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Abstract: In this paper, the Elzaki transform and Adomian decompmsithethod are coupled and used to determine the analytical
solution of both linear and nonlinear Schrodinger diffei@nequations in what is termed as Elzaki decompositionhot The
proposed method worked perfectly without any need of lizadéion or discretization in comparison with other methdise solutions
obtained for the problems considered are in full agreemdhttiveir corresponding exact solutions in literature.
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1 Introduction in form of a convergent series. Further, the Adomian
decomposition method is also proven be to an effective

Linear and nonlinear Schrodinger equations often arise irfjmOI powerful method for treating the afore mentioned

. g . ; uations after the successes recorded by many
many branches of physics and engineering science suchd .
as in quantum mechanics, optics and plasma physicgese"’erhes such as it 11,12,13,14,15,16].

among others. The study of these equations and their 't IS expected in the end of this study that this
coupling, the Elzaki decomposition method would give

solutions has become of great interest to many : - ; .
researchers due to its various applications. To cite a fev\),exact solutions for the linear and nonlinear Schrodinger

Wazwaz [I] utilized the Adomian decomposition method cduations under consideration in relation to other
as a reliable technique for treatment of Schrodingerdec.omposmc’nS methodsthat also work.perfectly in other
equations. In WazwaZ2], the variational iteration method settings such as in Laplace decomposition metiia, [
was used to determine the exact solutions for both linea®UMudu  decomposition — method 1§,  Natural
and nonlinear Schrodinger equations. Also, Zhang et af€composition -method 1p], Aboodh decomposition
[3] used the He's frequency formulation as a method tomethod Rql apd other couplings avallable in the literature
search for the solutions of Schrodinger equations, and th&S the effectiveness of both the Elzaki transform and the
solutions determined turn out to be in good agreemen dom@n decomposn.lon method  cannot  be
with the results determined iri2]. However, we intend overestimated. perspective.

to couple the Elzaki transform established recently by

Elzaki [4] with the celebrated method of the 80the

Adomian decomposition method5,6]. The Elzaki 2 Elzaki Transform

transform is known for its effectiveness in solving linear
ordinary differential equations, linear partial diffetieh
equation and integral equations among its competin
transforms as demonstrated i §,9] While on the other
hand, the Adomian decomposition methosl g is a
well-known method for solving linear and nonlinear,
homogeneous and nonhomogeneous differential an
partial differential equations, integro-differential dan

fractional differential equations that gives exact soing E[u(t)] = V./O

The Elzaki transform of the functions belonging to a class
gA, where

A= {u(t) : 3M,kq, ko > Osuchthat |u(t)| < Mell/ki if t e
(—1)! x [0,0)} whereu(t) is denoted byE[u(t)] = U (v)
3nd defined as

~00

ut)e vdt =U(v), ve (ki ko). (1)
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whereAmn(Up, U, ...)'s are the Adomian polynomials,[]
Following are some of the properties of Elzaki transform to be determined recurrently by the formula

LE{t"} =n! v”+2 n>0 1 dn
2E{e®} = 1+av ﬁd)\“{ (20)\ ul)} 0 n=012.. (11)
3E{snat} = 1+a2v2

Thus, on substituting Eq.(9) , Eq.(10) and Eq.(11) into
Eq.(8) we get

E[ ioum(x,t)] =V2H(x)+IVE| ioum} +iMVE| i)Am}

3 Elzaki Adomian Decomposition Method (12)

4E{ut)} = 2Y _w(0)
BE{U(1)} = S — ThegV2 " UN(0),

We consider the more general form of the nonlinear - _
Schrodinger differential equation given in the complex n;OE[um(x,t)]_vzf( +IVE{ Z um] +I/\VE[ Z Am}

valued functioru of the form (13)
. o Thus, on comparing both sides of Eq.(13) and then taking
iU+ U+ AU Tu=0,r>1i=v-1 (2)  the inverse Elzaki transform; we finally obtain the general

