17,16]+[6,7,8,14,13,12]+[9,11]t 0.95
25 110 | 9 6 [1,2,3,4,5,23,22,21,20]+[6,7,8,9,18,17,16,15]+[10,11,14,13]t 0.96
27 | 12| 9 6 | [1,2,3,4,5,6,25,24,23,22,21]+(7,8,9,10,19,18,17,16]+[11,12,15,14]t | 0.96

Generator 4.1.2: Minimal CGSBRMDs can be obtained for v = 2cji+ 2¢; + 4¢3+ 1, i integer, p; = 2¢1,p2 =2c2+ 1,
and p3 = 2c¢3, from the following sets.

Sipi=leil+ el +2,..,cil4+ci,(v=1)=(c/l+1),(v=1) = (c1l+2),..,v=1) = (cil+ 1 = 1)];
[=0,1,2,...,i—1.

Siv1=[1+c1i,24cpi,...,crit+ca,(v—1)=(c1i+1),(v=1) = (c1i+2),...,(v—=1) = (c1i+ ¢2)]
Sivo=[l4cii+c,24cii+ca,...,cri+cr+ez,(v=1)—(cri+ca+1),(v=1)—=(cri+c24+2),....,(v=1) = (cji+c2+
C3—1)].

Siv3z = [1 +C]i+62+C3,2+C|i+6‘2+C3,...,C]l'+62+2€3,(117 1) — (C|i+CQ+C3 + 1),(117 1) — (C|i+CQ+C3 +
2),...,(1)—1)—(61i+€2+2€3—2)]t.

Table 12: Examples of Generator 4.1.2

\4 D1 P2 3 Sets of Shifts Es
23 8 7 4 [1,2,3,4,21,20,191+[5,6,7,17,16,151+[8,9,141+[10,11]t 0.95
27 10 9 4 [1,2,3,4,5,25,24,23,22]+[6,7,8,9,20,19,18,17]+[10,11,16]+[12,13]t 0.96
35 12 | 11 6 [1,2,3,4,5,6,33,32,31,30,29]+(7,8,9,10,11,27,26,25,24,23]+ [12,13,14,22,21]+[15,16,17,19]t 0.97
39 12 | 11 8 [1,2,3,4,5,6,37,36,35,34,33]+[7,8,9,10,11,31,30,29,28,27]+[12,13,14,15,26,25,24]+[16,17,18,19,22 21]t | 0.97

4.2 Minimal CGSBRMD:s for v even

Generators developed in this section provide minimal CGSBRMDs for v even in py, p, and p3. Here, some ordered pairs
do not appear.

Generator 4.2.1: Minimal CGSBRMDs can be obtained for v = 2ci + 2¢ + 4¢3 + 2, i integer, p; = 2¢1,p2 = 2¢2 and
p3 =2c3+ 1, from following sets.

Sipr=leil+ el +2,..,cil4+ci,(v—=1)=(cil+1),(v=1) = (cil +2),.., v=1) = (citl +c1 — 1)];
[=0,1,2,...,i—1.

Siv1=[1+c1i,24cii,...,crit+ca,(v—1) = (c1i+1),(v=1) = (c1i+2),..., (v—=1) = (cii+c2 — 1)]

Sit2 =
[I4+cii+c,24critc,.ycritcates,(v=1)=(cii+cr+1),(v=1)=(cri+c2+2),....(v—=1) = (cii+ ca+ ¢3)]
Siv3z = [1+C]i+62+C3,2+C|i+62+C3,...,C]l'+62+2€3,(117 1) — (C|i+CQ+C3+ 1),(117 1) — (C|i+CQ+C3+
2),...,(1)— 1)— (C1i+62+263 — 1)]t

Table 13: Examples of Generator 4.2.1
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\4 P1 P2 P3 Sets of Shifts Es

24 8 6 5 [2,1,4,3,21,22,20]+[6,5,7,18,17]+[9,8,14,15]+[10,11,13]t 0.96
28 10 8 5 [1,2,3,4,5,26,25,24,23]+[6,7,8,9,21,20,19]+[10,11,17,16]+[12,13,15]t 0.96
32 [ 10 8 7 [1,2,3,4,5,30,29,28,27]+[6,7,8,9,25,24,23]+[10,11,12,21,20,19]+[ 13,14,15,18,17]t 0.97
40 [ 12 ] 10 9 [1,2,4,3,5,6,38,37,35,36,34]+[7,8,9,10,11,32,31,30,29]+[12,13,14,15,27,26,25,24]+[16,17,18,19,23,22 21]t | 0.97

Generator 4.2.2: Minimal CGSBRMDs can be obtained for v = 2¢i+4cy + 4¢3+ 2, i integer, p; = 2c¢y, pa = 2¢», and
p3 = 2c3 + 1, from the following sets.

