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Abstract: A novel nonlinear robust trajectory tracking control law for nonholonomic mobile robot is presented in this paper. This
approach can be applied to generate trajectory tracking control commands on nonholonomic mobile robot movement. The design
objective is to specify one nonlinear robust control law that satisfies the H2 performance, for the nonlinear trajectory tracking control
of nonholonomic mobile robot. In general, it is hard to obtain the closed-form solution from this nonlinear trajectory-tracking problem.
Fortunately, because of the skew symmetric property of the trajectory tracking system of the nonholonomic mobile robot and adequate
choice of state variable transformation, the H2 trajectory-tracking problems can be reduced to solving one nonlinear time varying
Riccati-like equations. Furthermore, one closed-form solution to this nonlinear time varying Riccati-like equation can be obtained with
very simple forms for the preceding control design. Finally, there are two practical testing conditions: circular and square like reference
trajectories are used for performance verifications.
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1. Introduction

Recently years, wheeled mobile robots are applied in vari-
ous industrial and service fields which include transporta-
tion, inspection and security etc. Hence, it is more and
more important at wheeled mobile robots manipulation ac-
curately, especially in the trajectory tracking subject. Many
studies [1-7] in trajectory tracking problem, but some re-
sults can not ease and simple to implementation. In this pa-
per, we proposed a novel nonlinear control law to practice
a nonholonomic mobile robot with closed form solution
design.

This paper will exhibit as following sections. The math-
ematical model and design objective of nonholonomic mo-
bile robot will brief in section II. Problem formulation and
controller design for robust trajectory tracking will be de-
scribed in section III, and practice results of the nonholo-
nomic mobile robot robust trajectory tracking by the pro-
posed design are demonstrated in section IV. Finally, the
conclusions are summarized in section V.

2. Mathematical Model and Design Objective

2.1. Model and dynamics of a nonholonomic
mobile robot

In general, the structure of wheel mobile robot consists
of two driving wheels which locate at the same axis and
a passive self-adjusted supporting wheel which leads the
mechanical system. Both driving wheels which are for the
motion and orientation purpose are driven by two actuators
(e.g. DC motors) independently.

As figure 1 shows the two driving wheels with the
same radius denoted by r and separated by 2R. The loca-
tion of the vehicle in the global coordinate frame{O,X ,Y}is
represented by the vector P =

[
xc yc θ

]T , wherexc,ycare
the coordinates of the point C in the global coordinate
frame andθ is the orientation of the local frame{C,Xc,Yc}.
The generalized coordinate of the vehicle is described as

q =
[

xc yc θ
]T (2.1)
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Figure 1 Nonholonomic mobile robot

For ordinary mobile robot system, the robot just can
move as the direction of the axis of the driving wheels with
pure rolling and nonslipping nonholonomic condition sta-
tus. Consequently, the velocity of contact point with the
ground and orthogonal to the plane of the wheel is zero.
We can express as following [8]

ẏc cosθ − ẋc sinθ −dθ̇ = 0 (2.2)

and then the kinematic equation can also be described as

q̇ =

 ẋc
ẏc
θ̇

=

 cosθ −d sinθ
sinθ d cosθ
0 1

[
vl
w

]
(2.3)

where vl and w are the linear and angular velocity along
the robot axis. In this paper, we develop a H2 technique to
solve this kind of problem, so the mobile robot dynamic
equation can be described as [9]

H(q)q̈+C(q, q̇)q̇ = B(q)τ (2.4)

where H(q) ∈ ℜ3×3 is a symmetric positive define in-
ertia matrix, C(q, q̇) ∈ ℜ3×3 is the centripetal and coriolis
matrix, B(q) ∈ ℜ3×2 is the input transformation matrix,
and τ ∈ ℜ2×1 is the input vector, where τr and τl repre-
sents right and left wheel torques, respectively.

H(q) =

m 0 md sinθ
0 m −md cosθ
md sinθ −md cosθ I



C(q, q̇) =

0 0 mdθ̇ cosθ
0 0 md sinθ
0 0 0



B(q) =
1
r

 cosθ sinθ
sinθ sinθ
R −R

 ,τ =

[
τr
τl

]
(2.5)

2.2. Problem Formulation

We will develop a H2 trajectory tracking control design
in this paper. The desired tracking reference trajectory qr
is supposed to be existed into bounded time functions of
position vector qr ∈C2 which is a twice continuously dif-
ferentiable function. The velocity vector and acceleration
vector of qr can be expressed as q̇r and q̈r respectively. As
following is the tracking error definition:

e =

[
⌢̇q
⌢q

]
=

[
q̇− q̇r
q−qr

]
(2.6)

and tracking error dynamic equation is given as

ė =
[
−H−1(q)C(q, q̇) 02×2
I2×2 02×2

]
e

+

[
−q̈r −H−1(q)C(q, q̇)q̇r
02×2

]
+

[
H−1(q)B(q)τ
02×2

] (2.7)