. o . ) solution of Eq.(2) given recursively as:
with the following initial and boundary conditions given

by Uo(X,t) = f(X),
u(x,0) = f(x) and u(0,t) = g(x) & ux(0,t) = h(x). (3) ur(xt) =iE"1|VE[ug, ]| +IAE|VE[A]|,
Clearly, whenA = 0 in Eq.(2) we then obtain the linear Up(xt) =iE~? _VE[ulxx]_ +iAE? _vE[Al]_ :

version of the Schodinger equation Eq.(2), i.e, - : - : (14)
us(x,t) = iE 1 |VE[up,]| +IAE|VE[AY]],
iUt + Uy = O. (4) - ] - :

Ug(x,t) =IE|VE[ug, ]| +IAE|VE[Ag] |,
Now, to present the Elzaki decomposition method on the - - - -
more general Schrodinger equation given in Eq.(2), we
first rewrite Eq.(2) as

, o and so on. Wheref,(x) is the prescribed initial condition,
U = o +1A Ul U () andA,’s are the Adomian polynomials to be determined
from Eq.(11). Thus, Eqg.(14) can be written in compact
form as

Uo(x,t) = f(x),
Uns10t) = 1E 2| VE[Un,] | +IAE2 [ VE[AY| . > 0.

We then use the Elzaki transform defined in Eq.(1) of both
sides of Eq.(5);

Elu] = Efiue] + E[iA |u/?'u] (6)

Using the differentiation property of Elzaki transform and
the initial condition we get

1 4 Application of the M ethod
ZE[u] — vF(X) = iE[ux] +IAE[|u]?u]. 7

v Here, we consider the following examples in order to
demonstrate the effectiveness of the method described

E[u] = V2 (X) 4 iVE [Ux] +IAVE[|u[*U]. (8)  above.

Next step is to replace the unknown functianby an

infinite series given by 4.1 Example One

u= Zoum(x,t), (9) Consider the linear Schrodinger differential equatiorhwit
A=0
iU+ U =0, (15)

with the initial condition given by

and we replace the nonlinear teNu = |u|? u by the series

Nu= WZOA"‘(UO’ U, ), (10) u(x,0) = a¢®™, witha & k constants. (16)
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Applying th Elzaki transform to Eq.(15) 4.2 Example Two
1 _ o Let us consider the linear Schrodinger differential equrati
Eu(x,t)] —vu(x,0) = iE[ux] a7) with  — 0 again
iUt + Uyx = O, (28)
Efu(x,t)] = V2u(x, 0) -+ iVE U (18)  but with the initial condition given by
On using the initial condition given in Eq.(16), u(x,0) = cosh(3x). (29)
E[u(x,t)] = vZae** + ivE ux]. (19)  Applying th Elzaki decomposition method to Eq.(28) and

, ) ) initial condition given in Eqg.(29), we get the recurrence
Now, applying the inverse Elzaki transform to Eq.(19), we yg|ation given by:

get
u(x,t) = ag 4 E*l{ivE[uxx]]. (20) Uo(x,t) = cosh(3x), o)
_ g1
Assuming the infinite series solution of the unknown Un+1(Xt) =IE {VE[UW]}’n >0.
function u and comparing both sides of EQ.(20) as
described above, we thus obtain the general solution We expressfew components as
recursively as
Up(X,t) = cosh(3x), (31)
Uo(x,t) = ad*,
1 (21)
Uns1(Xt) =IE [VE[Unxx]an > 0. up(x,t) = iE_l[vE[uoxx]}
The first few components af(x, t) are given by = iE*l[9V3008h(3X)}, (32)
Uo(X,t) _ aeikx, (22) = 9|CO§1(3X),
uz(x,t) =iE~? [vE[ulxx]}
Uy (x,t) =iE~* [VE[UOXX]} —ig! [8]j\ﬂcosh(3x)}, (33)
_ie-1 2 ikx
=iE {— ak \/38I }, (23) _ _§t2cosh(3x)’
. 2!
= —aik’te®,
uz(x,t) =ig! [VE[UZXX]]
Up(x,t) =iE "1 |VE[uy]
[ } _ gt [%’. W3], (34)
= Efl{—ak“v‘le"‘x}, (24) '
729 4
_ak4tzeikx = —|?t C0§1(3X),
B 21 7 and so on. Thus, on summing the above iterations we
obtain
uz(x,t) = iE’l[VE[uzxx]}
_ & 14 (i (9it)?  (9it)3
_ iE—l[akBVSelkx}7 (25) u(x,t) = co (3x)( +(9t) + o + 3 +.. .),
, _ (35)
_ iak®t et which is leading to the exact solution
317
.
and so on. Thus, on taking the sum of the above iterations u(x,t) = cosh(3x)e™". (36)
we obtain
_ 20\2 (i12+\3
u(x,t):aé"x(l—(ith)+('kz,t) _(Ikg,ut) +) (26) 4.3 Example Three
L . ) We consider the nonlinear Schrodinger differential
which is leading to the exact solution equation withh = —2 andr = 1
u(x.t) = agkk). (27) i + U — 2]U]2u = 0, (37)
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with the initial condition given by 4.4 Example Four

