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Abstract: This research introduces a new fractional-order mathematical framework to explore the spread dynamics of Toxoplasma
gondii between the cat population and the environment, considering the combined effects of vaccination and sanitation. To reflect
the memory-dependent and hereditary nature of biological interactions, the traditional integer-order system is reformulated through the
Atangana-Baleanu-Caputo (ABC) fractional derivative. A qualitative analysis of the system establishes the conditions for the validations
of newly developed model including the quantitative analysis on disease-free equilibrium for study state. Furthermore, bifurcation
analysis demonstrates that the system can exhibit both forward and backward bifurcations, governed by factors such as vaccination
intensity, sanitation efficacy, and fractional order values. These bifurcations indicate the possible coexistence of multiple equilibrium
states and the emergence of complex transitional dynamics in disease transmission. Utilizing the ABC operator for possible solutions
of the fractional order model that allows the model to capture infection persistence for control strategies more realistically. Simulation
outcomes reveal that decreasing fractional orders enhances memory effects, resulting in slower but more persistent infection patterns.
Overall, applying the ABC fractional modeling approach provides deeper insight into the nonlinear, memory-driven, and bifurcating
behavior of T. gondii transmission and supports the development of robust, long-term control measures within cat populations.

Keywords: Human health; Toxoplasma gondii; Communicable disease; Bifurcation analysis; Qualitative analysis; Numerical
simulation.
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1 Introduction

A protozoan called Toxoplasma gondii infiltrates and parasitically lives within both humans and animals. The sole
definitive hosts are Felidae (cats), with several other species acting as intermediate carriers [1]. Humans who suffer from
congenital infections or compromised immune systems may face serious and perhaps fatal outcomes [2]. On the other
hand, moderate symptoms, such as influenza-like symptoms or ocular inflammation (chorioretinitis), are typically seen in
adults with healthy immune systems [3]. However, there have also been reported cases of severe acute toxoplasmosis in
apparently healthy individuals [4]. Additionally, scientists have hypothesized that T. gondii infection may contribute to
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the development of neurological disorders and immunological diseases [5]. It has been demonstrated that a strain’s
genetic composition affects the severity of the illness [6]. One of the most significant food borne pathogens is this
parasite [7]. It is estimated that approximately 40 million people are infected in the United States alone. Some
communities worldwide have a prevalence of above 60%, and areas with warm, humid conditions and low altitudes tend
to have higher infection rates [8]. For example, T. gondii has more genetic diversity in South American tropical regions.
Congenital infections account for approximately 32 per cent of the global toxoplasmosis burden [9]. With an estimated
190,000 congenital cases annually (about 1.5 per 1,000 live births), the condition is found in every nation [10]. However,
the number of acquired infections remains unknown. According to estimates, there are 58 occurrences of congenital
toxoplasmosis for every 100,000 persons in the United States [11]. Toxoplasmosis ranks third among food-related
illnesses in terms of associated yearly health costs, with 10,964 quality-adjusted life years lost, and second in terms of
associated economic burden, with an estimated USD 2.9 billion. Many nations with inadequate resources, including
those in South America, have reported similarly high expenses [12].
Ingestion of sporulated oocysts, ingestion of live tissue cysts in undercooked meat, or congenital transmission from
mother to fetus are the three ways that T. gondii can spread. It has been estimated that there are around 1.2 million
congenital cases worldwide [13]. A large percentage of human illnesses are caused by contaminated fruits and vegetables
that contain oocysts, frequently more than meat that contains bradyzoite cysts. Oocysts released by cats into the
environment are a significant factor, and eating raw or improperly prepared meat can infect humans [14]. According to
research, a single cat may shed up to 20 million oocysts per day, and cat faeces can contain up to 2.5×106 oocysts per
gram [15]. It is challenging to control toxoplasmosis by focusing on definitive hosts [16]. Because they mainly deal with
acute or reactivated instances, current health measures are limited, which emphasizes the need for more comprehensive
intervention techniques. While congenital transmission may result in defects in progeny, infected animals frequently
show no symptoms [17]. Different species have different known effects of T. gondii in mammals [18]. Infections have
consequences for public health, financial losses, and animal health [19]. Toxoplasmosis dynamics have been examined in
several previous investigations [20]. The study of disease propagation under various conditions has extensively utilized
mathematical modelling using ABC techniques. Few studies have specifically examined cat-human transmission while
considering demographic differences [21]. To better capture the dynamics, more complex frameworks have incorporated
other hosts and factors [22]. The effects of immunization in pig and cat populations have also been studied [23].
Additionally, within-host models have been developed to characterize the dynamics of parasites within afflicted
individuals [24].
This study examines the consequences of adding two distinct time delays to a mathematical model that depicts the
dynamics of toxoplasmosis transmission while taking environmental oocysts and cat populations into account. Although
mathematical constructs can never entirely replicate real-world processes, adding two delays to the model gives it a more
realistic feel. The first period describes the latency phase in cats following infection, whereas the second period describes
the time required for discharged oocysts to reach an infectious state. In particular, a vulnerable cat must go through an
incubation period after consuming an oocyst before it can begin to release more. In cats, this time frame is equivalent to
the latency phase. We create a nonlinear system of delay differential equations to describe these processes. The inability
of cats to eliminate oocysts immediately after infection is a crucial characteristic. Since oocysts are the primary cause of
T. gondii persistence, it is imperative to include them [25]. Our model builds on previous frameworks, such as, which
lacked temporal delays, and recognizes direct transmission to cats through contact with infected oocysts. According to
empirical research, oocyst shedding happens three to thirty days following tissue cyst consumption [26]. Since cats play
a key role in parasite multiplication and, consequently, in the spread of toxoplasmosis, the feline host must be included
[27]. Domestic cats and intermediate hosts are among the many factors that must be addressed for disease control to be
effective. Types I, II and III are the three main genotypes of T. gondii. These types predominates in congenital infections
in the US and Europe. The present model is applicable if we assume an average behaviour across all kinds, even when
their levels of virulence vary. However, a more complex framework would be needed to account for genotype-specific
pathogenicity. When examining the kinetics and behaviour of infectious illnesses, fractional-order models outperform
traditional integer models [28]. Recently, many researchers have shown that fractional-order differential equations are
valuable mathematical tools for modeling a wide range of phenomena, as they capture the memory and hereditary
properties of various materials and processes. These equations are applied in several fields, including biology, medicine,
fluid mechanics, and materials science [29]. Some epidemic models based on fractional-order techniques are presented in
[30,31], while advanced applications of novel fractional operators to real-life problems are investigated in [32,33],
contributing significantly to scientific research. Various authors have also studied different operators, particularly
non-local operators and partial differential equations (PDEs) [34], which play a crucial role in modeling complex
systems in biology and finance. Understanding these operators is essential for analyzing and solving problems in such
fields [35].
With a generalized incidence rate, we developed the SVI1I2R model and suggested a novel method to efficiently manage
it, concentrating on both the protected and infected cat groups to improve reader understanding. Key terms, background
data, and the introduction are presented in Section 1. Section 2 describes the new mathematical model that was created in
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accordance with the goals of the study. The Mathematical Model with the Fractional ABC Operator is presented in
Section 3 for validation. The Flip Bifurcation study, which was carried out using MATLAB to offer a full physical
understanding, and the equilibrium locations are covered in Section 4. we examines the numerical approach in section 5.
While the physical interpretation and conclusion are presented in Sections 6 and 7.