S =lal+ 1,1l +2,..cil4+c,v=1)=(cil+1),(v=1) = (cil+2),....,(v—=1) = (cil +¢c1 — 1)];
1=0,1,2,..i— 1.

Sivi=[1+cii,24ciiy..,crit+ca,v—=1)—(cii+ 1),(v=1) = (c1i+2),..,(v=1) = (cii+ 2 — 1)]

Sit2 =
[14+ciit+c,24cri+ca, . cii+2c,(v—1)=(cii+ca+1),(v=1)=(cii+c2+2),...,(v=1) = (c1i+2¢c; — 1),]

Siy3 = [1 4+ cii4 2,2+ cii+2c,...,c1i+ 2¢ +C3,(V— 1) — (Cli—|—26‘2 + 1),(1)— ]) — (Cli—l—zCz—l— 1),...,(\)— ]) —
(C]i+262+63)]

Sita=[l4+cii+2c+¢3,2+cii+2c+¢3,.c1i+2¢+2¢3,(v—1) = (c1i+2c2+c3+1),(v—1) = (c1i+2c2 + 3+
2),.,(v=1)=(c1i+2c2+2c3—1)]t

Table 14: Examples of Generator 4.2.2

V|pL|Pp2|P3 Sets of Shifts Es
30 8 6 5 [2,1,4,3,28,27,26]+[6,5,7,24,23]+[9,8,10,21,20]+11,12,18,17]+[13,14,16]t 0.97
40 | 10 8 7 [1,2,3,4,5,26,25,24,231+[6,7,8,9,21,20,19]+[10,11,17,16]+[12,13,15]t 0.96
36 | 10 8 5 [1,2,3,4,5,34,33,32,31]+[6,7,8,9,29,28,27]+[10,11,12,13,25,24,23]+[14,15,21,20]+[16,17,19]t | 0.97
50 | 12| 10 9 [1,2,3,4,5,6,48,47,46,45,441+(7,8,9,10,11,42,41,40,39]+ 0.98
[12,13,14,15,16,37,36,35,34]+(17,18,19,20,32,31,30,29]+[21,22,23,24,28,27,26]t

5 Minimal CGSBRMDs in four different periods sizes

Generators developed in this section provide minimal CGSBRMDs in py, p2, p3 and p4. Here, some ordered pairs do not
appear.

5.1 Minimal CGSBRMD:s for v odd

Generators developed in this section provide minimal CGSBRMDs for v odd in py, p2, p3 and py.

Generator 5.1.1: Minimal CGSBRMDs can be obtained for v = 2c¢i+ 2c¢ 4+ 2¢3 + 2¢4 + 1,1 integer, p; = 2¢y1, p2 = 2¢3,
p3 =2c3+ 1 and p4 = 2c¢4, from the following sets.

S =lal+1,el+2,..cil+c,v=1)—(cil+1),(v=1) = (cil+2),....,(v=1) = (cil +¢c; = 1)];
[=0,1,2,...;i—1.

Sivi=[1+c1i,24cii,...,crit+ca,(v—=1) = (c1i+1),(v—=1) = (c1i+2),...,(v—=1) = (cri+ c2 — 1)]

Sit2 =
[l+cii+c,24critca,..,crit+cates,(v=1)—(cri+ca+1),(v=1)—(cii+c2+2),...,(v—1) = (c1i+ 2+ ¢3)]
Sit3 = [1+C|i+62+C3,2+Cli+62+C3,...,C]i+Cz+C3+C4,(V7 1)7(C]l'+62+63+1),(117 1)7 (C]i+CQ+C3+
2),...,(\)—1)—(6‘1i+Cg+C3+C4—2)]t.

Table 15: Examples of Generator 5.1.1

\4 2! P2 3 P4 Sets of Shifts Es

23 8 6 5 4 [2,1,4,3,21,20,19] 1+[7,8,9,15,141+[5,6,17,16]+[10,11]t 0.95
29 10 8 7 4 [1,2,3,4,5,27,26,25,24]+[6,7,9,8,22,21,20]+[10,11,12,18,17,16]+[13,14]t 0.96
31 10 8 7 6 [1,2,3,4,5,29,28,27,26]+[6,7,8,24,9,23,22]+[10,11,12,20,19,18]+[13,14,15,17]t 0.97
37 12 | 10 9 6 [1,2,4,3,6,5,35,34,33,32,31]+[7,8,9,10,11,29,28,27,26]+[12,13,14,15,24,23,22 21]+[16,17,18,20]t | 0.97

Generator 5.1.2: Minimal CGSBRMDs can be obtained for v = 2cii + 4¢y + 2¢3 + 2¢4 + 1, i integer,
p1=2c1,p2 =2c2,p3 =2c3+ 1 and p4 = 2c¢y4, from the following sets.

