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Abstract: R. Sundareswaran and V. Swaminathaf,[introduced the concept of the domination integrity of agr. It is a useful
measure of vulnerability and it is definedB5(G) = min{|S + m(G — S), whereSis a dominating set ana(G — S) is the order of a
maximum component d& — S}. In this paper we introduce the concept of global dominainegrity of a graphG, and define it as
GDI(G) = min{|§ + m(G — S), whereSis a global dominating set and(G — S) is the order of a maximum component @f- S}.
The global domination integrity of some graphs is obtaingue relations between global domination integrity and off@@ameters
are determined.
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1 Introduction w(G) is the order of the largest complete subgrapitof
For a vertexv € V, the open neighborhood of in G,
denoted byN(v), is the set of all vertices that are adjacent
to v. A friendship graph~, is a graph which consists of
?riangles with a common vertex. The double star graph

The stability of a network (computer, communication, or
transportation) composed of nodes (processing) and link

(communication or transportation) is of prime importanceSh ;
. : e .m is the graph constructed froiy n—1 andKym-1 by
to network designers. As the network begins losing I|nksjoining their centers Vo and Uo.

or nodes, eventually it loses effectiveness. _ -
Communication networks are designed such that they arV\ESJ’m\)/ v-_u\il(-K'l’?l_ii)iLi\rq(—K]l_’mig ; gnrg_%s[]g]q) N
not easily disrupted under external attack and moreover, 0%0, TOML TR - S =T = == B
they can easily be reconstructed if they are disrup8gd [ The complemen® of a graphG hasV (G) as its vertex
These desirable properties of networks can be measureskt, two vertices are adjacent@if and only if they are
by various parameters such as connectivity andnotadjacentirG [6].

edge-connectivity. However, these parameters do not take

into account what remains after the graph is disconnectedefinition 1.1[7] A set D of vertices in a graplG is a
Consequently, a number of other parameters have recentijominating set ofG if every vertex inV — D is adjacent
been introduced in an attempt to cope with this. Theseo some vertex ifD. The domination number(G) of Gis
inc(ljudg CO_nHECtF\;EE/Z?nd edge-cor&negtivitﬂ,[ int?ggiy the minimum cardinality of a dominating set.

and edge-integrityl], 2], tenacity and edge-tenacity,B]. .
All graphs considered here are finite, undirected without. Ba!fe“f"“. et.al. :B].’ have introduced the concept of
loops or multiple edges. As usug and q denote the 1|r_1rt1egr|ty, \;Vh'c.? IS defflned as f?."(?;”s' h G i
number of vertices and edges of a gragh Any | (§ _ In egg y g Sa' Scl\r}l ?3 grr?p G és
undefined term or notation in this paper can be found ind( )= m|2{| |Jm(f H I) CV(G)}, wherem(G - S)
Harary [6]. The degree of a vertexin a graphG denoted enotes the order of the largest component.

by degv is the number of edges @ incident withv. The Sultan et al. 10], have introduced the concept of hub-
maximum (minimum) degree among the vertices3ofs integrity of a graph as a new measure of vulnerability. The
denoted byA(G),(d(G)). A vertex of degree one is hub-integrity of a graplG denoted byHI(G) is defined
called a pendant vertex. A complete subgraph or clique idy, HI(G) = min{|§ + m(G — )}, whereSis a hub set
an induced subgraph such that there is an edge betweeand m(G — S) is the order of a maximum component of
each pair of vertices in the subgraph. The cligue numbeG — S.
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introduced the concept of domination integrity of a graph

G, which is defined as follows.
Definition 1.2.DI(G) = min{|S 4+ m(G — S), whereSis a

dominating set anth(G — ) is the order of a maximum

component of5 — S}.
Definition 1.3.[9] A dominating setD of G is a global

dominating segd — set of G if D is also a dominating set
of the complemen® of G. The global domination number

¥y of G is the minimum cardinality ofjd — set.

In a network, a minimum global dominating set of

nodes provides a link with the rest of the nodeD{fis a

minimum global dominating set and if the order of the
largest component @& — Dy is small, then the removal of

Dy results in a chaos in the network because not only th
decision making process is paralyzed but also the
communication between the remaining members is
minimized. So, we introduce the concept of global

domination integrity of a graph as another measure of

vulnerability of a graph.