U(X,O)Zeix' (38) Let us again consider the nonlinear Schrodinger

As explained above in the Elzaki decomposition method,Cllfrerentlal equation withh =2 andr =1

Eq.(37) with the initial condition in Eq.(38) have the it + U+ 2|Uj2u=0 (48)
general solution given by recursively as X ’
with the initial condition given by

Uo(x,t) = é&X, ;

u(x,0) = . (49)
Uns1(X,t) =iE"Y{VE[un ]| — 2IE~Y|VE[AW|,n >0,
n1060) [ [ "XX]} { [A,J} As in the above example, we obtain the general solution
(39) recursively given by

where Ay's are the Adomian polynomials to be

__ AX
determined from the nonlinear term Uo(x.t) = €%,
_ip-1 im—1 S
Nu = |ufPu = /2, (40) Unt1(Xt) =IE [vE[unXX]} +2iE {VE[Anw,n >0,
(50)
whereT is the conjugate ofi, with few terms using the
formula in Eg.(11) expressed as: whereA,’s are the Adomian polynomials for the nonlinear
term given in Eq.(41).
Ag= ugUO, We now express the few components as follows:
_ U+ U2T i

Az = 2UgUaTi 4 U2T + 2UgUi1 Ty 4 3Ty,

and so on. Now, the few components are as follows: Ui (xt) = e :VE[UOXX]} +2E [VE [AO]}
bo(t) — &% 42) — g1 _i2v3éX]} +2iE*1[v3éX]}, (52)
=ite*,
Ur(x,t) =iE~* [VE[UQQ]} - 2iE’l{VE[Ao]} Up(x,t) = iE? —vE[ulxx]} + 2iE*1[vE[A1]}
—iE|iARe| ~2E Ve, (49) _ieifivien] s 2E i), (sg)
= —3ite*, 2
T2

Up(x,t) =iE"* [VE[ul.XX]} - 2iE1[vE[A1]]- Us(xt) — (E-L [vE[szx]} " 2iE*1[vE[Az]}
i iElz[?’Me'xﬂ i e D —iE e v2E v, sy
-5 _ e

Us(x,t) = iE L [VE[up, ]| — 2iE [ vE[Ag] 3
_ . and so on. Thus, summing the above iterations we obtain
=ig! {9v5e'x} — 2! [ - 9v5e'x} ., (45)

; . it)2  (it)3

273 u(x,t) =e* (1+ (it) + % + % +.. .), (55)

o hich is leadi h luti
and so on. Thus, on summing up the above iterations we\zN Ich Is leading to the exact solution
get u(x,t) = &0, (56)

- . it)2  (3it)3

u(xt) = €(1- (3it) + (CMINCD ). @8)
2! 3! .
5 Conclusion
which is leading to the exact solution
x-3) In conclusion, the Elzaki transform and Adomian
u(x.t) = e, (47)  decomposition method are coupled and utilized to treat
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linear and nonlinear Schrodinger differential equations i [13] Ashfaque H.B., M. Ghulam, M.T. Mustafa and F.D.

what is known as Elzaki decomposition method. The Zaman, Adomian decomposition method for a nonlinear heat
method works perfectly as the solutions obtained yield equation with temperature Dependent thermal properties,
remarkable exact solutions for all the four numerical  Hindawi Publishing Corporation, Mathematical Problems in
problems considered; and in all the four problems, the Engineering Volume, (2009) 1-12

solutions obtained turn out to be in full agreement with [14] Wazwaz A.M., A reliable modification of Adomian
the famous results in the literature. decomposition method, Applied Mathematics and

Computation, 102(1) (1999) 77-86
[15] Wazwaz A.M., Approximate solutions to boundary value
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