1.1 Key Definitions

Definition 1.1. Suppose 0 < ι ≤ 1 and χ(t) ∈ M1[0,T ]. An explanation of the ABC-type fractional differentiation [36] of
order µ is provided as

ABC
0 Dµ

t (χ(t)) =
G(µ)

1−µ

∫ t

0
Fµ

(
− µ

1−µ
(t−δ )µ

)
d

dδ
χ(δ )dδ , (1)

While G(µ) denotes a scaling function fulfilling G(0) =G(1) = 1, Fµ(x) represents the single-parameter Mittag-Leffler
function supplied by G(µ).

Fµ(z) =
∞

∑
l=0

zl

Γ (µl +1)
, (2)

where the Gamma function is represented by Γ (·) and ℵ(µ)> 0 holds.

2 Mathematical Model

The mathematical modeling of Toxoplasma gondii examines its transmission dynamics between cats and the
environment. The framework integrates vaccination to lower infection rates in cats and sanitation measures to accelerate
oocyst removal. It offers valuable insights into managing the parasite’s spread and persistence under various control
strategies. In this model, objectives are to divide the infected class in two classes primary and secondary infected classes.
It is observed if we identify the non symptomatic class by early identification measures then it be controlled efficiently
and symptomatic infected will automatically reduces. Also we want to observe the vaccination effects with combine
effects of early interstratifications. For the said objectives, this model incorporates the number of susceptible, vaccinated,
primary infected, secondary infected, and recovered to better capture the dynamics and management of the T. gondii
Dynamics in Cats Under Vaccination and Sanitation. The description of the variables given in table 1 and parameters are
given below in table 2 with the parameter values in the desired domain to achieve the objectives, then this model can be
implemented on the real data except the uncertain situation.
Description of Variables

Variable Description
S(t) Susceptible Cats.
V (t) Vaccinated Cats.
I1(t) Primary stage infected cats.
I2(t) Secondary stage infected cats.
R(t) Recovered cats.

Table 1: Description of the Variable

Description of Parameters
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Parameter Description Value Source
s1 Recruitment rate of cats (birth and immigration.) 2.34 Assumed
τ Natural death rate of cats. 0.43 Assumed
γ1 Transmission rate from infected cats to susceptible cats. 0.23 Assumed
π Vaccination rate of susceptible cats. 0.613 Assumed
ϑ1 Waning rate of immunity in recovered cats. 0.3 Assumed
ϑ2 Waning rate of vaccine induced immunity in vaccinated

cats.
0.98 Assumed

γ2 Progression rate from the first infection stage I1 to the
second I2.

0.34 Assumed

β1 Recovery rate from the first infection stage I1. 0.123 Assumed
β2 Recovery rate from the second infection stage I2. 0.97 Assumed

Table 2: Description and values of model parameters

Fig. 1: The flow diagram shows proposed model.

The following is the construction of a mathematical framework with five dynamical variables, based on the structural
depiction given in Figure 1 and considered variables including involved parameters given in table 1 and table 2
respectively. The following is the presentation of the suggested mathematical model under created assumption and
objectives according to modeling basic principles including balance principle, We get:

DS = s1 +ϑ1R− γ1SI1 − τS−πS,
DV = πS− (τ +ϑ2)V,
DI1 = γ1SI1 − (τ + γ2 +β1)I1,
DI2 = γ2I1 − (τ +β2)I2,
DR = ϑ2V +β2I2 − (τ +ϑ1)R.

(3)
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The initial condition are;

S(0) = S◦ ≥ 0,V (0) =V ◦ ≥ 0, I1(0) = I◦ ≥ 0, I2(0) = I◦ ≥ 0,R(0) = R◦ ≥ 0.

Where;
S(0)> 0,V (0)> 0, I1(0)> 0, I2 > 0,R(0)> 0.
Utilizing the definition of Atangana-Baleanu caputo operator above mathematical model is converted into fractional order
model, given below; 

ABCDµ

t S(t) = s1 +ϑ1R− γ1SI1 − τS−πS,
ABCDµ

t V (t) = πS− (τ +ϑ2)V,
ABCDµ

t I1(t) = γ1SI1 − (τ + γ2 +β1)I1,
ABCDµ

t I2(t) = γ2I1 − (τ +β2)I2,
ABCDµ

t R(t) = ϑ2V +β2I2 − (τ +ϑ1)R.

(4)

With initial Values;

S(0) = S◦ ≥ 0,V (0) =V ◦ ≥ 0, I1(0) = I◦ ≥ 0, I2(0) = I◦ ≥ 0,R(0) = R◦ ≥ 0.
ABCDµ

t S(t) = d(t,Y (t)),
ABCDµ

t V (t) = e(t,Y (t)),
ABCDµ

t I1(t) = f (t,Y (t)),
ABCDµ

t I2(t) = g(t,Y (t)),
ABCDµ

t R(t) = h(t,Y (t)).

(5)

Assume that Y (t) = (S,V, I1, I2,R)(t). Using the lemma and the starting conditions, we derive the following by applying
the fractional operator ABIµ of the µ to both sides:

S(t) = S0 +
1−µ

L(µ)
d(t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1d(Z,Y (z))dz,

V (t) =V0 +
1−µ

L(µ)
e(t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1e(Z,Y (z))dz,

I1(t) = I0 +
1−µ

L(µ)
f (t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1 f (Z,Y (z))dz,

I2(t) = I0 +
1−µ

L(µ)
g(t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1g(Z,Y (z))dz,

R(t) = R0 +
1−µ

L(µ)
h(t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1h(Z,Y (z))dz.

Assume that Y (t) = (S,V, I1, I2,R)(t) and Y (z) = (S,V, I1, I2,R)(z). In order to prove the existence and uniqueness of
solutions for the nonlinear mappings, several requirements have been put in place d,e, f ,g,h : [0,T ]×L×L −→ L.
Positive constants are present Kd ,Ke,K f ,Kg,Kh > 0 so that, for every S,S,V,V , I1, I1, I2, I2,R,R ∈ R the following
circumstance is true:

|d(t,Y (t))−d(t,Y (t))| ≤ Kd [|S−S|+ |V −V |+ |I1 − I1|+ |I2 − I2|+ |R−R|],

|e(t,Y (t))− e(t,Y (t))| ≤ Ke[|S−S|+ |V −V |+ |I1 − I1|+ |I2 − I2|+ |R−R|],

| f (t,Y (t))− f (t,Y (t))| ≤ K f [|S−S|+ |V −V |+ |I1 − I1|+ |I2 − I2|+ |R−R|],

|g(t,Y (t))−g(t,Y (t))| ≤ Kg[|S−S|+ |V −V |+ |I1 − I1|+ |I2 − I2|+ |R−R|],

|h(t,Y (t))−h(t,Y (t))| ≤ Kh[|S−S|+ |V −V |+ |I1 − I1|+ |I2 − I2|+ |R−R|].
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We consider the existence of constants Md ,Me,M f ,Mg,Mh,Nd ,Ne,N f ,Ng,Nh,Od ,Oe,O f ,Og,Oh,Pd ,Pe,Pf ,Pg,Ph > 0
and Qd ,Qe,Q f ,Qg,Qh > 0.

|d(t,Y (t))| ≤ Md |S|+Nd |S|+Od |S|+Pd |S|+Qd ,

|d(t,Y (t))| ≤ Me|S|+Ne|S|+Oe|S|+Pe|S|+Qe,

|d(t,Y (t))| ≤ M f |S|+N f |S|+O f |S|+Pf |S|+Q f ,

|d(t,Y (t))| ≤ Mg|S|+Ng|S|+Og|S|+Pg|S|+Qg,

|d(t,Y (t))| ≤ Mh|S|+Nh|S|+Oh|S|+Ph|S|+Qh.

