
J. Stat. Appl. Pro. Lett. 8, No. 2, 83-95 (2021) 83

Journal of Statistics Applications & Probability Letters
An International Journal

http://dx.doi.org/10.18576/jsapl/080202

Bayesian Estimation and Prediction of the Rayleigh

Distribution Based on Ordered Ranked Set Sampling

under Type-II Doubly Censored Samples

Mostafa M. Mohie El-Din1, Mohamed S. Kotb 1 and Haidy A. Newer2,∗

1Department of Mathematics, Faculty of Science, Al-Azhar University, Nasr City, Cairo 11884, Egypt
2Department of Mathematics, Faculty of Education, Ain-Shams University, Roxi, Cairo 11757, Egypt

Received: 10 Aug. 2020, Revised: 9 Nov. 2020, Accepted: 11 Nov. 2020

Published online: 1 May 2021

Abstract: A ranked set sampling (RSS) scheme is an efficient and cost-effective alternative to simple random sampling when the

sampling units can be ranked visually or by any inexpensive method. In this study, we first use ordered ranked set sampling (ORSS)

in obtaining Bayesian estimation for the parameter of the Rayleigh distribution under Type-II doubly censoring scheme. This is done

with respect to both squared error loss and Al-Bayyati loss functions. We obtain the mean squared error (MSE) and bias of the derived

estimates based on m-cycle ORSS and compare them with those based on the corresponding simple random sample (SRS) to appreciate

the efficiency of the obtained estimators. Next, we present the two-sample Bayesian predictive density function (point and interval) for

the s-th ordered lifetime from a future independent sample. Finally, simulation study and real data are analyzed for illustrative purpose.

Keywords: Ordered ranked set sampling, Bayes estimator, Bayesian prediction, Squared error loss function, Mean squared error, Bias,

Rayleigh distribution, Type-II doubly censored data.

1 Introduction

Chen et al. [1] introduced a detailed review of RSS. Subsequently, Dell and Clutter [2] proved that even in the presence
of ranking errors RSS, mean estimator based on RSS is not only unbiased but it is at least as efficient as the mean
estimator with SRS. Recently, there has been considerable research on the inference procedures based on the RSS. Hassan
[3] estimated the unknown parameters for exponentiated exponential distribution using maximum likelihood and Bayes
estimators based on RSS. Helu et al. [4] used Bayes estimation for the parameters of Weibull distribution using different
methods of sampling namely, SRS, RSS, and modified RSS. McIntyre [5] was the first to introduce RSS as a method to
increase the precision of estimated yield without the bias of researcher-chosen ’representative’ samples and reduce cost
by using simple judgment or qualitative information. For a detailed review, see Mohie El-Din et al. [22], Muttlak [7] and
Sadek et al. [8]. Takahasi and Wakimoto [9] formed the mathematical setup of the RSS scheme and showed that the mean
estimator based on RSS is unbiased and it is more precise than the mean estimator based on SRS.

Suppose that XSRS = (X1:n,X2:n, ...,Xn:n) denote a SRS of size n from a continuous population with cumulative
distribution function (cdf) F(x) and probability density function (pdf) f (x). We use the following figure to describe a
RSS of size n:

X1(1:n) X1(2:n) . . . X1(n:n) → X1(1:n)

X2(1:n) X2(2:n) . . . X2(n:n) → X2(2:n)

...
...

. . .
...

...
...

Xn(1:n) Xn(2:n) . . . Xn(n:n) → Xn(n:n)

where X j(i:n) denotes the ith order statistic from the jth simple random sample of size n. Then the vector of observations

XRSS =
(
X1(1:n),X2(2:n), ...,Xn(n:n)

)
completes a one-cycle RSS of size n. If this method is repeated m times, a RSS of
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size mn is obtained. Balakrishnan and Li [10] proposed the idea of order statistics from independent and non-identically
distributed (INID) random variables to propose ORSS, and showed that the best linear unbiased estimators based on ORSS
are more efficient than the best linear unbiased estimators based on RSS for the two-parameter exponential, normal and
logistic distributions.

Now we consider the scheme of doubly Type-II censored sampling, by using the procedure of ORSS, let YDORSS =
(Yr:n,Yr+1:n, ...,Ys:n), 1 ≤ r ≤ s ≤ n be the doubly Type-II censored sample from a sample of size n obtained from ORSS.
Under this assumption, Yj ≡ Yj:n has the same distribution as X j:n, the pdf and cdf of Yj, j = r, · · · ,s can be written as

f j:n(y) =
j−1

∑
i=0

c̃i, j(n)(1−F(y))n+i− j f (y), (1)

and

Fj:n(y) =
n

∑
i= j

(
n

i

)
(F(y))i(1−F(y))n−i, (2)

respectively, (see Arnold et al. [11] and David and Nagaraja [12]), where

c̃i, j(n) = (−1)i
j

(
j− 1

i

)(
n

j

)
. (3)

We can re-write the cdf (2), using the binomial expansion, in the following form

Fj:n(y) =
n

∑
i= j

i

∑
τ=0

ci,τ (n)(1−F(y))n+τ−i, (4)

or, equivalently,

Fj:n(y) = 1−
j

∑
i=1

ωi, j(n)(1−F(y))n+i− j , (5)

where

ci,τ(n) =

(
n

i

)(
i

τ

)
(−1)τ and ωi, j(n) = c̃i−1, j(n)/(n+ i− j). (6)

The scheme of doubly Type-II censored sampling is an important method of obtaining data in life testing experiments.
Some of the earlier works on doubly censored samples were conducted by Ariyawans and Templton [13], Domma et al.
[14], Elfessi [15] and Pak et al. [16].

Based on the doubly Type-II censored sample, let x = (xr,xr+1, · · · ,xs), 1 ≤ r ≤ s ≤ n be the ordered observations
remaining when the r − 1 smallest failed observations and the n− s largest observations have been censored. Then the
joint density function is given by (see Fernéndez [17])

fX (x) =
n!