The following results are needed to prove the main

results.

Proposition 1.1.[9] For a (p,q) graph G without isolated
vertices, B3 <y < p_ B4+ 1.

Theorem 1.1.[10] For any graph G, HI(G) = y(G) ifand
only if G = K.

Theorem 1.2. [2] The integrity of the path P, is
[2y/p+1] -2

Proposition 1.2. [9] For any graph G,

1. y4(G) = %(G),
2.y(G) < %(G),
3 161181 <y (G) < y(G) + y(G).

2 Global domination integrity of graphs

Definition 2.1. The global domination integrity of a graph

G is defined a&DI (G) = min{|S + m(G — S), whereSis
a global dominating set anah(G — S) is the order of a
maximum component of G — S}.  Explicitly,
GDI(G) > I(G) for any graphG. Also, the definition
shows thaGDI (G) > DI(G), andGDI (G) > .
Definition 2.2. A GDI-set ofG is any subse$of V (G) for
whichGDI(G) = |§ +m(G—-9).

Proposition 2.1.

(a) For any complete gragfy, GDI (Kp) = p.
(b) For any pattPy,

GDI (Py) =

(c) For any cycleCp, p> 4,

4,if p=4,5;
GD'(CP):{[§1+2, if p> 6.

(d) Forthe staKyp_1, p>3,GDI(Kyp-1) = 3.
(e) For the double st&, m,

GDI(Sym) = 3.
(f) For the complete bipartite gragh m,

GDI (Knm) = min{n,m} + 2.

e(g) For the wheel grapi ,_1, p > 4,

4 if p=5;
CDI(Wap-1) = { 21143 if p>6.
Theorem 2.1. For any graph G, GDI(G) = y(G) if and
only if G =K.

Proof. If GDI(G) = y(G), then|S|+ m(G—S) = y(G), we
have the following cases:

Case 1 If y(G) =1, then|§ +m(G—§) =1, it follows
that|S = 1. SoG = K; = K;.

Case 21If y(G) =2, then|§ +m(G—-9S) =2. But|§| =1
andm(G—S) =1, isimpossible, since there does not exist
graph satisfying these values. TH&h=2 andm(G—S) =

0. S0,G = K. In general|S + m(G—S) = y(G) if | =
y(G) andm(G—S) = 0. In addition|S| = y(G) only in K.
ThusG = K. Converse is obvious]

Theorem 2.2. For any graph G, GDI(G) = y4(G) if and
onlyif G =Kp.

Proof. The proofis similar to the proof of Theorera.().
O

Corollary 2.1. For anygraph G, GDI (G) = y4(G) = y(G)
if and only if G = K.

i G)+y(G
Observation 2.1 For any graph G, GDI (G) > XGZVC),

Proof. By Proposition {.2), the proof follows ]

Observation 2.2 For any graph G, GDI(G) > y4(G) —
¥(G).

Proof. SinceGDI (G) > yy and by Propositionl(.2), yy > y

>
andy(G) + y(G > yg, henceGDI (G) > y4(G) — ¥(G). U
Observation 2.3

1. GDI(G) = 2ifand only if G= K3 or G =K.
2.GDI(G) =3ifandonlyif G2 Kz or G Kz or G
Kl’pfl or G= S m.

(@© 2017 NSP
Natural Sciences Publishing Cor.



Math. Sci. Lett6, No. 3, 263-269 (2017)Wwww.naturalspublishing.com/Journals.asp

Proof. (1) GDI(G) = 2, means thalS + m(G—S) = 2,
and the last equation is achieved onlySf = 2 and hence
G =K, or G=K,.

(2) The proofis similar to that of (1)

Proposition 2.2.For any graph G of order p, if GDI (G) =
p, then diam(G) < 2.

Proof. Let G be a graph of orderp, such that
GDI(G) = p. Assume, on the contrary, thditam(G) > 3.

Then,G contains a patRs. ThereforeGDI(G) < p—1a
contradiction. Hencdiam(G) < 2. O

Proposition 2.3. (1) For any connected graph G,
1 < GDI(G) < p. The complete graph K achieves the
upper bound and lower bound is achieved by Kj.

