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Abstract: In this paper, we consider a new class of variational ineties) which is called the harmonic variational inequality
is shown that that the minimum of a differentiable harmoraovex function on the harmonic convex set can be charaetbtiy
the harmonic variational inequality. We use the auxiliaringiple technique to discuss the existence of a solutiothefharmonic
variational inequality. Results proved in this paper maystate further research in this field.
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1 Introduction harmonic variational inequalities. In this paper, we use

the auxiliary principle technique,which does not use the
rojection or resolvent. This technique is mainly due to to
ions and Stampacchid §]. Glowinski et al f] used this

technique to study the existence of a solution of the mixed

In recent years, several extensions and generalizatio
have been considered for classical convexity. A

significant generalization of convex functions is that of variational inequalities. NoorfL, 13 used this technique

harmonic functions. Anderson et dl] [have investigated . : ; e
several aspects of the harmonic convex functions. Iscar;[ﬁedivj:ggssmes':]e;@t%eamﬁzOtgiggir iﬂvér;?] \t/)ae”ﬁgggilo
[6] and Noor et al 1516,17] have derived several q ' q

Hermite-Hadmard, Simpson, Trapezoid, Choloswki typeStuqy. the existence of a solution of the harmonic
integral inequalitiés for the ,harmonic c'onvex functions varlatlonal mequalltles._lnte;rested readers are engad Ya

. X . to find the novel applications of harmonic variational
and their variant form. It is well known that the convex . e . ) i X
functions are closely related with the variational inequalities in various fields of pure and applied sciences.

. > ) i : The development of an implementable algorithm for
mequahuesltheory, which was introduced and s:tudlled byfinding thep approximate sglution of theg harmonic
Stampacchialld] in 1964. For the recent applications, ariational inequalities is an interesting problem. Far th
formulation, numerical methods and other aspects of’ t devel q i gp '
variational inequalities, see?[4,5,7,9,10,11,12,13,14] recent developments, SEE]

and the references therein. Variational inequalities

represent the optimality conditions for the different&bl o

convex functions on the convex sets. To the best of our2 Preliminaries

knowledge no such type of the characterization exists for

harmonic convex functions and its variant forms. InspiredLet Ky be a nonempty closed and harmonic convex set in
by the recent activities in this area, we show that thethe real Hilbert spacél. We denote by(.,.) and|.|| be
minimum of a differentiable harmonic convex functions the inner product and norm, respectively.

can be characterized by a class of variational inequalities

which is called the harmonic variational inequality. This For a given nonlinear operat®r consider the problem
has mc_>tivate_d us to introQuce and inyestigatg theof finding u € Ky, such that

harmonic variational inequalities. Harmonic variational

inequalities are quite different other type of variational (Tu,——) >0, Wve K. Q)
inequalities and their variant form forms. We remark that u-v

the projection and resolvent operator techniques can nothe inequality (1) is called the harmonic variational
be used to study the existence of a solution of theinequality. We now show that the minimum of a
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differentiable harmonic convex function on the harmoniccan be characterized by the harmonic variational
convex set can be characterized by the harmonidnequality (1) and this is main motivation of our next

variational inequality (1).

result.

For this purpose, we recall the following well known Theorem 2.1. Let f be a differentiable harmonic convex

concepts.

Definitions 2.1 [1,6]. A setK; C H\ {0} is said to be a
harmonic convex set, if

uv
V+t(u—v)
Definition 2.2 [1,6]. A functionf : Kn c H\ {0} = R is
said to be harmonic convex function, if

f($) < (1—t)F(u)+tf(v),
Yu,ve Ky, telo,1].

€Kp, VuvekK, tel0,1].

The functionf is said to be harmonic concave, if and only

if —f is harmonic convex.

Definition 2.3. The differentiable functiorf onKy, is said
to be an harmonic invex function, if

F(V) = () > (W), =),

wheref’(u) is the differential off atu. The concept of the
harmonic invex functions is a new one.

Definition 2.4. Afunction f : K, C R\ {0} — Ris said to
be quasi harmonic, if

Yu,v e Ky,

uv
fl —— | < f(u), f Kp,t 1].
(vritumy) <™ @ ) uve Kt 0.1
Definition 2.5 [1,6]. A function f : K, C R\ {0} — Ry
is said to be logarithmic harmonic convex, if

w 1-t t
f<v+t(u_v)) < (FU)™ (F(v)', u,v e Kp,t € [0,1]
wheref(.) > 0.
From the above definitions, we have

vy < )

(1—-t)f(u)+tf(v)
max{f(u), f(v)}.

IN N

function on the harmonic convex d¢t. Thenu € K, is a

minimum of f, if and only if, u € Ky, is the solution of the
inequality

(f'(0), ——) >0, We K, (2)

which is called the harmonic variational inequality.

Proof. Letu e Ky be a minimum of a harmonic convex
functionf. Then

fu) < f(V)(, WeKn. 3)

SincekKy, is a harmonic convex set, s, v € Ky, andt €
[0, 1], Vt - % E Hk.
Replacingv by v in (3), we have

f(o — f(W) >0

— 1 2

Sincef is a differentiable function, taking the limit in the
above inequality, as— 0, we have

, uv
(f'(u), u—v> >0, WYWeKy,
the required (3).