(r− 1)!(n− s)!
(F(xr))

r−1 (1−F(xs))
n−s

s

∏
i=r

f (xi). (7)

Now, consider Rayleigh distribution was first introduced by Rayleigh [18]. The pdf and cdf of the one parameter
Rayleigh distribution (denoted as Ray(α)) are

f (x;α) =
x

α2
exp

(
− x2

2α2

)
and F(x;α) = 1− exp

(
− x2

2α2

)
, x ≥ 0, (8)

respectively, where α > 0. Therefore, the reliability function R(t), and the hazard function h(t) at mission time t for the
Ray(α) are given by

R(t;α) = exp

(
− t2

2α2

)
and h(t;α) =

t

α2
, t ≥ 0, (9)

respectively. Rayleigh distribution has been widely used in lifetime data analysis, especially in reliability theory and
survival analysis because of it’s flexibility and simplicity. Some clinical studies dealing with cancer patients show that the
survival pattern follows the Rayleigh distribution.

For Bayes estimation, the performance depends on the form of the prior distribution and the loss function must be
assumed. It is remarkable that most of the Bayesian inference procedures have been developed under the usual squared
error loss function which is symmetrical, and associates equal importance to the losses due to overestimation and
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underestimation of equal magnitude. Bayes estimation has been discussed by many authors; see for example Bernardo
and Smith [19], Fernéndez [17], Kim and Song [20], Kotb [21], Mohie El-Din et al. [6], Nigm et al. [23] and Yu [24].
The prediction problems are studied by several authors, for instance Dey and Dey [25], Kotb [26], Mohie El-Din et al.
[27,22] and Nigm et al. [23].

The outline of the rest of the article is as follows. In Section 2, we present the Bayesian estimation and the two-sample
Bayesian prediction bounds of the Rayleigh distribution based on m-cycle ORSS. The Bayes estimates are obtained using
both the square error loss function(SEL) and Al-Bayyatis loss function (ALF). In Section 3, we derive the Bayesian
estimatian and two-sample Bayesian prediction bounds based on SRS. Some numerical results for illustrating the results
in Section 4. Finally, Section 5 concludes the paper.

2 Bayes estimation and prediction based on m-cycle ORSS

Suppose that y = (yr,yr+1, · · · ,ys), where yr ≤ yr+1 ≤ ·· · ≤ ys are s− r+ 1 (out of n) observed ORSS (one-cycle case).
Then, using the results for order statistics from INID random variables (see Balakrishnan [28]), the joint density function
based on Type-II doubly censored of y can be written as

L1(α|y) ∝ ∑
P

(
r−1

∏
k=1

Fik(yr)
s

∏
k=r

fik (yk)
n

∏
k=s+1

[
1−Fik(ys)

]
)
, (10)

where ∑P denotes the summation over all n! permutations (i1, i2, · · · , in) of (1,2, · · · ,n). or, it can be written as

L1(θ |y) =
1

(n− r)!
PerB, (11)

where

B =




F1(yr) F2(yr) · · · Fn(yr)
f1(yr) f2(yr) · · · fn(yr)

...
...

. . .
...

f1(ys) f2(ys) · · · fn(ys)
1−F1(ys) 1−F2(ys) · · · 1−Fn(ys)




}r− 1 rows

}n− s rows

. (12)

Substituting the expressions from (1), (4) and (5) into (10), the likelihood function (LF) based on Type-II doubly censored
one cycle ORSS is given by

L1(α|y) ∝ ∑
P

((
r−1

∏
k=1

n

∑
ℓ=ik

ℓ

∑
τ=0

cℓ,τ(n)(1−F(yr))
n+τ−ℓ

)(
s

∏
k=r

ik−1

∑
ℓ=0

c̃ℓ,ik(n)

× (1−F(yk))
n+ℓ−ik f (yk)

)( n

∏
k=s+1

ik

∑
ℓ=1

ωℓ,ik(n)(1−F(ys))
n+ℓ−ik

))
. (13)

Suppose that y = (yr j,y(r+1) j, · · · ,ys j), j = 1,2, . . . ,m be m-cycle ORSS from Ray(α). Then, the LF in this case is
given by

L2(α|y) ∝
m

∏
j=1

∑
P[j]

((
r−1

∏
k=1

n

∑
ℓ=ik

ℓ

∑
τ=0

cℓ,τ(n)(1−F(yr j))
n+τ−ℓ

)(
s

∏
k=r

ik−1

∑
ℓ=0

c̃ℓ,ik(n)

×
(
1−F(yk j)

)n+ℓ−ik f (yk j)
)( n

∏
k=s+1

ik

∑
ℓ=1

ωℓ,ik(n)(1−F(ys j))
n+ℓ−ik

))
. (14)

We will need the following relations through the following subsections:

r−1

∏
k=1

n

∑
ℓ=ik

ℓ

∑
τk=0

hℓ(ik) =
n

∑
t1=i1

t1

∑
τ1=0

n

∑
t2=i2

t2

∑
τ2=0

· · ·
n

∑
tr−1=ir−1

tr−1

∑
τr−1=0

r−1

∏
k=1

htk(ik),

s

∏
k=r

ik−1

∑
ℓ=0

Tℓ(ik) =
ir−1

∑
νr=0

ir+1−1

∑
νr+1=0

· · ·
is−1

∑
νs=0

s

∏
k=r

Tνk
(ik),

n

∏
k=s+1

ik

∑
ℓ=1

Wℓ(ik) =
is+1

∑
vs+1=1

is+2

∑
vs+2=1

· · ·
in

∑
vn=1

n

∏
k=s+1

Wvk
(ik),






(15)

where i1 < i2 < · · ·< in and ik, k = 1,2, · · · ,n are positive integers.
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2.1 Bayes estimation