(2) GDI(G) < q+ 1, theequality holdsif G = Ky or P,.
(3) For any connected graph G, 1 < GDI(G) < p. The
complete graph K, achieves the upper bound and lower
bound is achieved by K;.

Theorem 2.3. For any graph G,

L. 2< GDI(G) + GDI(G) < 2p.
2. 1< GDI(G).GDI(G) < p?.

Proof. The proof follows from Propositior2(3). O

Lemma 2.1.Let T beatree. Then GDI(T) = pifand only
ifeither T=Por T =Ps.
Proof. If T is a tree with GDI(T) = p, then by

Proposition 2.2), diam(T) < 2. If diam(T) = 2, thenT is

K1,p—1. But GDI (K1 p—1) = 3. Sincediam(T) = 2,p > 3,

s0, T = Ky = P, and if diam(T) = 1, then T is P..

Conversely, LetT be eitherP, or P;. Then the proof
follows from PropositionZ.1).

Theorem 2.4.For any graph G, GDI (G) =HI(G) = y(G)
if and only if G = Kp.
Proof. By Theorem 2.1) and Theorem1.1) , the proof

follows. O

Theorem 2.5. For any graph G, if diam(G) > 5, then
GDI(G) < [2]+1.

Proof. Let G be a graph with diam(G) > 5.
GDI(G) > [§]+1, thendiam(G) < 5 a contradiction.
Hence the result hold§&]

Theorem 2.6. Let Ky 1 be a star with p > 3, and let
Gs be a spider graph which is constructed by subdividing
each edgeoncein Ky p_; asin Figure 1. Then GDI (Gs) =
A(Gs) +2.

V(GS) = {U, ula UZ, U3, ceey

Figure 1: Spider graph

Let
Up_l,Vl,Vz,V3, ---7Vp—1}- We
choose the vertex and all vertices which are adjacent
with it as a gIobaI dominating set @, this means that
S = {u,ug, Uz, Us, ..., Up_1},
IN[U| = [{u,u,up,us,...,up_1}| = A(Gs) + 1. Then
|S| = A(Gs) + 1, andm(Gs — S) = 1, this implies that
GDI(Gs) < |54+ m(Gs— S) = A(Gs) + 2. Also we can
chooseS= {u,vi,V,V3,...,Vp_1} as a global dominating
set of G, then|§ = A(Gs) + 1, andm(Gs—S) = 1. Then
GDI(Gs) < |9+ mM(Gs— S) = A(Gs) + 2. Clearly, there
does not exist a global dominating set @ such that

Proof.

Theorem 2.7. For any connected graph G of order p >
3,GDI (Ky,p-1) < GDI(G) < GDI(Kp).

Remark 2.1.If H is a subgraph o6, then not necessarily
GDI(H) < GDI(G), for exampleG = B andH = 3P, U
P,,GDI(G) = 4 andGDI (H) = 5.

Theorem 2.8. For any disconnected graph G, GDI (G) =
DI(G).

Proof. Since yy(G) > y(G), GDI(G) > DI(G). Let
G~ G UGyU...UG, and suppos&= {F1,F,....,R}, a
family of dominating sets 061, G, ...,G;. Without loss
of generality, suppose the detis a dominating set 0B,
F, is a dominating set dB,, ..., andr is a dominating set
of G;. Since any vertexX € F; is adjacent to all vertices in
G>,Gs,...,G; in G, and any vertext € F» is adjacent to all
vertices inGy, Gs, ...,G; in G,..., and any vertex € F; is
adjacent to all vertices inGy,Gy,Gs,...,G_1 in G.
Therefore Sis a dominating set o&. Thus,Sis a global
dominating set 06. SoDI (G) = GDI(G). O

Corollary 2.2. For any graph G, GDI (G) > y(G).

Proof. SinceGDI (G) > y4(G), from Proposition{.2), we
get the result]
Proposition 2.4. If w(G) = p— 1, then GDI(G) = p.

Proof. Sincew(G) = p—1, G has a complete graph of
orderp— 1, so by Proposition2.1), the proof follows ]

Proposition 2.5. GDI(Knm) =n+1,n>m.