Theorem 3.1. Assuming the continuity of d,e, f ,g,h along with the second assumption, the system admits at least one
solution whenever ( 1−µ

L(µ) ) K > 1, where K = max{Kd ,Ke,K f ,Kg,Kh}.
Proof. Krasnoselskii’s fixed point theorem can be used to prove that solutions exist. We present the operators
X = (X1,X2,X3,X4,X5), L = (L1,L2,L3,L4,L5) which have the following definitions:

X1Y (t) = S0 +
1−µ

L(µ)
d(t,Y (t)),

L1Y (t) =
µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1d(Z,Y (z))dz,

X2V (t) =V0 +
1−µ

L(µ)
e(t,Y (t)),

L2V (t) =
µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1e(Z,Y (z))dz,

X3I1(t) = I0 +
1−µ

L(µ)
f (t,Y (t)),

L3I1(t) =
µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1 f (Z,Y (z))dz,

X4I2(t) = I0 +
1−µ

L(µ)
g(t,Y (t)),

L4I2(t) =
µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1g(Z,Y (z))dz,

X5R(t) = R0 +
1−µ

L(µ)
h(t,Y (t)),

L5R(t) =
µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1h(Z,Y (z))dz.

Where as Y (t) = S(t),V (t), I1(t), I2(t),R(t) and Y (z) = S(z),V (z), I1(z), I2(z),R(z) and Y = (S,V, I1, I2,R). Consequently,
it is demonstrated that X is a contraction operator and L is a continuous mapping. The following is true for any
Y = (S,V , I1, I2,R) ∈ γ , we have;

|X1(t,Y (t))−X1(t,Y (t))| ≤ Kd [|S−S|+ |V −V |+ |I1 − I1|+ |I2 − I2|+ |R−R|],
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Hence we obtain;

∥X1(t,Y (t))−X1(t,Y (t))∥ ≤ Kd [∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2(t)− I2∥+∥R−R∥],

∥X2(t,Y (t))−X2(t,Y (t))∥ ≤ Ke[∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2 − I2∥+∥R−R∥],

∥X3(t,Y (t))−X3(t,Y (t))∥ ≤ K f [∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2 − I2∥+∥R−R∥],

∥X4(t,Y (t))−X4(t,Y (t))∥ ≤ Kg[∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2 − I2∥+∥R−R∥],

∥X5(t,Y (t))−X5(t,Y (t))∥ ≤ Kh[∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2 − I2∥+∥R−R∥].

Thus;

∥X(t),Y (t)−X(t),Y (t)∥ ≤ 1−µ

L(µ)
[∥Y − (S,V , I1, I2,R)∥].

It can be seen from this that E is a contraction. The following definition and introduction of a closed subset C of Y are
provided:

C = Y ∈ Y : ∥Y∥ ≤ β ,β > 0.

Assume that Y = S,V, I1, I2,R. Examine any Y ∈C to demonstrate that K is both continuous and compact. Then we get:

∥L1(Y )∥ max
t∈[0,T ]

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1d(Z,Y (z))dz

≤ T µ

Γ (µ)L(µ)
[Md∥F∥+Nd∥F∥+Od∥F∥+Pd∥F∥+Qd ],

∥L2(Y )∥ max
t∈[0,T ]

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1d(Z,Y (z))dz

≤ T µ

Γ (µ)L(µ)
[Me∥G∥+Ne∥G∥+Oe∥G∥+Pe∥G∥+Qe],

∥L3(Y )∥ max
t∈[0,T ]

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1d(Z,Y (z))dz

≤ T µ

Γ (µ)L(µ)
[M f ∥H∥+N f ∥H∥+O f ∥H∥+Pf ∥H∥+Q f ],

∥L4(Y )∥ max
t∈[0,T ]

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1d(Z,Y (z))dz

≤ T µ

Γ (µ)L(µ)
[Mg∥I∥+Ng∥I∥+Og∥I∥+Pg∥I∥+Qg],

∥L5(Y )∥ max
t∈[0,T ]

µ

Γ (µ)L(µ)

∫ t

0
(t −Z)µ−1d(Z,Y (z))dz

≤ T µ

Γ (µ)L(µ)
[Mh∥J∥+Nh∥J∥+Oh∥J∥+Ph∥J∥+Qh],

Thus;

∥L(Y )∥ ≤ T µ [(M1 +N1 +O1 +P1)β +Q1]

L(µ)Γ (µ)
= µ.

Where M1 = Md +Me+M f +Mg+Mh, N1 = Nd +Ne+N f +Ng+Nh, O1 = Od +Oe+O f +Og+Oh. Then we show that
X is continuous after establishing that X is bounded. Let t1 < t2 ∈ [0,1] then consider:

|L1(Y )(t2)−L1(Y )(t1)|=
µ

Γ (µ)L(µ)
×|

∫ t2

0
(t2 − z)µ−1d(Y (z))dz−

∫ t1

0
(t1 − z)µ−1d(Y (z))dz|
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≤ µ

Γ (µ)L(µ)
[
∫ t2

0
(t2 − z)µ−1 −

∫ t1

0
(t1 − z)µ−1]((Md +Nd +Od +Pd)β +Qd)ds,

≤ ((M1 +N1 +O1 +P1)β +Q1)

L(µ)Γ (µ)
[tµ

2 − tµ

1 ],

|L1(Y )(t2)−L1(Y )(t1)| ≤
((Md +Nd +Od +Pd)β +Qd)

L(µ)Γ (µ)
[tµ

2 − tµ

1 ],

|L2(Y )(t2)−L2(Y )(t1)| ≤
((Me +Ne +Oe +Pe)β +Qe)

L(µ)Γ (µ)
[tµ

2 − tµ

1 ],

|L3(Y )(t2)−L3(Y )(t1)| ≤
((M f +N f +O f +Pf )β +Q f )

L(µ)Γ (µ)
[tµ

2 − tµ

1 ],

|L4(Y )(t2)−L4(Y )(t1)| ≤
((Mg +Ng +Og +Pg)β +Qg)

L(µ)Γ (µ)
[tµ

2 − tµ

1 ],

|L5(Y )(t2)−L5(Y )(t1)| ≤
((Mh +Nh +Oh +Ph)β +Qh)

L(µ)Γ (µ)
[tµ

2 − tµ

1 ].

∥L1(Y )(t2)−L1(Y )(t1)∥→ 0 as t1 → t2, ∥L2(Y )(t2)−L2(Y )(t1)∥→ 0 as t1 → t2, ∥L3(Y )(t2)−L3(Y )(t1)∥→ 0 as t1 → t2,
∥L4(Y )(t2)−L4(Y )(t1)∥→ 0 as t1 → t2, ∥L5(Y )(t2)−L5(Y )(t1)∥→ 0 as t1 → t2.
Consequently, it is proven that G functions as an continuous operator. Through the use of the Arzelà-Ascoli theorem, it
has already been shown that L is uniformly bounded and completely continuous. As a result, K admits a unique solution
and is comparatively compact.
Theorem 3.2. The T. gondii Transmission with Vaccination and Sanitation system involving the ABC derivative has a
unique solution under the first assumption.

5T µ

L(µ)Γ (µ)
K < 1.