Let y be the m-cycle ORSS from the Ray(α) in Eq. (8). Upon substituting (8) in (14), making use of (15), we obtain the
LF as follows:

L2(α;y) ∝
m

∏
j=1

∑
P[j]

r,s,n

∑
V

TV (m)

(
m

∏
j=1

s

∏
k=r

yk j

α2

)
exp

[
−1

2α2

(
m

∑
j=1

r−1

∑
k=1

(n+ τk j − tk j)y
2
r j

+
m

∑
j=1

s

∑
k=r

(n+νk j − ik j + 1)y2
k j +

m

∑
j=1

n

∑
k=s+1

(n+ vk j − ik j)y
2
s j

)]
, (16)

where V = (t,τ,ν ,v),

r,s,n

∑
V

=
n

∑
t1 j=i1

t1 j

∑
τ1 j=0

n

∑
t2 j=i2

t2 j

∑
τ2 j=0

· · ·
n

∑
t(r−1) j=ir−1

t(r−1) j

∑
τ(r−1) j=0

×
ir−1

∑
νr j=0

ir+1−1

∑
ν(r+1) j=0

· · ·
is−1

∑
νs j=0

×
is+1

∑
v(s+1) j=1

is+2

∑
v(s+2) j=1

· · ·
in

∑
vn j=1

, (17)

and

TV (m) =

(
m

∏
j=1

r−1

∏
k=1

ctk j ,τk j
(n)

)(
m

∏
j=1

s

∏
k=r

c̃νk j ,ik j
(n)

)(
m

∏
j=1

n

∏
k=s+1

ωvk j ,ik j
(n)

)
. (18)

For the Bayesian setting, the prior distribution of the unknown parameter of the model is the major component required.
So we use the square root inverted gamma prior, suggested by Fernéndez[17], which is given by

π(α;δ ) ∝ α−2b−1 exp
(
− a

2α2

)
, α > 0, (19)

where δ = (a,b) is a vector of prior hyper-parameters, the shape parameter b> 0 and scale parameter a> 0. This prior has
especially important because of its analytical tractability and easy interoperability. Moreover, it is generalizes the Jeffreys
prior (when b = 0, a = 0); and gamma prior (1/α2 = θ ) with parameters b and a/2.

From Eqs.(16) and (19), the posterior density can be written as

π∗(α|y) = A−1
m

∏
j=1

∑
P[j]

r,s,n

∑
V

TV (m)α−2q−1 exp

[
−1

2α2

(
m

∑
j=1

r−1

∑
k=1

(n+ τk j − tk j)y
2
r j

+
m

∑
j=1

s

∑
k=r

(n+νk j − ik j + 1)y2
k j +

m

∑
j=1

n

∑
k=s+1

(n+ vk j − ik j)y
2
s j + a

)]
, (20)

where q = (s− r+ 1)m+ b and the normalized constant A is given by

A = 2q−1Γ (q)
m

∏
j=1

∑
P[j]

r,s,n

∑
V

TV (m)

(
m

∑
j=1

r−1

∑
k=1

(n+ τk j − tk j)y
2
r j

+
m

∑
j=1

s

∑
k=r

(n+νk j − ik j + 1)y2
k j +

m

∑
j=1

n

∑
k=s+1

(n+ vk j − ik j)y
2
s j + a

)−q

. (21)

Since Bayesian estimators of α under a SEL function can be obtained from the mean of posterior distribution as

α̃BS = E(α|y)

= A−12q−3/2Γ

(
q− 1

2

)
m

∏
j=1

∑
P[j]

r,s,n

∑
V

TV (m)

(
m

∑
j=1

r−1

∑
k=1

(n+ τk j − tk j)y
2
r j

+
m

∑
j=1

s

∑
k=r

(n+νk j − ik j + 1)y2
k j +

m

∑
j=1

n

∑
k=s+1

(n+ vk j − ik j)y
2
s j + a

)−q+1/2

. (22)
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2.1.1 Bayes estimator under asymmetric loss function

In some cases, the use of symmetric loss function may be inappropriate as has been recognized by Basu and Ebrahimi
[29]. So, we consider asymmetric loss functions that can lead to forecasting procedures far more sensitive to the real
consequences of forecasting errors. A number of asymmetric loss functions have been shown to be functional, see Chandra
[30], Varian [31], Zellner [32] etc. More specifically, we use a new loss function introduced by Al-Bayyati [33] of the
form

LA (α̃ ,α) = αc (α̃ −α)2 , c ∈ R.

This loss function is frequently used because of its analytical tractability in Bayesian analysis. Under the ALF, we
obtained the following risk function:

R(α̃) =

∫ ∞

0
αc (α̃ −α)2 π∗

1 (α|y)dα. (23)

Hence, the Bayes estimator α̃BL of α can be obtain by solving the following equation: ∂R(α̃)/∂α̃ = 0. An alternative
formula of ALF for obtaining the Bayes estimator of α is

α̃BL =
E
(
αc+1

)

E (αc)
=

1√
2π

B(q− (c+ 1)/2,1/2)× φr,s,m(c+ 1)

φr,s,m(c)
, (24)

where

φr,s,m(c) =
m

∏
j=1

∑
P[j]

r,s,n

∑
V

TV (m)

(
m

∑
j=1

r−1

∑
k=1

(n+ τk j − tk j)y
2
r j +

m

∑
j=1

s

∑
k=r

(n+νk j − ik j + 1)y2
k j

+
m

∑
j=1

n

∑
k=s+1

(n+ vk j − ik j)y
2
s j + a

)−(q−c/2)

. (25)

2.2 Two sample Bayesian prediction

In this subsection, we present the Bayesian predictive distribution for the future order statistics based on the observed
m-cycle ORSS in the two sample case.