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

266

N SS ¥

S. Mahde, V. Mathad: Global domination integrity of graphs

Proof. Let vq,Vo,...,Vn, U1, Up,...,Un be the vertices of
Knm. We claim thatS= {v1,u; }, a global dominating set
Of Knm S'nceKnm KnUKm, N(V]_) = {V2,V3,...,Vn} II’I
Kn andN(up) = {uz,u3, ,Un} in Ky, then{vy,us} is a
dominating set of K, U Ku  Also since
N(vi1) = {ug,up,us,...,un} in KaUKy and since
N(up) = {v1,Vv2,Vv3,...,Vn} in KaUKp, {vi,u1} is a
dominating set ofK,UKn. Therefore,S is a global
dominating set oKpm andm(Knm—S) =n—1. Then

GDI (Knm) < |8 +mMKym—S) =n+1. (2.1)

SinceGDI (Kn) = n, it is clear that there does not exist any

setS; other tharSsuch that

1S+ m((KnUKm) =) <[ +m((KnUKm) = §). (2.2)

Hence, from 2.1) and @.2), GDI (Knm) =n+1. 0

The next result is an immediate consequence o

Proposition 2.1) and Propositiond.5).

Corollary 2.3. GDI(Knm) =
m-+1.

GDI (Knm) ifand onlyif n=

Remark 2.2.

1. For a pattP,, GDI (Pp) =
3,4,5. o

2. For a cycleCp, GDI (Cp) = GDI(Cy),

3. For a complet&p, GDI (K) = GDI (Kp),

4. Fora staKl‘,p,l, p>4,GDI (Klvpfl) #+ GDI (Kl’pfl).

Mycielski’'s construction

Let G be a graph withV (G) = {v1,V2,..,Vp}, and let
U = {ug,up,...,up} U {x}. A graph u(G) is obtained by
adding the vertices df to G such thau; is a adjacent to
all of the vertices oN(v;), andx is adjacent to all of the
vertices ofU = {uy, up,...,Up}.

GDI(Py), ifand only if p=

Theorem 2.9. For p> 2,

4 ifp=2;
DI (1(Pp)) = { p+1,ifp>3.
Proof. LetV = {v1, vz, ...,
let V(u(Pp)) = {vi,v2,...,

Vp}, be the vertex set d¥,, and
Vp} U {V,V, ..., Vp} U {x} and

IV (u(Pp))| = 2p+ 1. The following cases are considered:

Case 1 For p= 2, sinceu(P)
(2.1), GDI(u(Py)) = 4.

Case 2 For p = 3, considerS = {v,,V,,x}, a global
dominating set of u(Ps) such that |§ = 3 and

= Cs, from proposition

muP) — S = 1L This implies that
GDI(u(Ps)) < |[§+m(u(Ps) — ) =4.
Case 3 For p > 4, consideiS= {vo,v3,...,vp_1} U{x}, a

global dominating set oft(P,) such thaiS = p—1 and
m(u(Pp) —S) =2. Thus
GDI(u(Pp)) < [S+m(u(Pp) =8 = p—1+2= pJ(rzlé)

Now we show that the numbef§ + m(u(Py) — ) is
minimum. If S is any global dominating set that is
different from setS such thatm(u(Pp,) — S;) = 1, then
|St| > p+1 and henceS;| +m(u(Pp) —S1) > p+2, also

if muPy) — S) > 2, it is clear that
1| +m(u(Py) — S1) > [S +m(u(Py) — S). Hence, for
any global dominating s&,

1St/ +m(u(Py) —S1) > p+ 1.
From 2.3) and @.4), GDI (u(Pp)) = p+1.0
Theorem 2.10.

(2.4)

p+2,if p=3,4,5;
GDI(U(Cp)) =< 2 +4,if p=0(mod 3) and p > 6;

(%] +4,if p=1,2 (mod 3) and p > 6.
tJ\Z;roof. Let

(H(Cp)) = {v1,Vo,...,vp} U {V],V,,...,vy} U {x} and

IV(u(Cp))| = 2p+ 1. To prove this result, the following
cases are considered:
Case 1 For p = 3,4,5. If we remove all vertices o€
and the vertex, we get a total disconnected graph so that
order of the largest component pfCy) is 1, this implies
thatGDI (u(Cp)) = p+2.
Case 2 For p > 6. We consider a global dominating set
of u(Cp) as follows:

e Whenp =0 (mod 3), p= 3k for some integek >
2. ConsiderS= {Vvi,V2,V4,Vs,V7,Vg, ..,Vp_4,Vp_2,Vp_1} U

{x}, then|§ = 22 + 1 andm(u(Cp) — S) = 3. This implies
that
GDI (1(Cp)) < IS +M(H(Cy) ~S) = 2 +4. (25)

To discuss the minimality ofS + m(u(Cp) — ), we
consider any sef; as global dominating set different
from S such thatm(u(Cp) — S1) = 2, then|S;| > p+ 1.