With max{Kd ,Ke,K f ,Kg,Kh}= K.
Proof. Define the operator Z̀ = (Z1,Z2,Z3,Z4,Z5) : Y → Y as;

Z1Y (t) = F0 +
1−µ

L(µ)
d(t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t − z)µ−1d(z,Y (z))dz,

Z2Y (t) = G0 +
1−µ

L(µ)
e(t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t − z)µ−1e(z,Y (z))dz,

Z3Y (t) = H0 +
1−µ

L(µ)
f (t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t − z)µ−1 f (z,Y (z))dz,

Z4Y (t) = I0 +
1−µ

L(µ)
g(t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t − z)µ−1g(z,Y (z))dz,

Z5Y (t) = J0 +
1−µ

L(µ)
h(t,Y (t))+

µ

Γ (µ)L(µ)

∫ t

0
(t − z)µ−1h(z,Y (z))dz,

Where Y = (S,V, I1, I2,R), Y (t) = (S,V, I1, I2,R)(t) and Y (z) = (S,V, I1, I2,R)(z). Now we take Y = (S,V, I1, I2,R) and
Y = (S,V , I1, I2,R) we have;

∥Z1(Y )−Z1(Y )∥= max
t∈[0,T ]

| µ

Γ (µ)L(µ)

∫ t

0
(t − z)µ−1[d(z,Y (z))−d(z,Y (z))]|,

≤
Tµ

L(µ)Γ (µ)
Kd [∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2 − I2∥+∥R−R∥],

∥Z2(Y )−Z2(Y )∥ ≤
Tµ

L(µ)Γ (µ)
Ke[∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2 − I2∥+∥R−R∥],

∥Z3(Y )−Z3(Y )∥ ≤
Tµ

L(µ)Γ (µ)
K f [∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2 − I2∥+∥R−R∥],
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∥Z4(Y )−Z4(Y )∥ ≤
Tµ

L(µ)Γ (µ)
Kg[∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2 − I2∥+∥R−R∥],

∥Z5(Y )−Z5(Y )∥ ≤
Tµ

L(µ)Γ (µ)
Kh[∥S−S∥+∥V −V∥+∥I1 − I1∥+∥I2 − I2∥+∥R−R∥],

∥Z(Y )− (Z(Y ))∥= 5T µ

L(µ)Γ (µ)
K∥Y −Y∥.

Consequently, the contraction property is satisfied by Z. The system guarantees uniqueness by admitting a single,
well-defined solution according to the Banach fixed-point theorem. We then go on to formulate the Ulam-Hyers stability
criterion after proving this conclusion.
Theorem 3.3. The solution of the proposed model exhibits Ulam-Hyers stability provided that the spectral radius of the
associated matrix satisfies the Ulam-Hyers stability condition.

f f f
g g g
h h h
i i i
j j j


The result of | f +g+h+ i+ j|= 1 where;

f =
(1−µ)

L(µ)
+

T µ

(L(µ)Γ (µ))
Kd ,

g =
(1−µ)

L(µ)
+

T µ

(L(µ)Γ (µ))
Ke,

h =
(1−µ)

L(µ)
+

T µ

(L(µ)Γ (µ))
K f ,

i =
(1−µ)

L(µ)
+

T µ

(L(µ)Γ (µ))
Kg,

j =
(1−µ)

L(µ)
+

T µ

(L(µ)Γ (µ))
Kh.

Proof. Assume that Y is an arbitrary model solution, and Y the system’s corresponding unique solution, which is written
as

∥Y −Y∥ ≤


f f f
g g g
h h h
i i i
j j j




∥S−S∥
∥V −V∥
∥I1 − I1∥
∥I2 − I2∥
∥R−R∥

 (6)

Therefore, the model maintains stability.

3 Mathematical Model With Fractional Operator ABC

Study the model written in ABC operator format as:

ABCDµ

t (S(t))S = s1 +ϑ1R− γ1SI1 − τS−πS,

ABCDµ

t (V (t))V = πS− (τ +ϑ2)V,

ABCDµ

t (I1(t))I = γ1SI1 − (τ + γ2 +β1)I1,

ABCDµ

t (I2(t))I = γ2I1 − (τ +β2)I2,

ABCDµ

t (R(t))R = ϑ2V +β2I2 − (τ +ϑ1)R.

(7)
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Where;
S(0)≥ 0,V (0)≥ 0, I1(0)≥ 0, I2(0)≥ 0,R(0)≥ 0.

Theorem 3.4. In R5
+, Under the specified beginning conditions, the solution of the fractal-fractional model under

consideration is bounded and unique.
Proof. 

ABCDµ

t (S(t))S=0 > 0,

ABCDµ

t (V (t))V=0 > 0,

ABCDµ

t (I1(t))I=0 > 0,

ABCDµ

t (I2(t))I=0 > 0,

ABCDµ

t (R(t))R=0 > 0.

(8)

If the first requirement is met (S(0),V (0), I1(0), I2(0),R(0)) ∈ R5
+. Consequently, the trajectory stays contained within

this non-negative area. Additionally, the related vector field is oriented inward along the nonnegative orthant’s border,
suggesting that R5

+, is a set that is positively invariant.

3.1 Existence and Uniqueness

Fixed-point theory was used to prove that at least one unique solution existed. Consequently,

ABR
0 Dµ,υ

0,t (S(t)) = υtυ−1F(K1),

ABR
0 Dµ,υ

0,t (V (t)) = υtυ−1G(K1),

ABR
0 Dµ,υ

0,t (I1(t)) = υtυ−1H(K1),

ABR
0 Dµ,υ

0,t (I2(t)) = υtυ−1I(K1),

ABR
0 Dµ,υ

0,t (R(t)) = υtυ−1J(K1).

(9)

As K1 = (t,S,V, I1, I2,R) Where; 

F(K1) = s1 +ϑ1R− γ1SI1 − τS−πS,

G(K1) = πS− (τ +ϑ2)V,

H(K1) = γ1SI1 − (τ + γ2 +β1)I1,

I(K1) = γ2I1 − (τ +β2)I2,

J(K1) = ϑ2V +β2I2 − (τ +ϑ1)R.

(10)

We can write system as; {
ABR
0 Dµ

t = µtµ−1µ(t,ε(t)),
ε(0) = ε0.

(11)

By replacing ABR
0 Dµ,υ

t by ABCDα
t and applying FI, we obtain;

ε(t) = ε(0)+
ϕtϕ−1(1−µ)

CB(µ)
Λ(t,ε(t))+

µϕ

CB(µ)Γ (µ)

Making a substitution for ABR
0 Dµ,υ

t by ABCDα
t and we arrive to the following using the fractional integral operator:

ε(t) = ε(0)+
υtυ−1(1−µ)

MN(µ)
ϒ (t,ε(t))+

µυ

MN(µ)Γ (µ)

∫ t

0
µ

υ−1(t −µ)ϒ (t,ε(t))dµ,
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ε(t) =



S(t)

V (t)

I1(t)

I2(t)

R(t)

,ε(0) =



S(0)

V (0)

I1(0)

I2(0)

R(0)

,ϒ (t,ε(t)) =



F(K1),

G(K1),

H(K1),

I(K1),

J(K1).

As is often believed, the Banach space C = K×K is taken into consideration in the context of existence theory, where the
interval is provided by K = [0,T ].

∥ε∥= max
t∈[0,T ]

|S(t)+V (t)+ I1(t)+ I2(t)+R(t)|.