To predict the future random sample z = (z1,z2, · · · ,zw) of size w based on the given observed sample y from the same
population. Then from (1) and (8), the density function of zı, ı = 1,2, ...,w is given by

fı:w(zı|α) =
ı−1

∑
k1=0

c̃k1,ı(w)
zı

α2
exp

(
− 1

2α2
(w+ k1 − ı+ 1)z2

ı

)
. (26)

By using Eqs.(20) and (26), the predictive density function of zι is given by

f (zı|y) =
∫ ∞

0
fı:w(zı|α)π∗(α|y)dα

=
2q

A
Γ (q+ 1)

i−1

∑
k1=0

c̃k1,i(w)zi

m

∏
j=1

∑
P[j]

r,s,n

∑
V

TV (m)

×
(

m

∑
j=1

r−1

∑
k=1

(n+ τk j − tk j)y
2
r j +

m

∑
j=1

s

∑
k=r

(n+νk j − ik j + 1)y2
k j

+
m

∑
j=1

n

∑
k=s+1

(n+ vk j − ik j)y
2
s j + a+(w+ k1− i+ 1)z2

i

)−(q+1)

. (27)
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Hence, the predictive survival function is given by

P[Zı > ε|y] =
∫ ∞

ε
f (zı|y)dzı

=
2q−1

A
Γ (q)

i−1

∑
k1=0

c̃k1,i(w)
m

∏
j=1

∑
P[j]

r,s,n

∑
V

TV (m)

w+ k1 − ı+ 1

×
(

m

∑
j=1

r−1

∑
k=1

(n+ τk j − tk j)y
2
r j +

m

∑
j=1

s

∑
k=r

(n+νk j − ik j + 1)y2
k j

+
m

∑
j=1

n

∑
k=s+1

(n+ vk j − ik j)y
2
s j + a+(w+ k1− i+ 1)ε2

)−q

=

{
(1+ τ)/2,
(1− τ)/2.

(28)

So the lower and upper 100τ% prediction bounds for zı can be obtained by solving Eq.(28) with respect to ε . From
Eq.(27), the predictive estimator of zı, ı = 1,2, ...,w can be obtained as

z̃i = E(zi|y) =
∫ ∞

0
zı f (zι |y)dzi

=
2q−2

A

√
πΓ

(
q− 1

2

)
i−1

∑
k1=0

c̃k1,i(w)
m

∏
j=1

∑
P[j]

r,s,n

∑
V

TV (m)

(w+ k1 − ı+ 1)3/2

×
(

m

∑
j=1

r−1

∑
k=1

(n+ τk j − tk j)y
2
r j +

m

∑
j=1

s

∑
k=r

(n+νk j − ik j + 1)y2
k j

+
m

∑
j=1

n

∑
k=s+1

(n+ vk j − ik j)y
2
s j + a

)−(q−1/2)

. (29)

3 Bayes estimation and prediction based on SRS

3.1 Bayes estimation

Suppose that x j = (xr j,x(r+1) j, · · · ,xs j), where xr j ≤ x(r+1) j ≤ ·· · ≤ xs j, j = 1,2, · · · ,m be independent m sets of Type-II
doubly censored data of order statistics each of size s− r+ 1. From Eq.(7) we get the joint density of the SRS, due to the
independence of x j, as follows

L3(α|x) =
m

∏
j=1

fX (x j)

=

(
n!

(r− 1)!(n− s)!

)m m

∏
j=1

(
(F(xr j))

r−1 (1−F(xs j))
n−s

s

∏
i=r

f (xi j)

)
, (30)

where x = (x1,x2, · · · ,xm).
Substituting from (8) into (30), we obtain the LF as follows:

L3(α|x) =
(

n!

(r− 1)!(n− s)!

)m m

∏
j=1

r−1

∑
κ j=0

cr−1,κ j

(
m

∏
j=1

s

∏
i=r

xi j

α2

)

× exp

[
−1

2α2

(
m

∑
j=1

κ jx
2
r j +(n− s)

m

∑
j=1

x2
s j +

m

∑
j=1

s

∑
i=r

x2
i j

)]
, (31)

where cr−1,κ j
=

(
r− 1

κ j

)
(−1)κ j .
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From Eqs.(19) and (31), the posterior density function based on SRS can be written as

π∗(α|x) = ℑ−1
r,s (b)

m

∏
j=1

r−1

∑
κ j=0

cr−1,κ j

α2q+1
exp

[
−1

2α2

(
m

∑
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, (32)

where

ℑr,s(b) = 2q−1Γ (q)
m

∏
j=1

r−1

∑
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(
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x2
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)−q

.

Hence, the Bayes estimate of α under the SEL function is given by

α̃BS = ℑ−1
r,s (b)2

q−3/2Γ

(
q− 1

2

)
m

∏
j=1

r−1

∑
κ j=0

cr−1,κ j

×
(

m

∑
j=1

κ jx
2
r j +(n− s)

m

∑
j=1

x2
s j +

m

∑
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2 )

. (33)

Under the ALF, the Bayesian estimates of α is given by

α̃BL =
1√
2π

B(q− (c+ 1)/2,1/2)× ξr,s,m(c+ 1)

ξr,s,m(c)
, (34)

where

ξr,s,m(c) =
m

∏
j=1

r−1

∑
κ j=0

cr−1,κ j

(
m

∑
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2
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∑
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x2
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2 )

. (35)

3.2 Two sample Bayesian prediction

We can obtain the predictive survival function and the predictive density function of zι based on SRS by a similar method
as in Subsection 2.2. By using Eqs. (26) and (32), the predictive density function of zı, ı = 1,2, ...,w is given by

f (zı|x) = ℑ−1
r,s (b)2

qΓ (q+ 1)
ı−1

∑
k1=0

c̃k1,ı(w)zı

m

∏
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ı

)−(q+1)

. (36)

Hence, the predictive survival function is given by

P[Zı > ε|x] = ℑ−1
r,s (b)2

q−1Γ (q)
ı−1

∑
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{
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(37)

Consequently, the lower and upper 100τ% prediction bounds for zı can be obtained by solving Eq.(37) with respect to
ε . From Eq.(36), the predictive estimator of zı can be obtained as

z̃ı = ℑ−1
r,s (b)2

q−2Γ

(
q− 1

2

)
ı−1

∑
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c̃k1,ı(w)
m

∏
j=1

r−1

∑
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. (38)

Remark: Setting m = 1 in Sections 2 and 3, we have the Bayesian estimation and prediction of the Ray(α) based on one
cycle ORSS (or SRS ).
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4 Illustrative example

In the following we give two examples to illustrate the theoretical results.