Thus [§] + mu(Cy) — &) = p + 3, f

muCp) — S) = 1, then |S] > p+ 1 Thus

1St + m(u(Cp) — S1) > p+ 2. Finally, suppose that

m(u(Cp) — Sl) > 3 it is clear that

S1] + M(u(Cp) — S1) —S). Hence, for
tin

> |§ +m(u(Cp)
anyglobaldomm gs&,

2
S+ m(R(Cp) ~S) = T 4 (2.6)
Therefore, from2.5) and @.6), GDI (1(Cp)) = 2 + 4.
e Whenp= 1 (mod 3), p=3k+ 1 for some mtegek >
2. ConsiderS= {uy, Uy, U4, Us, U7,Us, ...,Up_3, Up_2, Up} U
{x}, and|S| = [2P] + 1,m(u(Cp) — S) = 3. Therefore,
2p
GDI((u(C -9 =[F1+4 27

To show that the numbes| + m(u(Cp) — S) is minimum,
let us consider any global dominating s&t of u(Cp)

p)) < IS +m(u(Cp)
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different from S such thatm(u(Cy) — S1) = 2, then
1S1| > p+1. Thus|S;| +m(u(Cp) — S1) > p+3, also, if
muCp) — S1) = 1, then |S| > p+ 1, so that
ISt +m(u(Cp) — St) > p+2. If m(u(Cp) —S1) > 3, itis
easy to show that
ISt + M(K(Cp) — S1) > IS +M(k(Cp) — S). Hence, for
any global dominating s&,

S+ MGy~ S1) > (2] 44

(2.8)
From @2.7) and @.8), we haveGDI (u(Cp)) = [2] + 4.

e Whenp =2 (mod 3),p = 3k+ 2 for some integer
k > 2. Consider
S = {u1,U2,Us,Us,U7,Ug, ..,Up_3,Up_1,Up} U {X}, then
|S| = [22] + 1 andm(u(Cp) — S) = 3. This implies that

2p

GDI(u(Cp)) < IS +m(u(Cp) =9 =[Z1+4. (2.9

Proof. Let V(u(Kyp-1)) =
{Vo,v1,Vo,...,vp_1} U {\/0,\/1,\/2,...,\/p_1} U {x}. The
IV(u(Kip-1))| = 2p+ 1. Consider S = {vo,Vy,x}, a
global dominating set oft(Ky p—1) such thafS = 3 and
mu(Kyp-1)) = 1L This implies that
GDI (U (Kyp-1)) < |9+ M(u(Kyp-1) — ) = 4.

Clearly,|§ andm(u(Kyp—1) — S) are minimum, sinc¢S
is a yy-set andm(u(Kyp-1)) = 1 is also the minimum,
this completes the prodfl

Theorem 2.13.GDI (u(Kp)) = p+2.

Proof. Let  V(Kp) = {vi,vo,...,Vp} and
V(U(Kp)) = {V1,V2,...;Vp} U {V},Va, ...,V } U {x}. Since
u(Kp) = Kp UKy p, we choose all vertices ok, and
central vertexx of Ky, as global dominating set, this
means that S = {vi,v2,...,Vp,X}, since
N(x) = {v1,vo,...,Vp}, and
N(Vi) = {V3,V5,...,Vp}, 1 < i < pin p(Kp), thenSis

The proof follows similar to that of above Case. Hence, dominating set ofu(Kp), soSis global dominating set of

GDI(u(Cp)) = [2—3'“1 +4. This completes the prodf]

Theorem 2.11.y4(u(Kyp-1)) = 3.