The error dynamic equation (2.7) is difficult to direct
apply in this study due to complication equation. For con-
trol design purpose, as following the filtered link of track-
ing error l(t)and the state-space transformation matrix T are
be defined to simplify the control formulation and the sta-
bility analysis.

l(t) = η⌢̇q +Φ⌢q (2.8)

T =

[
T1
T2

]
=

[
T11 T12
02×2 I2×2

]
=

[
ηI2×2 Φ
02×2 I2×2

]
(2.9)

Some of positive scale ηand positive definite matrix Φ ∈
ℜ2×2are constants and then the error dynamic equation
(2.7) can be rewritten as a compact form:

ė = T−1

[
l̇(t)
⌢̇q(t)

]
= MT (e, t)e+NT (e, t) [η(−S(e, t)+B(q)τ)]+NT (e, t)d

(2.10)

where

MT (e, t) = T−1
[
−H−1(q)C(q, q̇) 02×2
1
η I2×2 − 1

η Φ

]
T

NT (e, t) = T−1V H−1(q)

S(e, t) = H(q)(q̈r −
1
λ

Φ⌢̇q)+C(q, q̇)(q̇r −
1
λ

Φ⌢q)

with

V =

[
I2×2
02×2

]
(2.11)

If the following applied torque input is selected

B(q)τ = S(e, t)+
1
η

u (2.12)

then the tracking error dynamic equation drives by the con-
trol inputu will become

ė = MT (e, t)e+NT (e, t)u (2.13)
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3. Problem Formulation and Controller
Design

3.1. The nonlinear H2 trajectory tracking
control problem

To consider the nonlinear nonholonomic mobile robot sys-
tem of the form equation (2.13) that the unknown dis-
turbance modeling error and the effect of the constraint
force are not considered. To given some weighting matri-
ces G2andU2, the nonlinear H2 trajectory tracking control
problem can be solved by solving the following tracking
control problem.

J(u̇2) = min
u2

J(u2,)

= min
u2

[
eT (t f )G2 f e(t f )

+
∫ t f

0

[
eT (t)G2e(t)+uT

2 (t)U2u2(t)
]
dt
]

= eT (0)J2(e(0),0)e(0) (3.1)

Supposing above exists an optimal control law u∗2 which
satisfies [10] for all t f ∈ [0,∞)and for some positive defi-
nite matrix

G2 f = GT
2 f > 0 (3.2)

3.2. Control Design of H2

In this section, we will solve the nonlinear nonholonomic
mobile robot tracking control problems that are formulated
in the above section. For this purpose, a novel nonlinear
control law with trajectory tracking capability for nonholo-
nomic mobile robot will be described by nonlinear H2 con-
trol theorem and the optimal control law shows as below.

u∗2(e, t) =−U−1
2 NT

T (e, t)J2(e, t)e(t) (3.3)

If J2(e, t)satisfies the following time-varying Riccati-like
equation, and then it is the same to solve the nonlinear H2
trajectory tracking problem in equation (3.1)

J̇2(e, t)+ J2(e, t)MT (e, t)+MT (e, t)T J2(e, t)+G2−

J2(e, t)NT (e, t)U−1
2 NT

T (e, t)J2(e, t) = 0 (3.4)

with J2(e, t) = JT
2 (e, t)≥ 0 and G2 f = J2(e(t f ), t f ).

3.3. Solutions of the nonlinear time-varying
Riccati equations of H2 problem

The solution J2(e, t) the nonlinear Riccati-like equation
(3.4) can be put in more explicit form because the state

transformation equation (2.9) has been involved in the pro-
cess of design and describes as following.

J2(e, t) = T T
2

[
H(e, t) 02×2
02×2 X2

]
(3.5)

where X2is some positive definite symmetric constant ma-
trix. Besides, the matrices T T

2 and X2 can also be solved
from a pair of algebraic Riccati-like equation, and consider
the second and third terms on the left-hand side of the time
varying Riccati-like equation (3.4). We can obtain

J2(e, t)MT (e, t)+MT
T (e, t)J2(e, t)

=

[
02×2 X2
X2 02×2

]
+T T

2

[
−Ḣ(e, t) 02×2
02×2 02×2

]
T2

(3.6)

We can easily verifed that

NT
T (e, t)J2(e, t) = NT T2 (3.7)

equation (3.4) can be rewritten to the following algebraic
Riccati-like equation with the results of equations (3.6)
and (3.7)[

02×2 X2
X2 02×2

]
+G2 −T T

2 NU−1
2 NT T2 = 0 (3.8)

Suppose, the optimal control law u∗2(e, t) can be expressed
as

u∗2(e, t) =−U−1
2 NT T2e (3.9)

By choosing
U2 = α2

2 I2×2 (3.10)

where α2 > 0and the positive definite symmetric matrix
G2can also be factorized by Cholesky factorization as

G2 =

[
GT

211G11 G212
GT

212 GT
222G222

]
(3.11)

Applying the definitions of T2and Nin equations (2.8) and
(2.10) together with assumptions equations (3.10) and (3.11),
the Riccati-like equation (3.6) can be separated into the
following equations