Example 1. In equation (19) we select the parameter values a= 0.5 and b= 2. By using the prior density function π(α;δ )
we generate α = 0.6269. Based on the generated value of α , generate n random samples each of size n from the Ray(α),

using the transformation Xi =

√
2α2 ln

(
1

1−Ui

)
where Ui from U(0,1) for i = 1, · · · ,n. Using a one-cycle RSS procedure,

we obtained Type-II doubly censored sample of size n = 5,7 from the Ray(0.6269). The different Bayes estimates of α
are computed through equations (22), (24), (33) and (34) based on ORSS and SRS. We repeat this process 1,000 times to
obtain MSE and bias for each method was calculated, where MSE(α) = ∑1000

i=1 (α̃i −α)2/1000, α̃i is the estimator of α

for the i-th simulated data and α̃Bias = (α̃ −α), α̃ is the average of the 1000 estimates of α . The bias and MSE of all the
estimates are displayed in Tables 1 and 2, respectively. Using our results in equations (28), (29), (37) and (38), the 95%
Bayesian prediction bounds and the Bayes predictive estimate of Zı, ı = 1, · · · ,w are obtained and displayed in Tables 4
and 5 for SRS and ORSS when m = 1,2.

Table 1: MSE of the Bayesian estimates for α based on SRS and
ORSS when m = 1,2.

SRS ORSS

(·)BS (·)BL (·)BS (·)BL

m n r s c = 1 c =−0.1 c = 1 c =−0.1
1 5 2 3 0.02168 0.02206 0.02167 0.01801 0.01767 0.01805

2 4 0.01722 0.01723 0.01721 0.01060 0.01054 0.01067
3 4 0.01756 0.01759 0.01756 0.01283 0.01276 0.01284

7 2 5 0.01496 0.01506 0.01496 0.00744 0.07360 0.00745
6 0.01242 0.01253 0.01242 0.00503 0.00501 0.00503

3 5 0.01519 0.01520 0.01519 0.00859 0.00859 0.00860
6 0.01313 0.01315 0.01313 0.00665 0.00661 0.00665

2 5 2 3 0.01239 0.01237 0.01240 0.00997 0.00982 0.00999
2 4 0.01029 0.01029 0.0129 0.00601 0.00596 0.00602
3 4 0.01088 0.01089 0.01088 0.00766 0.00761 0.00766

7 2 5 0.00873 0.00872 0.00873 0.00429 0.00426 0.00429
6 0.00716 0.00716 0.00716 0.00252 0.00251 0.00252

3 5 0.00894 0.00896 0.00896 0.00483 0.00478 0.00483
6 0.00740 0.00739 0.00741 0.00308 0.00307 0.00309

Table 2: Bias of the Bayesian estimates for α based on SRS and
ORSS when m = 1,2.

SRS ORSS

(·)BS (·)BL (·)BS (·)BL

m n r s c = 1 c =−0.1 c = 1 c =−0.1
1 5 2 3 -0.07138 -0.08120 -0.07128 -0.02132 -0.02745 -0.02068

2 4 -0.04920 -0.05760 -0.04830 -0.02260 -0.02690 -0.02210
3 4 -0.04790 -0.05659 -0.04697 -0.02873 -0.03347 -0.02824

7 2 5 -0.04582 -0.05294 -0.04507 -0.00724 -0.01005 -0.00695
6 -0.04087 -0.04707 -0.04023 -0.01087 -0.01316 -0.01064

3 5 -0.04734 -0.04771 -0.00469 -0.01193 -0.01209 -0.01180
6 -0.03707 -0.04341 -0.03641 -0.01251 -0.01492 -0.01227

2 5 2 3 -0.03188 -0.03831 -0.03121 -0.00571 -0.00915 -0.00535
2 4 -0.02870 -0.03370 -0.02818 -0.00707 -0.00942 -0.00683
3 4 -0.03059 -0.03571 -0.03006 -0.01427 -0.01688 -0.01401

7 2 5 -0.02596 -0.03011 -0.02554 -0.00124 -0.00275 -0.00109
6 -0.00203 -0.02389 -0.01996 -0.00197 -0.00317 -0.00185

3 5 -0.02297 -0.02719 -0.02254 0.00037 -0.00126 0.00053
6 -0.01966 -0.02326 -0.01929 -0.00401 -0.00528 -0.00389

Example 2. Hand et al. ([34], p. 107) presented data on the the weights of 13 mice weighed every 3 days after birth, see
Rissanen [35]. There were 91 observations recorded.
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0.10900 0.38800 0.62100 0.82300 1.07800 1.13200 1.19100 0.21800 0.39300
0.56800 0.72900 0.83900 0.85200 1.00400 0.21100 0.39400 0.54900 0.70000
0.78300 0.87000 0.92500 0.20900 0.41900 0.64500 0.85000 1.00100 1.02600
1.06900 0.19300 0.36200 0.52000 0.53000 0.64100 0.64000 0.75100 0.20100
0.36100 0.50200 0.53000 0.65700 0.76200 0.88800 0.20200 0.37000 0.49800
0.65000 0.79500 0.85800 0.91000 0.19000 0.35000 0.51000 0.66600 0.81900
0.87900 0.92900 0.21900 0.39900 0.57800 0.69900 0.70900 0.82200 0.95300
0.25500 0.40000 0.54500 0.69000 0.79600 0.82500 0.83600 0.22400 0.38100
0.57700 0.75600 0.86900 0.93900 0.99900 0.18700 0.32900 0.44100 0.52500
0.58900 0.62100 0.79600 0.27800 0.47100 0.60600 0.77000 0.88800 1.00100
1.10500