S =lal+ el +2,..cil4+c,v=1)=(cil+1),(v=1) = (cil +2),....,(v—=1) = (cil +¢c1 — 1)];
[1=0,1,2,....i— 1.

Sivi=[1+cii,24ciiy..,crit+ca,v—=1)—(cii+ 1),(v=1) = (c1i+2),..,(v=1) = (cii+ ¢, — 1)]
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Sivo=[l4cii+c,24crit+ca,y...,cri+2c,(v—1)—(cri+cr+1),(v=1)—(cri+ca+1),...;(v—1) — (c1i+2cr — 1)]
Siva=[1+cii+2c,24cii+2c,..,cri+2c+c3,(v—1)—(c1i+2c, +1),(v=1) = (c1i+2¢c2+ 1),...,(v—1) —
(cri+2c2+c3)]

Siva = [1+C]i+262+C3,2+C|i+262+63,...,C]i+262+63+C4,(V* 1)7(C]i+262+63+1),(\/7 1)7(C]l'+262+
C3+]),...,(V— 1)—(61i+2€2+6‘3+€4—2)]t.

Table 16: Examples of Generator 5.1.2

v Pi y23 P3 Pa Sets of Shifts Es

29 8 6 5 4 [2,1,4,3,27,26,25]+(6,5,7,23,22]+[9,8,10,20,19]+[11,12,17,16]+[13,14]t 0.95

31 10 6 5 4 [1,2,3,4,5,29,28,27,26]+(6,7,8,24,23]+[9,10,21,11,20]+[12,13,18,17]+[14,15]t 0.97

37 10 8 7 4 [1,2,3,4,5,35,34,33,32]+[6,7,8,9,30,29,28]+[11,10,12,13,25,26,24]+[14,15,16,22,21,20]+[17,18]t | 0.97

41 12 8 7 6 [1,2,4,3,6,5,39,38,37,36,35]+([7,8,9,10,33,32,31]+[11,12,13,14,29,28,27]+ 0.98
[15,16,17,25,24,23]+[18,19,20,22]t

Generator 5.1.3: Minimal CGSBRMDs can be obtained for v = 2cji + 4cy + 2¢3 + 4ca + 1, i integer,
p1=2c1,p2 =2c2,p3 =2c3+ 1 and ps = 2¢4, from the following sets.

Sipi=leil+ el +2,..,cil+ci,(v=1)=(c/l+1),(v=1) = (1l +2),.., v=1) = (cil+ 1 = 1)];
[=0,1,2,..i—1.

Siv1=[1+c1i,24cpi,...,crit+ca,(v—1)=(c1i+1),(v=1) = (c1i+2),...,(v—=1) — (c1i+ ¢2)]
Sivo=[14ciit+ca,24cii+c,.ycii+2c,(v=1)—(cii+c2+1),(v=1)—(cri+c2+2),....,(v=1) = (c1i+2c3 — 1)]
Siva =[1+cri+2c,2+cri+2c,..c1i+2c+c3,(v—1) = (c1i+2c, +1),(v—=1) = (c1i +2¢2 4+ 2),...,(v—1) —
(c1i4+2cy+c3—1)]

Siva=[1+cii+2c+c3,2+cri4+2c+c3,..,c1i+2c+c3+c4, v—1) = (c1i+2ca+c34+1),(v—=1) — (c1i+2c2 +
c3+2),....,(v—1)—(cri+2ca+c3+ca—1)]

Sivs =[l+cri+2ca+c3+cea,2+cri4+2c+c3+ca, oy cii+2c+c3+2c4,(v—1) = (cii+2c+c3+ca+ 1), (v—
1)=(cii+2c2+c3+ca+2),...,(v=1)—(cii+2c+c3+2c4 — )]t