GT
211G211 −

1
α2

2
T T

211T211 = 0 (3.12)

X2 +G212 −
1

α2
2

T T
211T212 = 0 (3.13)

X2 +GT
212 −

1
α2

2
T T

212T211 = 0 (3.14)

GT
222G222 −

1
α2

2
T T

212T212 = 0 (3.15)

From equations (3.12) and (3.15), the sub-matrices T211and
T212can be represented as

T211 = α2G211, T212 = α2G222 (3.16)
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Then, we get

T2

[
α2G211 α2G222
02×2 I2×2

]
(3.17)

For satisfying with T211 =ηI2×2 in equation (2.8), the weight-
ing matrix G211 in equation (3.11) must be selected as the
following diagonal form

G211 = g211I2×2 (3.18)

by choosing a positive scale q211, and a scale η for the H2
tracking problem, we have the following relationship as

η = α2g211 (3.19)

Let the weighting matrix U2 is given as the form shown
in equation (3.10) for any bounded α2 > 0 and allow the
weighting matrix G2 > 0 be taken as

G2 =

[
GT

211G211 G212
GT

212 GT
222G222

]
(3.20)

with G211, G222 and G212 satisfying the requirements in
equations (3.17) and (3.18). Then the nonlinear H2 non-
holonomic mobile robot trajectory tracking control prob-
lem is solved by the following optimal controller

u∗2 =− 1
α2

[
G211 G222

]
e (3.21)

3.4. Actuator dynamics

The wheels of nonholonomic mobile robot are driven by
DC motors. The figure 2 shows simplified circuit model
for a DC motor. By applying Kirchoff voltage law to the
circuit, we can get

u = iRa + eem f (3.22)

and

τL =
NKT

Ra
u− N2KT

Ra
KbwL. (3.23)

where u is the input voltage, i is the motor current, Ra is
the motor resistance, eem f is the back emf (electromotive
force), N = r2/r1 the gear ratio, τm and τL are the torque
triggered by motor and on load, wm (before gears) and wL
(after gears) are the angular velocities of the motor, θm (be-
fore gears) and θL (after gears) are the angles of the motor,
KT and Kb are torque and velocity constant, respectively.
The mobile robot dynamics can be rewritten as following.

u2(e, t) =
NKT

Ra
uinput −

N2KT

Ra
KbwL (3.24)

Figure 2 Simplified circuit model for a DC motor

4. Implementation results

4.1. Control system architecture

The novel proposed control method is practiced on two
driving wheels and one passive self adjusted supporting
wheel mobile robot system as figure 3A small passive self
adjusted support wheel is attached in the back of vehicle to
carry the framework of mobile robot system. The driving
wheels are driven by individual DC motor. The nonholo-
nomic mobile robot system is implemented by computer
side and mobile robot side. The computer side consists of
a personal computer and a Bluetooth USB Dongle. It pro-
vides an operation interface to issue control commands.
The mobile robot side consists of a Bluetooth RS232 adap-
ter, a controller main board, a DC motor controller com-
ponent, two DC motors, a vehicle and an INS component.
The overall control flowchart of architecture shows in fig-
ure 4 and the red block is computer side and blue block is
mobile robot side.

The PC interacts through Bluetooth USB Dongle with
Bluetooth RS232 adapter on the mobile robot side. The
controller main board consists of dsPIC 30F4011 microch-
ip and performs proposed algorithm by MPLAB IDE and
C30 C complier and WinPIC tool. The DC motor con-
troller receives the control command to trigger DC motor
and then rotates the wheels of vehicle to move as designate
trajectory.

4.2. Experimental results

In this section, the proposed control law will be verified
and presented by implemented mobile robot system by fig-
ure 3. As follows we will demonstrate the results of real
practice by tracking circular and square like reference tra-
jectories. First, we need to set a desired tracking trajec-
tory and transmit the control commands to vehicle by con-
trol interface on computer side and then the vehicle will
draw a circular or square like as desired tracking trajec-
tory. The results of real practice show as figure 5 and 6.
Additionally, there is a slow turn at each corner of the
square which causes by the desired orientation angle sud-
den change. Above results with the proposed control algo-
rithm are capable of tracking for continuous and noncon-
tinuous situation.
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Figure 3 Mobile robot system

Figure 4 Control flowchart of the mobile robot system

Figure 5 Circle real time tracking performance

Figure 6 Square like real time tracking performance

5. Conclusions

A nonlinear control law is successfully developed for im-
proving the maneuverability of the nonlinear nonholonomic
mobile robot system in this paper. We can obtain general
solutions of the H2 control problem of nonholonomic mo-
bile robot by using the skew-symmetric property and trans-
formation techniques. The proposed method achieves sat-
isfactory simulation and experimental results for tracking
the desired trajectory in circular and square like reference
scenarios. From the experimental results, it is easy to im-
plement and find out the H2 nonholonomic mobile robot-
tracking control exhibits an excellent tracking capability
by the proposed method in this paper.
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