To check whether the Ray(α) is suitable for this data, Cramér von Mises test is used to test the null hypothesis
H0 : F(x) = Ray(α), vs H1 : F(x) 6= Ray(α). H0 is rejected at a significance level of γ = 0.05 if probability value
p−value < γ . The Cramer von Mises test statistic is 0.10089 with an associated p−value = 0.10822 > 0.05, so Ray(α)
is fitted to the above real data set.

The procedure of a one- and two- cycle RSS can be described in Table 6. Hence, SRS and RSS for the cases when
m = 1 and 2 are displayed in Table 7. Now we consider the case when the data are Type-II doubly censored. It is
assumed that the experimenter failed to observe the two smallest failure times and the experiment was terminated at the
time of the s-th failure. Hence n = 5,6, r = 2,3 and s = 3,4,5. So, the Bayes estimates based on SEL and ALF of α are
computed and the results are presented in Table 8. The 95% two-sample Bayesian prediction intervals and Bayesian
predictive estimators for zı, ı = 1, · · · ,w (w = s− r+ 1) based on ORSS and SRS for one and two-cycle are obtained and
displayed in Tables 9 and 10.

Table 3: The data of RSS and SRS for one- and two- cycle.

m n Samples

RSS

1 5 0.46693 0.34230 0.54901 0.34969 0.92832
7 0.21614 0.23416 0.33515 0.32707 0.66766 0.55453 0.86097

2 5 0.14326 0.29492 0.53543 0.5335 0.70084
7 0.39783 0.23927 0.43625 0.46539 0.59002 0.77086 0.80819

SRS

1 5 0.46693 0.50810 0.52832 0.57139 0.61249
7 0.21614 0.25264 0.32014 0.46005 0.47078 0.57222 0.85671

2 5 0.14326 0.22356 0.55768 0.73413 0.87065
7 0.39783 0.48695 0.50682 0.58426 0.62940 0.72101 1.28801
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Table 4: The Bayesian prediction bounds for zı and ı = 1, · · · ,w
based on SRS and ORSS for one cycle.

SRS ORSS
n r s ı z̃ı Lower Upper Width z̃ı Lower Upper Width

5 2 3 1 0.36827 0.05976 0.92369 0.86393 0.38063 0.06513 0.88597 0.82084
2 0.67965 0.21110 1.47842 1.26732 0.69595 0.23485 1.39231 1.15746

2 4 1 0.21675 0.03593 0.52758 0.49165 0.22814 0.03939 0.52361 0.48422
2 0.36289 0.11877 0.75873 0.63996 0.38196 0.13238 0.73972 0.60734
3 0.54663 0.21683 1.09223 0.87541 0.57536 0.24412 1.05857 0.81445

3 4 1 0.27267 0.04489 0.66875 0.62386 0.27985 0.04766 0.65378 0.60612
2 0.49855 0.15928 1.06404 0.90476 0.51169 0.17133 1.02719 0.85587

7 2 5 1 0.25111 0.04224 0.59868 0.55644 0.24202 0.04256 0.54086 0.49830
2 0.40650 0.13630 0.82469 0.68839 0.39178 0.14004 0.72931 0.58927
3 0.56442 0.23439 1.07607 0.84168 0.54398 0.24403 0.94097 0.69694
4 0.78686 0.35432 1.47718 1.12286 0.75837 0.37197 1.29021 0.91824

2 6 1 0.18824 0.03198 0.44252 0.41054 0.19037 0.03357 0.42370 0.39013
2 0.29934 0.10191 0.59527 0.49336 0.30273 0.10881 0.55932 0.45051
3 0.40273 0.17111 0.74769 0.57659 0.40729 0.18484 0.69475 0.50991
4 0.51993 0.24476 0.93428 0.68953 0.52582 0.26661 0.86299 0.59638
5 0.69437 0.33895 1.24723 0.90828 0.70224 0.37104 1.15459 0.78355

3 5 1 0.29196 0.04910 0.69625 0.64715 0.28366 0.04984 0.63474 0.58490
2 0.48880 0.16323 0.99543 0.83220 0.47492 0.16889 0.88944 0.72055
3 0.73629 0.29899 1.43018 1.13119 0.71538 0.31318 1.26959 0.95641

3 6 1 0.21201 0.03600 0.49878 0.46258 0.21500 0.03787 0.47917 0.44130
2 0.34320 0.11661 0.68385 0.56724 0.34804 0.12472 0.64543 0.52071
3 0.47652 0.20103 0.89034 0.68932 0.48325 0.21744 0.83223 0.61479
4 0.66432 0.30433 1.22182 0.91750 0.67371 0.33155 1.14105 0.80950

Table 5: The Bayesian prediction bounds for zı and ı = 1, · · · ,w
based on SRS and ORSS for two cycles.