Define κ : C →C

κ(ε)(t) = ε(0)+
υtυ−1(1−µ)

MN(µ)
ϒ (t,ε(t))+

µυ

MN(µ)Γ (µ)

∫ t

0
µ

υ−1(t −µ)ϒ (t,ε(t))dµ.

Assume that the nonlinear function ϒ (t,ε(t)) satisfies the requirements.
• For all ε ∈C, ∃ constant Fϒ and Rϒ such as;

|ϒ (t,ε(t))| ≤ Fϒ |ε(t)+Rϒ . (12)

|ϒ (t,ε(t))−Λ(t,ε(t))| ≤ XΛ |ε(t)− ε(t)|. (13)

Theorem 3.5. Assume that (14) holds true. Allow to be a continuous function and ϒ = [0,T ]×C → P. At least one
solution is then admitted by the model.
Proof. As stated in equation (13), we first show that the operator κ is completely continuous. Given that ϒ is continuous,
κ must also be continuous. Let K = ε ∈C : ∥ε∥ ≤ P,P > 0. Now for any ε ∈C, We have;

|κ(ε)|= max
t∈[0,T ]

|ε(0)+ υtυ−1(1−µ)

MN(µ)
ϒ (t,ε(t))+

µυ

MN(µ)Γ (µ)

∫ t

0
µ

υ−1(t −µ)ϒ (t,ε(t))dµ.

≤ ε(0)+
υBtυ−1(1−µ)

MN(µ)
(Fϒ ∥ε∥+Rϒ )+ max

t∈[0,T ]

µυ

MN(µ)Γ (µ)

∫ t

0
µ

υ−1(t −µ) |ϒ (t,ε(t)) | dµ.

≤ ε(0)+
υBtυ−1(1−µ)

MN(µ)
(Fϒ ∥ε∥+Rϒ )+

µυ

MN(µ)Γ (µ)
(Fϒ ∥ε∥+Rϒ )Bµ+υ−1K(µ,υ)≤ P. (14)

Despite the regular boundedness of κ the function K(µ,υ) is likewise continuous. Let t1 < t2 ≤ T to demonstrate the
equicontinuity of ℜ is used as an example. Then we consider:

|κ(ε)(t2)−κ(ε)(t1)|= |
υtυ−1

2 (1−µ)

MN(µ)
ϒ (t2,ε(t2))+

µυ

MN(µ)Γ (µ)

∫ t2

0
µ

υ−1(t2 −µ)ϒ (µ,ε(µ))dµ

−
υtυ−1

1 (1−µ)

MN(µ)
ϒ (t1,ε(t1))+

µυ

MN(µ)Γ (µ)

∫ t2

0
µ

υ−1(t2 −µ)ϒ (µ,ε(µ))dµ |

≤ |
υtυ−1

2 (1−µ)

MN(µ)
(Fϒ | ε(t) |,RF)+

µυ

MN(µ)Γ (µ)
(Fϒ | ε(t) |,RF)t

µ+υ−1
2 L(µ,ε) |

−
υtυ−1

1 (1−µ)

MN(µ)
(Fϒ | ε(t) |,RF)+

µυ

MN(µ)Γ (µ)
(Fϒ | ε(t) |,RF)t

µ+υ−1
1 L(µ,ε) | (15)

When t1 → t2 then |κ(ε)(t2)−κ(ε)(t1)|. Hence we conclude that;

∥κ(ε)t2 −κ(ε)t1∥→ 0, t1 → t2. (16)
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Thus κ is continuous, bringing the evidence to a close.
Theorem 3.6. Suppose that if α < 1 here;

α = (
υBυ−1(1−µ)

MN(µ)
+

µυ

MN(µ)Γ (µ)
Bµ+υ−1K(µ,υ))Jϒ . (17)

The model under consideration admits a unique solution.
Proof. Take ε,ε ∈C we get;

|κ(ε)−κ(ε)|= max
t∈[0,T ]

|υtυ−1(1−µ)

MN(µ)
(ϒ (t,ε(t))−ϒ (t,ε(t)))+

µυ

MN(µ)Γ (µ)

∫ t

0
µ

υ−1(t−µ)υ−1dµ(ϒ (µ,ε(µ))−ϒ (µ,ε(µ)))|,

≤ [
υBυ−1(1−µ)

MN(µ)
+

µυ

MN(µ)Γ (µ)
Bµ+υ−1K(µ,υ)]∥ε − ε∥,

≤ α∥ε − ε∥. (18)

As a result, the contraction property is satisfied by α is a unique solution is admitted by the suggested model according
to the Banach Contraction Principle.

3.2 Existence and Stability Theory

Using the fractal fractional operator in the ABC sense, we investigate the model’s existence and uniqueness in this
section. Assume:

ABCDµ

t (S(t)) = s1 +ϑ1R− γ1SI1 − τS−πS,
ABCDµ

t (V (t)) = πS− (τ +ϑ2)V,
ABCDµ

t (I1(t)) = γ1SI1 − (τ + γ2 +β1)I1,

ABCDµ

t (I2(t)) = γ2I1 − (τ +β2)I2,

ABCDµ

t (R(t)) = ϑ2V +β2I2 − (τ +ϑ1)R.

3.3 Positivity and Boundedness

This part offers a thorough analysis of the key elements to guarantee that the outcomes are understandable and
unambiguous. In order to assess and validate the model’s structure’s validity and importance, the part looks at several
methods.
Define the norm;

∥ φ ∥∞= sup
tεDφ

| φ(t) | (19)

Assume that Dφ denotes φ̀ domain. Therefore, the classical derivative’s outcome is:

S(t) = s1 +ϑ1R− γ1SI1 − τS−πS,∀t ≥ 0,

S(t)≥−(γ1I1 + τ +π)S,∀t ≥ 0,

S(t)≥−(γ1 sup
tεDS

| I1 |+τ +π)S,∀t ≥ 0,

S(t)≥−(γ1 ∥ I1 ∥+τ +π)S,∀t ≥ 0,
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S(t)≥ Soe−(γ1∥I1∥+τ+π)t ,∀t ≥ 0.

The following inequality is satisfied by the function V (t):

V (t) = πS− (τ +ϑ2)V,∀t ≥ 0,

V (t)≥−(τ +ϑ2)V,∀t ≥ 0,

V (t)≥Vo(t)e−(τ+ϑ2)t ,∀t ≥ 0.

The function I1(t) satisfies the following inequality:

I1(t) = γ1SI1 − (τ + γ2 +β1)I1,∀t ≥ 0,

I1(t)≥−(τ + γ2 +β1)I1,∀t ≥ 0,

I1(t)≥ Ioe−(τ+γ2+β1)t ,∀t ≥ 0.

The function I2(t) satisfies the following inequality:

I2(t) = γ2I1 − (τ +β2)I2,∀t ≥ 0,

I2(t)≥−(τ +β2)I2,∀t ≥ 0,

I2(t)≥ Ioe−(τ+β2)t ,∀t ≥ 0.

The following inequality is satisfied by the function R(t):

R(t) = ϑ2V +β2I2 − (τ +ϑ1)R,∀t ≥ 0,

R(t)≥−(τ +ϑ1)R,∀t ≥ 0,

R(t)≥ Roe−(τ+ϑ1)t ,∀t ≥ 0.

4 Analysis of Equilibrium points and Flip Bifurcation analysis
In this section, we will look into stable places. Through the identification of its constant states, formulation (3) becomes
zero.