Table 17: Examples of Generator 5.1.3

vV |pt|p2| P3| pa Sets of Shifts Es
24 | 8 6 | 4 3 [2,1,4,3,22,21,20]+[6,5,7,18,17]+[8,9,15]+[10,13]+[ 1 1]t 0.96
30| 10 | 8 6 3 [1,2,3,4,5,28,27,26,25]+[6,7,8,9,23,22,21]+[10,11,12,19,18]+[13,16]+[ 14]t 0.97
34 110 | 8 6 | 5 | [123,4,5,32,31,30,29]+[6,7,8,9,27,26,25]+[10,11,12,24,23]+[13,14,21,20]+[15,16,18]t | 0.97
4 112 | 10| 8 7 [1,2,4,3,6,5,42,41,40,39,38]+[7,8,9,10,11,36,35,34,33]+[12,13,14,15,31,30,29]+ 0.98
[16,17,18,27,26,25]+[19,20,21,24,23]t

5.2 Minimal CGSBRMD:s for v even

Generators developed in this section provide minimal CGSBRMDs for v odd in py, p2, p3 and p4.

Generator 5.2.1: Minimal CGSBRMDs can be obtained for v = 2c¢ji + 2¢; + 2¢3 + 4cq4 + 1, i integer,
p1=2c1,p2 =2c2,p3 = 2c3 and pg = 2c4 + 1, from the following sets.

Sii=lal+Lell+2,. . cil+c,v—1)—(cil+1),(v—=1)—(c1l4+2),.... v=1) = (c1l+¢c1 — 1)];
[=0,1,2,..i—1.

Sivi=[1+c1i,24 i, .., critca,(v=1)=(c1i+1),(v=1) = (c1i+2),...., v=1) = (cii+ c2 — 1)]

Sit2 =
[14+cii+ca,2+critca,...,cri+cates,(v—1)—(cii+ca+1),(v—1)=(cri+c2+2),....,(v—1) = (cri+ca+c3—1)]
Siva=[l4ciitcatc3,2+cii+cer+c3yncritcrtez+cq,(v=1)—(cri+c+e3+1),(v=1)—(cii+c2+c3+
2),...,(1171)7(C|i+62+63+64)]
Siva=[l+cii+catces+e,2+cii+ca+estca,cii+er+e3+2cq,(v=—1)—(cii+cr+e3+cea+1),(v—1)—
(cri+cat+cez+ca+2),...,(v=1)=(cri+ca+c3+2c4—1)]t

Table 18: Examples of Generator 5.2.1
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VIipi|p| p3l| pa Sets of Shifts Es
24 | 8 6 4 3 [2,1,4,3,22,21,20]+[6,5,7,18,17]1+[8,9,15]+[10,13]+[11]t 0.96
30| 10 | 8 6 3 [1,2,3,4,5,28,27,26,25]+[6,7,8,9,23,22,21]+[10,11,12,19,18]+[13,16]+[ 14]t 0.97
34110 | 8 6 5 1 [1,2,3,4,5,32,31,30,29]+[6,7,8,9,27,26,25]+[10,11,12,24,23]+[13,14,21,20]+[15,16,18]t | 0.97
44 112 | 10 | 8 7 [1,2,4,3,6,5,42,41,40,39,381+[7,8,9,10,11,36,35,34,33]+[12,13,14,15,31,30,29]+ 0.98
[16,17,18,27,26,25]+[19,20,21,24,23]t

Generator 5.2.2: Minimal CGSBRMDs can be obtained for v = 2cii + 2¢p + 4¢3 + 4cq4 + 1, i integer,
p1=2c1,p2 =2c2,p3 = 2c3 and ps = 2c4 + 1, from the following sets.

S =lal+ 1,1l +2,..cil4+c,v=1)=(cil+1),(v=1) = (cil+2),....,(v—=1) = (cil +¢c1 — 1)];
1=0,1,2,..i—1.

Sivi=[1+c1i,24cii,...,crit+ca,(v—=1) = (c1i+ 1),(v—=1) = (c1i+2),...,(v—=1) = (c1i+c2 — 1)]

Sit2 =
[14cii+ca,24ciitca,..,critcates,(v=1)—(cii+c2+1),(v=1) = (cii+c24+2),....(v—1) = (cii+c2+c3—1)]
Sit3 = [1 +Cli+62+C3,2+Cli+62+C3,...,C|i+62+263,(\/7 1) — (C]i+Cz+C3 + 1),(\17 1) — (C]i+Cz+C3 +
2),...,(\)—1)—(6‘1i+€2+26‘3—1)]
Siva=[14+cii+cr+2c3,24cri+ca+2¢3,..,cri+ca+2cs+ca,v—1)—(cri+cr+2c3+1),(v=1) = (cii+ 2+
2¢342), ..., (v—1) = (c1i+ 2+ 2¢3+ ca)]

Sivs =[l+critca+2c3+ca,2+cri+cr+2¢3+cay.ycritca+2c3+2c4,(v—1)— (cri+ca+2c3+c4+ 1), (v—
1)7(Cli+62+263+64+2),...,(V*1)7(C]l'+62+263+26471)]t.