SRS ORSS
n r s ı z̃ı Lower Upper Width z̃ı Lower Upper Width

5 2 3 1 0.36435 0.06188 0.85661 0.79472 0.37102 0.06499 0.83415 0.76916
2 0.66618 0.22239 1.34928 1.12689 0.67838 0.23676 1.29838 1.06162

2 4 1 0.29879 0.05138 0.68963 0.63825 0.24765 0.04363 0.55176 0.50813
2 0.50024 0.17248 0.97621 0.80373 0.41462 0.14807 0.77203 0.62396
3 0.75351 0.31779 1.39789 1.08010 0.62455 0.27483 1.10146 0.82663

3 4 1 0.36945 0.06348 0.85383 0.79035 0.31497 0.05521 0.70681 0.65160
2 0.67551 0.22925 1.33876 1.10951 0.57589 0.23098 1.09931 0.86833

7 2 5 1 0.24947 0.04326 0.56909 0.52583 0.24615 0.04372 0.54200 0.49828
2 0.40385 0.14141 0.77283 0.63141 0.39849 0.14450 0.72692 0.58242
3 0.56074 0.24528 1.00094 0.75565 0.55329 0.25288 0.93508 0.68220
4 0.78173 0.37138 1.36694 0.99556 0.77135 0.38641 1.28202 0.89561

2 6 1 0.20999 0.03662 0.47511 0.43849 0.21162 0.03765 0.46476 0.42711
2 0.33392 0.11807 0.63093 0.51286 0.33651 0.12260 0.61053 0.48793
3 0.44927 0.19981 0.78655 0.58674 0.45274 0.20894 0.75602 0.54708
4 0.58000 0.28741 0.97893 0.69152 0.58449 0.30220 0.93756 0.63536
5 0.77461 0.39930 1.30855 0.90925 0.78059 0.42125 1.25548 0.83424

3 5 1 0.29174 0.05059 0.66558 0.61499 0.29167 0.05177 0.64299 0.59122
2 0.48843 0.17037 0.93864 0.76827 0.48833 0.17630 0.89642 0.72011
3 0.73573 0.31462 1.34253 1.02791 0.73557 0.32806 1.27754 0.94948

3 6 1 0.23838 0.04156 0.53950 0.49794 0.24151 0.04295 0.53089 0.48794
2 0.38589 0.13620 0.73066 0.59446 0.39098 0.14205 0.71155 0.56950
3 0.53580 0.23663 0.94494 0.70831 0.54286 0.24861 0.91495 0.66634
4 0.74697 0.36000 1.29582 0.93582 0.75681 0.37999 1.25442 0.87444
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Table 6: A ranked set sample design with sample size n = 5,6 when m = 1,2.
m = 1 m = 2

n RSS RSS

5 0.10900 0.38800 0.62100 0.82300 1.07800 0.19300 0.36200 1.00100 1.02600 1.06900
0.21800 0.39300 0.56800 1.13200 1.19100 0.52000 0.53000 0.64000 0.64100 0.75100
0.21100 0.72900 0.83900 0.85200 1.00400 0.20100 0.36100 0.50200 0.53000 0.65700
0.39400 0.54900 0.70000 0.78300 0.87000 0.20200 0.37000 0.49800 0.76200 0.88800
0.20900 0.41900 0.64500 0.85000 0.92500 0.19000 0.65000 0.79500 0.85800 0.91000

6 0.10900 0.38800 0.62100 0.82300 1.07800 1.13200 0.36100 0.50200 0.53000 0.65700 0.76200 0.88800
0.21800 0.39300 0.56800 0.72900 0.83900 1.19100 0.20200 0.37000 0.49800 0.65000 0.79500 0.85800
0.21100 0.39400 0.54900 0.70000 0.85200 1.00400 0.19000 0.35000 0.51000 0.66600 0.81900 0.91000
0.20900 0.41900 0.64500 0.78300 0.87000 0.92500 0.21900 0.39900 0.57800 0.69900 0.87900 0.92900
0.19300 0.36200 0.85000 1.00100 1.02600 1.06900 0.25500 0.40000 0.54500 0.70900 0.82200 0.95300
0.20100 0.52000 0.53000 0.64000 0.64100 0.75100 0.22400 0.38100 0.69000 0.79600 0.82500 0.83600

Table 7: The data of RSS and SRS for one- and two- cycle.

m n Samples

RSS

1 5 0.10900 0.3930 0.8390 0.78300 0.92500
6 0.10900 0.3930 0.5490 0.78300 1.02600 0.75100

2 5 0.19300 0.5300 0.5020 0.76200 0.91000
6 0.36100 0.3700 0.5100 0.69900 0.82200 0.83600

SRS

1 5 0.10900 0.3880 0.62100 0.82300 1.07800
6 0.10900 0.3880 0.62100 0.82300 1.07800 1.13200

2 5 0.19300 0.3620 1.00100 1.02600 1.06900
6 0.36100 0.5020 0.53000 0.65700 0.76200 0.88800

Table 8: Bayesian estimates for α based on SRS and ORSS when m = 1,2.

SRS ORSS

(·)BS (·)BL (·)BS (·)BL

m n r s c = 1 c =−0.1 c = 1 c =−0.1
1 5 2 3 0.65925 0.64626 0.65939 0.47014 0.46630 0.47054

2 4 0.60137 0.59259 0.60230 0.48719 0.48447 0.48747
3 4 0.64553 0.63504 0.64664 0.45156 0.44913 0.45181

6 2 4 0.54652 0.53923 0.54729 0.53995 0.53703 0.54024
5 0.57316 0.56646 0.57386 0.55934 0.55692 0.55959

3 4 0.55657 0.54894 0.55738 0.54537 0.54218 0.54570
5 0.58154 0.57459 0.58227 0.56457 0.56197 0.56483

2 5 2 3 0.59172 0.58558 0.59236 0.55039 0.54782 0.55065
2 4 0.55809 0.55382 0.55853 0.51124 0.50970 0.51140
3 4 0.59001 0.58506 0.59052 0.51046 0.50867 0.51064

6 2 4 0.52407 0.52029 0.52446 0.52062 0.51920 0.52077
5 0.53122 0.52804 0.53155 0.52727 0.52615 0.52738

3 4 0.52414 0.52032 0.52454 0.52609 0.52453 0.52625
5 0.53139 0.52818 0.53172 0.53189 0.53068 0.53201