ABCDµ

t S(t) = s1 +ϑ1R− γ1SI1 − τS−πS,
ABCDµ

t V (t) = πS− (τ +ϑ2)V,
ABCDµ

t I1(t) = γ1SI1 − (τ + γ2 +β1)I1,
ABCDµ

t I2(t) = γ2I1 − (τ +β2)I2,
ABCDµ

t R(t) = ϑ2V +β2I2 − (τ +ϑ1)R.
The disease-free equilibrium points of mathematical model:

T1(S,V, I1, I2,R) =



S → s1(τ+η1)(τ+η2)
τw ,

V → πs1(τ+η1)
τw ,

I1 → 0,

I2 → 0,

R → πs1η2
τw .

(20)

Where;
w = τ

2 + τt + τη1 +πη1 + τη2 +πη2 +η1η2 (21)
After substituting the parameters values we get;

S → 5.33538,V → 0.0443478, I1 → 0, I2 → 0,R → 0.0785787. (22)
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4.1 Local Stability

Eigenvalue calculations are used to evaluate the system’s local stability. The suggested model demonstrates asymptotic
stability when each eigenvalue is negative.
Theorem3.7. If arg(λ j < 1), the suggested fractional order model (3) exhibits local asymptotic stability.
Proof. Consider the Jacobian matrix for the developed fractional order model as given below:

J =



∂ f1
∂S

∂ f1
∂V

∂ f1
∂ I1

∂ f1
∂ I2

∂ f1
∂R

∂ f2
∂S

∂ f2
∂V

∂ f2
∂ I1

∂ f2
∂ I2

∂ f2
∂R

∂ f3
∂S

∂ f3
∂V

∂ f3
∂ I1

∂ f3
∂ I2

∂ f3
∂R

∂ f4
∂S

∂ f4
∂V

∂ f4
∂ I1

∂ f4
∂ I2

∂ f4
∂R

∂ f5
∂S

∂ f5
∂V

∂ f5
∂ I1

∂ f5
∂ I2

∂ f5
∂R



J =



−γ1I1 − (τ +π) 0 −γ1S 0 ϑ1

π −(τ +ϑ2) 0 0 0

γ1I1 0 γ1S− (τ + γ2 +β1) 0 0

0 0 γ2 −(τ +β2) 0

0 ϑ2 0 β2 −(τ +ϑ1)


When the disease-free equilibrium point is applied, the Jacobian matrix takes the form:

J(E∗) =



−(τ +π) 0 −γ1s1(τ+η1)(τ+η2)
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

0 ϑ1

π −(τ +ϑ2) 0 0 0

0 0 γ1s1(τ+η1)(τ+η2)
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

− (τ + γ2 +β1) 0 0

0 0 γ2 −(τ +β2) 0

0 ϑ2 0 β2 −(τ +ϑ1)


Now, Using the characteristics equation* as given below:

| J(E∗)−λ I |= 0

Using the above characteristics equation* we get as follows:∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−(τ +π)−λ 0 − γ1s1(τ+η1)(τ+η2)
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

0 ϑ1

π −(τ +ϑ2)−λ 0 0 0

0 0 γ1s1(τ+η1)(τ+η2)
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

− (τ + γ2 +β1)−λ 0 0

0 0 γ2 −(τ +β2)−λ 0

0 ϑ2 0 β2 −(τ +ϑ1)−λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0

(23)
Now solving the above determinant for λ , we get eigenvalues , which are given as:

λ1 =−(τ +π),
λ2 =−(τ +ϑ2),

λ3 =−(τ + γ2 +β1)+
γ1s1(τ+η1)(τ+η2)

τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)
,

λ4 =−(τ +β2),
λ5 =−(τ +ϑ1).

(24)

Because each eigenvalue has a negative real part, the newly developed model is locally stable.
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4.2 Flip bifurcation analysis

Our developed framework makes it clear that if: (ϑ ,γ1,τ,π,ϑ2,γ2,β1,β2) indicates the fixed set of variables, then no
characteristic values are present. 1 and -1 may indicate that the division may disappear belongs to the designated
collection:

(ϑ ,γ1,τ,π,ϑ2,γ2,β1,β2) ∈ F |E( s1(τ +η1)(τ +η2)

τ(τ2 + τt + τη1 +πη1 + τη2 +πη2 +η1η2)
,

πs1(τ +η1)

τ(τ2 + τt + τη1 +πη1 + τη2 +πη2 +η1η2)
,

πs1η2

τ(τ2 + τt + τη1 +πη1 + τη2 +πη2 +η1η2)
)

Theorem 3.8. The branching in our framework (3) does not end at:

T1(S,V, I1, I2,R) =



S → s1(τ+η1)(τ+η2)
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

,

V → πs1(τ+η1)
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

,

I1 → 0,

I2 → 0,

R → πs1η2
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

.

If a fixed set of variables is supplied:

(ϑ ,γ1,τ,π,ϑ2,γ2,β1,β2) ∈ F |E( s1(τ +η1)(τ +η2)

τ(τ2 + τt + τη1 +πη1 + τη2 +πη2 +η1η2)
,

πs1(τ +η1)

τ(τ2 + τt + τη1 +πη1 + τη2 +πη2 +η1η2)
,

πs1η2

τ(τ2 + τt + τη1 +πη1 + τη2 +πη2 +η1η2)
)

Proof. Since the equations in our model remain unchanged when I1 and I2 are set to 0, we aim to determine whether the
proposed mathematical model exhibits a bifurcation at I1 and I2 = 0.

St+1 = s1 +ϑ1R− τS−πS (25)

Indicates the map (15).
f (S) = s1 +ϑ1R− τS−πS

∂ f
∂S

=−(τ +π)

∂ f
∂τ

=−S =− s1(τ +η1)(τ +η2)

τ(τ2 + τt + τη1 +πη1 + τη2 +πη2 +η1η2)

and
∂ 2 f
∂S2 = 0 (26)

The section shows that at ES0000(
s1(τ+η1)(τ+η2)

τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)
,0,0,0,0) period-doubling division of the numerical

scheme does not exist. If the period-doubling division is absent, derived variable limitations (20) counteract the
non-degeneracy scenario. (ϑ ,γ1,τ,π,ϑ2,γ2,β1,β2) ∈ F |

ES0000( s1(τ+η1)(τ+η2)
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

,0,0,0,0)
. Framework (3) exhibits
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period-doubling bifurcation at the next numerical value, as demonstrated by the previously described calculation;

T1(S,V, I1, I2,R) =



S → s1(τ+η1)(τ+η2)
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

,

V → πs1(τ+η1)
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

,

I1 → 0,

I2 → 0,

R → πs1η2
τ(τ2+τt+τη1+πη1+τη2+πη2+η1η2)

.
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Figure 2 to figure 6 represents the bifurcation analysis of all compartments under different parameters impacts. It is
observed in figure 2 that the susceptible class rises with the parameter s1, the recruitment rates of the cats, while decreases
due to infected rate γ1 that meets our objectives. Also the primary infected class reduces with the rate from first infection
to second infected γ2 as can be observed in figure 3. Similarly all other compartment impacts can be observed in figure
4, figure 5 and figure 6 according to desired domain and objectives. So, it is deduced that in all compartment there is no
bifurcation in it and results must need to approach according to study sate.

5 Numerical Scheme

In the next part, we use the Atangana-Toukfik technique to develop a novel numerical scheme for nonlinear fractional
differential equations (SV I1I2R) with non-local and non-singular kernels. We will use a non linear fractional differential
equation as an example to demonstrate this approach.