Proof. Let V(u(Kyp-1)) =
{vo,v1,v2,...,vp_1} U {\/6,\/1,\/2,...,\/p_1} U {x}. Then
V(u(Kyp-1))| = 2p+ 1. Figure 2 shows the graph
H(Kyp-1)- Since in H(Kyp-1),
deg(vo) = 2p — 2,deg(Vy) = p and deg(x) = p, we
choosevy, v;, %, as global dominating set qi (K p-1),
this means thaS = {vo,V;,x}. To prove that the se is
minimum, we conside®; = {vp,V,}, we see that the set
S is a dominating set ofu(Kyp-1), but it is not
dominating set of u(Kyp-1), since the vertices
{v1,v2,v3,...,vp_1} is not dominated byg,Vv;. ThusS; is
not a global dominating set @f(Ky p-1). If we consider
St = {Vo,x}, thenS; is a domination set oft(Kyp1).
But {v},V;,....V,_1} is not dominated by the vertices

{vo,x} in u(Kyp-1), S0S; is not a global dominating set
of u(Kyp-1). Finally if S = {v;,x}, clearly, S; is not
dominating set ofu(Ky p-1), therefore, it is not global
dominating set ofi(Ky p-1). Henceyy = 3. [

Vo

V1 v

V) X
Figure 2:u(Ky p-1)

Theorem 2.12. GDI (u(Ky p-1)) = 4.

H(Kp). Thus|§ = p+1 andm(u(Kp) —S) = 1. Then
GDI(u(Kp)) = p+ 2. Clearly, we can not remove any
vertex of S, since all vertices/y, vo,...,v, are an isolated
vertices and the vertexis adjacent to/, V5, ..., v, hence
the result]

Proposition 2.6. If G is one of the following graphs:
K13,P4,P5,C3,C4, or C3+ ¢, then GDI(G) =q.

Observation 2.41f G is one of the graphs: K, m, where
n<mandm—n=4, $,,P,,p=1214160r Cp,p =
12,14,16, then GDI (G) = M3,

Remark 2.3.1f G= K, Ps, or C4 , thenGDI(G) = p.

Proposition 2.7. For any graph G without isolated
vertices, GDI (G) > 24-B(p-3)),

Proof. Since GDI(G) > y(G), we get the result by
Proposition {.1). O

Definition 2.3. [12] The switching of a vertew of G
means removing all the edges incidentv@nd adding
edges joining to every vertex which are not adjacentto
in G. We denote the resultant graph Gys,.

Theorem 2.14.1f Cpsy isa graph obtained by switching of
avertexin cycle Cp, then

3,ifp=34;
4 ifp=5;
GDI(Cos) =1 5 if p— &,

[2/p—4]+1,ifp>7.

Proof. Let vi,Vvz,...,vp be the vertices oCp, and Cps,
denote the graph obtained by switching of a venexf
Cp. Let the switched vertex be. We have the following
cases:
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Case 1 p= 3. SinceCzy, = K1 UK, then it is clear that
GDI (Cas) = 3.

Case 2 p = 4. SinceCyy, = K1 3 and from Proposition
(2.1, GDI (Css) = 3.

Case 3 p = 5. Consider S = {vi,v3,v4}, a global
dominating set 0Csg,, andm(Css, — S) = 1. This implies
that GDI (Cssy) < |S| + M(Cssy — S) = 4. Now, we show
that the numberS + m(Cssy — S) is minimum. If the
vertex vi is removed from setS, thenv; will not be
dominated by any vertex &in Csg, S0S; = {V3,V4} is a
dominating set ofCsq, but not a dominating set @@sg,.
S0, S = {va,w4} is not a global dominating set @ps,.

M(Cpsv — S5) = p— |S| — 2. Therefore,
1S5 +M(Cpsy— S5) =

=S[+2+p- S -2=p

> |9 +m(Cpsv— 9). (2.13)
Hence, from2.10, (2.11), (2.12 and .13, GDI (Cpsy) =
[2yp—4]+1.0
Theorem 2.15. If Ky is a graph obtained by switching
of avertexin K, then GDI (Kpsy) = p.

Proof. Let vq,Vo,...,vp be the vertices oKy, and Kpsy

Hence,Sis a minimum. On the other hand, if we suppose denotes the graph obtained by switching of a vexutet

that any setS; other thanS such thatm(Csy, — S) > 2,
then|S;| > 3, hence|S;| + M(Cssy — S1) > 5. Then, for
any Sp,|Sy| + m(Css, — S1) > || + M(Csey — S). Then
GDI (Csg)) = 4.