5 Conclusion

We use ORSS based on Type-II doubly censored to improve Bayesian estimation for the parameter of the Ray(α) and
Bayesian prediction intervals. The Bayes estimators are obtained using both squared error loss and Al-Bayyati loss
functions. The MSEs and bias of the derived Bayesian estimates are computed. To illustrate the use of Bayesian
estimation and prediction, simulation study and real data are analyzed. From the results in Section 4, we observed that
the Bayesian estimates based on ORSS have a much smaller (MSE) than the corresponding Bayesian estimates based on
SRS, as well as the width of the Bayesian prediction intervals based on ORSS better than of SRS. This clearly
demonstrates that the ORSS is more efficient than the SRS for all cases considered in this study. It clear that the lengths
of the prediction intervals are increasing with increasing ı and decrease with increasing n and s − r + 1 for SRS and
ORSS in two cases m = 1 and m = 2. Also, the Bayesian estimates and the Bayesian prediction intervals based on both
SRS and ORSS with two-cycle (m = 2) are better than the Bayesian estimates and the Bayesian prediction intervals with
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one-cycle (m = 1). In general, the better results are obtained by use of a large number of cycles. Moreover, the Bayes
estimators under the ALF are better than their corresponding the estimators under the SEL function. This is one of the
useful properties of working with the ALF.

Table 9: The Bayesian prediction bounds for zı and ı = 1, · · · ,w
based on SRS and ORSS for one cycle.

SRS ORSS
n r s ı z̃ı Lower Upper Width z̃ı Lower Upper Width

5 2 3 1 0.62581 0.10158 1.56922 1.46763 0.41619 0.07078 0.97715 0.90637
2 0.85691 0.23769 1.86467 1.62700 0.76097 0.25453 1.53884 1.28431

2 4 1 0.45399 0.07531 1.10423 1.02893 0.35338 0.06124 0.80668 0.74543
2 0.76009 0.24901 1.58781 1.33879 0.59164 0.20620 1.13775 0.93156
3 1.14493 0.45469 2.28564 1.83096 0.89120 0.38070 1.62736 1.24666

3 4 1 0.60321 0.09969 1.47317 1.37348 0.39780 0.06882 0.91007 0.84125
2 0.80771 0.35432 2.34220 1.98787 0.72736 0.24919 1.42284 1.17365

6 2 4 1 0.40670 0.06746 0.98926 0.92180 0.39458 0.06871 0.89481 0.82610
2 0.68091 0.22306 1.42250 1.19944 0.66062 0.23190 1.25963 1.02773
3 1.02566 0.40729 2.04769 1.64040 0.99510 0.42885 1.80066 1.37181

2 5 1 0.36976 0.06220 0.88157 0.81937 0.35371 0.06202 0.79368 0.73165
2 0.59856 0.20069 1.21437 1.01368 0.57258 0.20379 1.07166 0.86786
3 0.83109 0.34512 1.58454 1.23942 0.79502 0.35474 1.38366 1.02892
4 1.15864 0.52170 2.17518 1.65348 1.10835 0.54034 1.89724 1.35690

3 4 1 0.50888 0.08432 1.23924 1.15492 0.48876 0.08491 1.11210 1.02720
2 0.93045 0.30006 1.96928 1.66923 0.89367 0.30811 1.73658 1.42847

3 5 1 0.43404 0.07297 1.03553 0.96256 0.41259 0.07226 0.92734 0.85508
2 0.72669 0.24253 1.48063 1.23810 0.69077 0.24448 1.30126 1.05678
3 1.09461 0.44420 2.12735 1.68315 1.04051 0.45284 1.85818 1.40534

Table 10: The Bayesian prediction bounds for zı and ι = 1, · · · ,w
based on SRS and ORSS for two cycle.

SRS ORSS
n r s ı z̃ı Lower Upper Width z̃ı Lower Upper Width

5 2 3 1 0.53915 0.09158 1.26745 1.17587 0.49232 0.08614 1.10861 1.02247
2 0.98580 0.32914 1.99639 1.66725 0.90016 0.31362 1.72625 1.41263

2 4 1 0.41056 0.07064 0.94739 0.87676 0.37119 0.06547 0.82594 0.76047
2 0.68738 0.23709 1.34096 1.10387 0.62146 0.22226 1.15516 0.93290
3 1.03541 0.43686 1.92024 1.48338 0.93612 0.41266 1.64787 1.23521

3 4 1 0.53433 0.09177 1.23578 1.14401 0.45410 0.07985 1.01472 0.93487
2 0.97698 0.33130 1.93793 1.60663 0.83029 0.29137 1.57645 1.28508

6 2 4 1 0.38335 0.06595 0.88468 0.81873 0.37812 0.06683 0.83881 0.77197
2 0.64181 0.22134 1.25222 1.03087 0.63307 0.22714 1.17199 0.94485
3 0.96677 0.40784 1.79318 1.38534 0.95360 0.42205 1.67140 1.24935

2 5 1 0.33617 0.05830 0.76676 0.70846 0.33145 0.05880 0.73128 0.67248
2 0.54419 0.19059 1.04123 0.85064 0.53656 0.19429 0.98147 0.78719
3 0.75560 0.33058 1.34854 1.01796 0.74500 0.33959 1.26301 0.92342
4 1.05339 0.50237 1.84950 1.34713 1.03862 0.51871 1.73164 1.21293

3 4 1 0.46960 0.08075 1.08445 1.00370 0.46828 0.08266 1.04076 0.95810
2 0.85863 0.29168 1.70006 1.40838 0.85622 0.30220 1.61459 1.31239

3 5 1 0.38833 0.06732 0.88610 0.81878 0.38624 0.06847 0.85300 0.78453
2 0.65015 0.22673 1.24968 1.02295 0.64665 0.23301 1.18991 0.95690
3 0.97933 0.41869 1.78743 1.36875 0.97406 0.43337 1.69609 1.26272
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