ABC
0 DS(t) = f1(t,S,V, I1, I2,R),

ABC
0 DV (t) = f2(t,S,V, I1, I2,R),

ABC
0 DI1(t) = f3(t,S,V, I1, I2,R),

ABC
0 DI2(t) = f4(t,S,V, I1, I2,R),

ABC
0 DR(t) = f5(t,S,V, I1, I2,R).

Considering the starting circumstances S(0) = S◦,V (0) = V ◦, I1(0) = I◦1 , I2(0) = I◦2 ,R(0) = R◦. The aforementioned
system of equation*s is transformed into the relevant fractional fractal integral forms using the fundamental theorem of
fractional calculus.

S(t)−S(0) =
1−µ

ABC(µ)
f1(t, ,S,V, I1, I2,R)+

µ

ABC(µ)Γ (µ)

∫ 1

0
f1(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(t −µ)µ−1dµ,

V (t)−V (0) =
1−µ

ABC(µ)
f2(t, ,S,V, I1, I2,R)+

µ

ABC(µ)Γ (µ)

∫ 1

0
f2(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(t −µ)µ−1dµ,

I1(t)− I1(0) =
1−µ

ABC(µ)
f3(t, ,S,V, I1, I2,R)+

µ

ABC(µ)Γ (µ)

∫ 1

0
f3(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(t −µ)µ−1dµ,

I2(t)− I2(0) =
1−µ

ABC(µ)
f4(t, ,S,V, I1, I2,R)+

µ

ABC(µ)Γ (µ)

∫ 1

0
f4(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(t −µ)µ−1dµ,

R(t)−R(0) =
1−µ

ABC(µ)
f5(t, ,S,V, I1, I2,R)+

µ

ABC(µ)Γ (µ)

∫ 1

0
f5(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(t −µ)µ−1dµ.

At the distinct moments when t = tn+1, n = 0,1,2,3,4..., the preceding equation* can be reformulated as;

S(tc+1)−S(0) =
1−µ

ABC(µ)
f1(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)∫ tc+1

0
f1(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ,

S(tc+1)−S(0) =
1−µ

ABC(µ)
f1(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

c

∑
l=0

∫ tc+1

0
f1(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ,

V (tc+1)−V (0) =
1−µ

ABC(µ)
f2(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)∫ tc+1

0
f2(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ,
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V (tc+1)−V (0) =
1−µ

ABC(µ)
f2(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

c

∑
l=0

∫ tc+1

0
f2(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ,

I1(tc+1)− I1(0) =
1−µ

ABC(µ)
f3(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)∫ tc+1

0
f3(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ,

I1(tc+1)− I1(0) =
1−µ

ABC(µ)
f3(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

c

∑
l=0

∫ tc+1

0
f3(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ,

I2(tc+1)− I2(0) =
1−µ

ABC(µ)
f4(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)∫ tc+1

0
f4(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ,

I2(tc+1)− I2(0) =
1−µ

ABC(µ)
f4(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

c

∑
l=0

∫ tc+1

0
f4(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ,

R(tc+1)−R(0) =
1−µ

ABC(µ)
f5(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)∫ tc+1

0
f5(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ,

R(tc+1)−R(0) =
1−µ

ABC(µ)
f5(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

c

∑
l=0

∫ tc+1

0
f5(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ))(tc+1 −µ)µ−1dµ.

Across the span of the interval [tϑ , tϑ+1] the expression f1(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ)). In order to estimate and
constrain the results inside the interval’s bounds, we will now use a two-phase Lagrange polynomial interpolation
approach [tϑ , tϑ+1], the expression f1(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ)). We will now use a two-step Lagrange
polynomial estimate method, which is expressed as follows:

Qϑ (µ)=
µ − tϑ −1
tϑ − tϑ −1

f1(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))−
Q− tϑ

tϑ − tϑ −1
f1(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1)),

Qϑ (µ)=
f1(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))

h
(µ−tϑ−1)−

f1(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ−tϑ )

≈ f1(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))
h

(µ − tϑ−1)−
f1(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ − tϑ ).

Within the bounds of interval [tϑ , tϑ+1] the function f2(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ)). Next we use Lagrange
polynomial interpolation, which may be roughly represented as follows, to implement the two-step method;

Qϑ (µ)=
µ − tϑ −1
tϑ − tϑ −1

f2(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))−
Q− tϑ

tϑ − tϑ −1
f2(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1)),

Qϑ (µ)=
f2(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))

h
(µ−tϑ−1)−

f2(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ−tϑ )
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≈ f2(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))
h

(µ − tϑ−1)−
f2(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ − tϑ ).

Within the bounds of interval [tϑ , tϑ+1] the function f3(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ)). Now we use a two-step
process that is based on Lagrange polynomial interpolation, which is roughly represented as follows;

Qϑ (µ)=
µ − tϑ −1
tϑ − tϑ −1

f3(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))−
Q− tϑ

tϑ − tϑ −1
f3(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1)),

Qϑ (µ)=
f3(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))

h
(µ−tϑ−1)−

f3(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ−tϑ )

≈ f3(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))
h

(µ − tϑ−1)−
f3(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ − tϑ ).

Within the bounds of interval [tϑ , tϑ+1] the function f4(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ)). The two-step Lagrange
polynomial interpolation approach, which may be roughly described as follows;

Qϑ (µ)=
µ − tϑ −1
tϑ − tϑ −1

f4(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))−
Q− tϑ

tϑ − tϑ −1
f4(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1)),

Qϑ (µ)=
f4(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))

h
(µ−tϑ−1)−

f4(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ−tϑ )

≈ f4(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))
h

(µ − tϑ−1)−
f4(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ − tϑ ).

Within the bounds of interval [tϑ , tϑ+1] the function f5(µ,S(µ),V (µ), I1(µ), I2(µ),R(µ)).

Qϑ (µ)=
µ − tϑ −1
tϑ − tϑ −1

f5(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))−
Q− tϑ

tϑ − tϑ −1
f5(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1)),

Qϑ (µ)=
f5(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))

h
(µ−tϑ−1)−

f5(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ−tϑ )

≈ f5(tϑ ,S(tϑ ),V (tϑ ), I1(tϑ ), I2(tϑ ),R(tϑ ))
h

(µ − tϑ−1)−
f5(tϑ−1,S(tϑ−1),V (tϑ−1), I1(tϑ−1), I2(tϑ−1),R(tϑ−1))

h
(µ − tϑ ).

Since our goal is to prove the validity of this approximation, we include it in the equation*;

Sc+1 = S0 +
1−µ

ABC(µ)
f1(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

b

∑
ϑ=0

f1(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ),Rϑ

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ

−
f1(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),Rϑ−1)

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ,

Vc+1 =V0 +
1−µ

ABC(µ)
f2(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

b

∑
ϑ=0

f2(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ),Rϑ

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ

−
f2(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),Rϑ−1)

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ,

I1(c+1) = I1(0)+
1−µ

ABC(µ)
f3(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

b

∑
ϑ=0

f3(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ),Rϑ

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ
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−
f3(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),Rϑ−1)

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ,

I2(c+1) = I2(0)+
1−µ

ABC(µ)
f4(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

b

∑
ϑ=0

f4(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ),Rϑ

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ

−
f4(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),Rϑ−1)

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ,

Rc+1 = R0 +
1−µ

ABC(µ)
f5(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)Γ (µ)

b

∑
ϑ=0

f5(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ),Rϑ

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ

−
f5(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),Rϑ−1)

h

∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ)µ−1dµ,

We rewrite it as simply as possible. Let’s clarify;

Fµ,ϑ ,1 =
∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ),

Fµ,ϑ ,2 =
∫ tϑ+1

tϑ
(µ − tϑ −1)(tc+1 −µ).