Conversely, letu € Ky, satisfy (3). Then, we have to
show thatu € K}, is the minimum of the functiori on the
harmonic convex set. Sinddas harmonic convex function,
we have

f( uv

vV+t(u—v)
from which it follows that
f(ray) — f(
f(v) — f(u) > — Vt> .
Sincef is a differentiable function, so taking the limit in
the above inequality &s— 0, we have
uv

FV) = F(U) > (F(u), =) >0

)< (@A-t)f(u)+tf(v), VuveKytel01],

using (3)

This shows that harmonic log-convex functions are Thus, itfollows that

harmonic convex functions and harmonic convex f(u) < f(v)
functions are quasi-harmonic convex functions. However, - ’

the converse is not true.

From definition 2.5, we have
uv
Iogf(v+t(u—v))
< (1-t)log(f(u))+tlog(f(v)),Vu,ve Kp,t € [0,1].

WwekK
which implies thatu € K}, is the minimum off.. This
completes the proof. O

Theorem 2.1 implies that harmonic convex
programming problem can be studied via the harmonic
variational inequality (1).

We now consider some other properties of the

We now show that the minimum of a differentiable differentiable harmonic convex functions. In this respect

harmonic convex function on the harmonic convexi§et

we have following.
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Theorem 2.2. Let f be a differentiable harmonic convex
functions on the harmonic convex $6t. Then

i) f(v)—f(u) > (F(u), u“T"V>, YU,V € Ky,

(i), () F(v), —

,——) <0, Vu,ve Ky,
u—v
wheref’(u) is the differential off atuin the direction,™%.
Proof. (i). Let f be a harmonic convex function. Then

f(%) < (1) (u)+tf(v),

from which, we have
uv

f(v)— f(u) > ”WVQ

Sincef is a differentiable function, so taking the limit in
the above inequality as— 0, we have

W)~ f(0) > (10, =)

)= f(u)

vu,v e Kp,

(4)

the required (i).
(ii). Changing the role o¥ andu, in (4), we obtain

F(U) = F(v) > (F/(v), —

Adding (4) and (5), we we obtain
(£ (u) — £'(v), UTV\) <0, VuveKn,
the required (ii). O

Definition 2.6. For allu,v € H, an operatoil is said to
be:

(). Strongly monotone, if there exists a constant> 0
such that

(Tu—Tv,u—Vv) > [[u—v|%

(ii). Lipschitz continuous, if there exists a constght- 0
such that

[Tu—Tv|[ < Bllu—Vv|.

3 Main Results

In this Section, we consider the existence of a solution of

the harmonic variational inequality (1) using the auxifiar
principle technique, which is mainly due to Glowinski et
al [4] as developed by NoodfL, 13].

Theorem 3.1. Let K}, be nonempty, closed and harmonic
convex setirH. Let the operatol be

2a

0<pgﬁ, (6)

Proof. We use the auxiliary principle technique to prove
the existence of a solution of (1). For a givenc Ky
satisfying (1), consider the problem of findinvg € Kp,
such that

W
T U —)\ > K 7
(PTu+w—u, =) >0, WekKn, (7)

which is called the auxiliary harmonic variational
inequality. The relation (7) defines a mappimg— w. It

is sufficient to show that the mapping— w defined by
(7) has a fixed point belong 1€, satisfying (1). In other
words, it is enough to show that for a well chose 0,

[wi — W] < 6]|up — ug||
with 0 < 8 < 1, wheref is independent ofi; andus.

Let wy # w, € Ky, be two solutions of (7)
corresponding toi; # U € Ky,. Then

VW1

(pTug +wy — Uy, ) >0, YWeKy, (8)
W1 —V

(DU +Wo — Uy, —2) >0, WeKp, 9)
Wy —V

Takingv=ws in (8),v=wj in (9) and adding the resultant,
we have

Wi1W2 W1Wp
Wy — W <{(up—Uup—p(Tuy—Tu
(wy —wz, w1>_< 1— Uz —p(Tug 2)’w2—wl>’
from which it follows
[[wa —wa|| < [lug —uz—p(Tug— Tuz)||. (10)

Using the strongly monotonicity of the operatérwith
constantr > 0 and Lipschitz continuity with constafit>
0. respectively, we have

Jup — tz — p(Tuy — Tup) |2

= (U — U2 — p(Tuz — Tup),us — Uy — p(Tuz — Tup))

= |lup — u2||? — 2p(Tuy — Tuz, Uy — Up) + 2| Tuy — Tug|?
< (1-2pa+p?B?)|lur — uz|*. (11)
From (10) and (11), we have

1-2pa+p?B?[lur—uy||
= 0lur—uy|,

0 =+/1-2pa+p2p2.

From (6), it follows that® < 1. Thus the mappinw is

(W —wa| <

where

a contraction mapping and consequently has a fixed point

w(u) = u € Ky satisfying the harmonic variational
inequality (1), the required result .
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