Table 19: Examples of Generator 5.2.2

\Y P P2 D3 P4 Sets of Shifts Es
2218 ] 6 4] 3 [2,1,4,3,26,25,241+6,5,7,22,211+[9,8,191+[ 11,10, 1 71+ [ 12, 151+ [ 13]t 0.96
36 10 8 6 3 [1,2,3,4,5,34,33,32,31]+([6,7,8,9,29,28,27]+[10,11,12,25,24]+[13,14,15,22,21]+[16,19]+[17]t 0.97
40 10 8 6 5 [1,2,3,4,5,38,37,39,35]+[6,7,8,9,33,32,31]+[10,11,12,29,281+[13,14,15,26,251+[16,17,23,22]+[18,19,21]t | 0.97
52112110 8 7 [1,2,3,4,5,6,50,49,48,47,46]+[7,8,9,10,11,44,43,42,41]+[12,13,14,15,39,38,37]+ 0.98
[16,17,18,19,35,34,33]+[20,21,22,31,30,29]+[23,24,25,28,27]t

Generator 5.2.3: Minimal CGSBRMDs can be obtained for v = 2c¢j; + 4cp + 4¢3 + 4c4 + 1, i integer,
p1 =2c1,p2 =2c¢2,p3 =2c¢3 and py = 2c4 + 1, from the following sets.

S =lal+ el +2,..cil4+c,v=1)=(cil+1),(v=1) = (cil+2),....,(v—=1) = (cil +¢c1 — 1)];
[=0,1,2,...,i—1.

Sit1 :[1+Cli,2+cll’,...,C[i+62,(V71)7(C]l'+1),(V71)7(C]l'+2),...,(V71)7(6]1'4*6‘271)]

Sita =[1+cri+c2,2+cii+ca,...,cii+2c,(v—1) = (cri+ca+1),(v—1) = (cri+c2a+2),...,(v—=1) = (cri+2c2— 1)]
Siy3 = [1 4+ cii4 2,2+ cii+2c,...,c1i+ 2 +C3,(V— 1) — (Cli—l—ZCz + 1),(1)— ]) — (Cli+262+2),...,(v— ]) —
(C]l'+2€2+6371)]

Sita=[l+cii+2c+ 3,2+ cri+2cs+¢3,.y¢c1i+2c+2¢3,(v—1) = (cri+2ca+c3+1),(v—1) = (cji+2c2+ 3+
2), ., (W=1) = (c1i+2c2+2c3—1)]

Sita = [1+C]i+262+2€3,2+Cli+262+2€3,...,C|i+262+263+C4,(V71)7(C|i+262+263+1),(\/71)7(C]l'+
262+263+2),...,(V—1)—(61i+2€2+2€3+6‘4)]

Sits = [1 4+ cri+2c+2c3+cq,2+cri+2¢p 4+ 2¢3 + ¢4, ...,c1i + 2¢0 + 2¢3 +26‘4,(V — 1) — (Cli-l-ZCz +2¢3 +c4 +
1),v=1)—(cri+2ca+2c3+cs+2),....(v—1) = (cri+2ca+2c3+2c4 — )]t

Table 20: Examples of Generator 5.2.3

vV |Ipr|p2| P3| pa Sets of Shifts Es
34 1 8 6 | 4 3 | [2,1,4,3,32,31,30]+[6,5,7,28,27]+[9,8,10,25,24]+[11,12,22]+[13,14,20]+[15,18]+[16]t | 0.97
44 110 | 8 6 3 [1,2,3,4,5,42,41,40,39]+[6,7,8,9,37,36,35]+[10,11,12,13,33,32,31]+[14,15,16,29,28]+ | 0.98
[17,18,19,26,25]+[20,23]+[21]t
48 | 10 | 8 6 | 5 [1,2,3,4,5,46,45,44,43]+[6,7,8,9,41,40,39]+[10,11,12,13,37,36,35]+ 0.98
[14,15,16,33,32]+[17,18,19,30,29]+[20,21,27,26]+[22,23,25]t
62|12 | 10 | 8 7 | [1,2,3,4,5,6,60,59,58,57,56]+[7,8,9,10,11,54,53,52,51]+[12,13,14,15,16,49,48,47,46]+ | 0.98
[17,18,19,20,44,43,42]+[21,22,23,24,40,39,38]+[25,26,27,36,35,34]+[28,29,30,33,32]t
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