The integration of the equation*s is then carried out;

Sc+1 = S0 +
(1−µ)

ABC(µ)
f1(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)

B

∑
ϑ=0

hµ f1(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ,Rϑ )

Γ (µ +2)
((b+1−ϑ)µ(b−ϑ +2+µ)− (b−ϑ)µ(b−ϑ +2+2µ))

−
hµ f1(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),Rϑ−1)

Γ (µ +2)
((b+1−ϑ)µ−1 − (b−ϑ)µ(b−ϑ +1+µ)),

Vc+1 =V0 +
(1−µ)

ABC(µ)
f2(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)

B

∑
ϑ=0

hµ f2(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ,Rϑ )

Γ (µ +2)
((b+1−ϑ)µ(b−ϑ +2+µ)− (b−ϑ)µ(b−ϑ +2+2µ))

−
hµ f2(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),R(ϑ−1))

Γ (µ +2)
((b+1−ϑ)µ−1 − (b−ϑ)µ(b−ϑ +1+µ)),

I1(c+1) = S1(0)+
(1−µ)

ABC(µ)
f3(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)

B

∑
ϑ=0

hµ f3(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ,Rϑ )

Γ (µ +2)
((b+1−ϑ)µ(b−ϑ +2+µ)− (b−ϑ)µ(b−ϑ +2+2µ))

−
hµ f3(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),R(ϑ−1))

Γ (µ +2)
((b+1−ϑ)µ−1 − (b−ϑ)µ(b−ϑ +1+µ)),

I2(c+1) = I2(0)+
(1−µ)

ABC(µ)
f4(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)
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B

∑
ϑ=0

hµ f4(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ,Rϑ )

Γ (µ +2)
((b+1−ϑ)µ(b−ϑ +2+µ)− (b−ϑ)µ(b−ϑ +2+2µ))

−
hµ f4(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),R(ϑ−1))

Γ (µ +2)
((b+1−ϑ)µ−1 − (b−ϑ)µ(b−ϑ +1+µ)),

Rc+1 = R0 +
(1−µ)

ABC(µ)
f5(tc,S(tc),V (tc), I1(tc), I2(tc),R(tc))+

µ

ABC(µ)
.

B

∑
ϑ=0

hµ f5(tϑ ,Sϑ ,Vϑ , I1ϑ , I2ϑ ,Rϑ )

Γ (µ +2)
((b+1−ϑ)µ(b−ϑ +2+µ)− (b−ϑ)µ(b−ϑ +2+2µ))

−
hµ f5(tϑ−1,Sϑ−1,Vϑ−1, I1(ϑ−1), I2(ϑ−1),R(ϑ−1))

Γ (µ +2)
((b+1−ϑ)µ−1 − (b−ϑ)µ(b−ϑ +1+µ)),

6 Physical interpretation

In this work, we derived theoretical insights and applied an advanced computational technique to assess their accuracy
for the newly established SV I1I2R framework. This framework characterizes the interaction and transmission of
Toxoplasma gondii between the cat population and the environment. The ABC fractional derivative technique was
employed to model the system, incorporating memory effects and non-local dynamics, while deterministic fluctuations
and a generalized incidence rate provided a more realistic depiction of parasite transmission. By integrating the influence
of vaccination and environmental sanitation into this fractional-order model, we achieved consistent and meaningful
outcomes. MATLAB-based numerical simulations of the SV I1I2R system were carried out using the parameter values
s1 = .89, ϑ1 = 0.3, γ1 = 0.23, γ2 = 0.34, τ = 0.43, π = 0.613, ϑ2 = 0.98, β1 = 0.123 and β2 = 0.97 to validate the
analytical observations and confirm the logical conclusions. The graphical results illustrate the temporal evolution of the
susceptible (S), vaccinated (V), primary infected (I1), secondary infected (I2), and recovered (R) compartments under
different fractional orders, as shown in Figures 7, 8, 9, 10 and 11 respectively. It is observed that the susceptible (S),
vaccinated (V) and recovered (R) class rises with the passage of time due to rise in vaccination and early identification
and faster converge to steady state by reducing the fractional values as can be seen in figure 7, figure 8 and figure 11
respectively. Similarly the both infected classes primary infected (I1) and secondary infected (I2) reduces due according
to the designed objectives and model formulations and can be seen in figure 9 and figure 11 respectively. Similar
behavior can be seen in all compartment by reducing the dimensions with minor effects but it give better convergence by
reducing dimensions from 0.8 to 0.5. The findings reveal an early increase in infection levels that gradually decreases
and stabilizes over time. Crucially, the model demonstrates that strengthened vaccination strategies and improved
sanitation measures markedly reduce both environmental contamination and infection prevalence including early
identification. Furthermore, the model delivers precise and dependable outcomes across various fractional derivative
levels, confirming that smaller fractional parameters contribute to improved model stability and biological realism.
Ultimately, this advanced numerical framework outlines effective intervention policies and refined control techniques to
curb the spread of Toxoplasma gondii.

© 2026 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 12, No. 2, 359-384 (2026) / www.naturalspublishing.com/Journals.asp 381

0 20 40 60 80 100
0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8
Proposed Method

t

S
(t

)

 

 
µ=1.0
µ=0.97
µ=0.94
µ=0.91

(a) S(t) under dimension 0.5

0 20 40 60 80 100
0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8
Proposed Method

t

S
(t

)

 

 
µ=1.0
µ=0.97
µ=0.94
µ=0.91
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Fig. 7: Simulation of S(t)
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(a) V(t) under dimension 0.5
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(b) V(t) under dimension 0.8

Fig. 8: Simulation of V(t)
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(a) I1(t) under dimension 0.5
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Fig. 9: Simulation of I1(t)
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(a) I2(t) under dimension 0.5
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(b) I2(t) under dimension 0.8

Fig. 10: Simulation of I2(t)
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(b) R(t) under dimension 0.5

Fig. 11: Simulation of R(t)

7 Conclusions

We created a general mathematical framework with a more realistic structure to study the transmission dynamics of
toxoplasmosis. The model incorporates two distinct effects of vaccination and sanitation, also the first represents the time
a susceptible cat must wait to become infectious after being exposed to oocysts, and the second represents the time
elapsed between the release of oocysts into the environment and the point at which they can infect a host. Finding the
circumstances under which toxoplasmosis may be eliminated from the cat population possible only in the absence of
environmental oocysts is a significant contribution of this work. On the other hand, we created scenarios where the
illness continues to spread and becomes endemic. The research demonstrates that a stable endemic equilibrium is
established including qualitative and quantitative analysis. Also verify that bifurcation does not exist with different
parameters impacts. The developed solution represented by simulation to see the actual behavior. The findings under
complete analysis including simulation provide a framework for evaluating the effectiveness of immunization campaigns
for cats based on more grounded hypotheses with vaccination. The suggested model might be fitted to empirical facts if
there were enough information on state variables, such as the density of oocysts or the percentage of diseased cats.
Although a thorough identifiability investigation would be necessary to determine whether this calibration is unique, it is
possible because approximations of values for some parameters are available. Although some unanswered questions
remain overall, this study enhances our understanding of the dynamics of toxoplasmosis. For example, adding more
hosts to the model, such as rats, would capture crucial elements of the transmission cycle, which is a research constraint.
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There will always be simplifications, as with any mathematical depiction of biological processes. Even if they are more
complicated, future studies that include intermediate hosts or further delays may improve the realism and usefulness of
these models even more and can be implemented on the real data.
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