Case 4 p = 6. ConsiderS = {vi,v3,v4,V5}, a global
dominating set 0€ss,, andm(Cgsy, — S) = 1. This implies
that GDI(Cesy) < |S] + M(Cssy — S) = 5. The proof
follows similar to that of case 3. TheBDI (Cgs,) = 5.
Case 5 For p > 7. Since N(v1) = {v3,v4,...,Vp_1},
N(v2) = {va} and N(vp) = {vp_1}, hence the set
St = {v1,Vv3,Vp_1} is a dominating set oCps,. Since
N(v1) = {vo,vp} andN(v3,vp_1) = {V2,V3,V4,...,Vp} in
Cpsv, thenSy = {v1,v3,vp_1} is a dominating set oEpsy.
Thus S is a global dominating set ofCps, and
Cpsv — St = Pp_s U 2Ky, so m(Cpsy — S1) = p—5. Let
S = v/ € | — st of Pys}. Take
Vi ={vi/vi €| — set of Py_s} and|Vi| = |S|. Consider
S=§U$, thenSis a global dominating set &@ps, (as
S C 9, IS+ IS = IS+ V| and
Cov — S = 2Ky U Pps — Vi, hence,
M(Cpsy —S) = M(2K1 UPy_5 —V1). By Theorem {.2),

1| +M(Cpsy — S) = [Sy| + [Va| + M((2K1 UPp_5) — V1)
= S|+ 1 (2K UPp-5)
=3+[2/p—-4]-2=[2\/p—-4]+1
Then
GDI(Cpsy) = [2¢/p— 4] +1. (2.10)

We show that the minimality 45| + m(Cpsy — S). If S3
is any global dominating set @fps, Which containing one
vertex fromS;, namelyvy, and does not containing any
vertex ofS, such tha{Ss| = k < p. Then

|Ss| + M(Cpov — S3) =k+p—k=p> | +m(Cpsy— 9.
(2.11)
For more details, puls = {v1,V»,Vp}, a global dominating
set such thaSis yy — set of Cpsy, |Ss| = 3 andm(Cps, —
S) = p—3,then

|Ss| + M(Cpsv —S3) =3+ p—3=p> [F+M(Cpsv— S).
(2.12)

ConsiderSs be another global dominating set@fs, such

that S = S U S, where & = {vo,vp}. Then

Kp. Let the switched vertex bevi. Since
Kpsw = Ky U Kp_1, then from Proposition 21),
GDI (Kpsy) = GDI (K1 UKp_1) = p. O

Theorem 2.16. If Fnsy is a graph obtained by switching of
avertexin F,, then

GDI (Fra)) — { n+2, if the switched vetexisv;

5,if the switched vetexisv; .
Proof. Let v,vy, Vo, ..., Vo, be the vertices oF,, andFng,
denotes the graph obtained by switching of a vertef
F,. We have the two cases:
Case 1 Let the switched vertex be as in the Figure 3.
Since Ki U nKy, consider
S={V,v1,V3,V5,V7,...,Von_1}, a global dominating set of
Frsv andm(Frsy — S) = 1. Therefore,

GDI (Fnsy) < |§ + m(Frsy —S) = n+2.

Frsy =

(2.14)

We discuss the minimality df§ + m(Fnsy — S). To do it,
we must take into consideration of minimality of bd®)
andm(Fnsy — S). So if we remove the vertexfrom the set
S, then there does not exist a vertex3dominatingv,
and one can note that eaghandv;.; are adjacent and
removal ofv; from setS, leavesy;.1 not dominated by
any vertex ofS, therefore|S| = n+ 1. While in Fyg, the
vertex v is enough to be a global dominating set since
N(V) = {v1,Vo,...,Von}, henceS is yy;— set of Fng,. It
remains to show that i§; is any global dominating set
different fromsS, then|S;| + m(Fnsy — S1) > n+ 2. Since
M(Fhsy — S1) = 1, it is clear thatS is minimum. If we
consider m(Fhsy — &) = 0, then |S] = 2n+ 1 and
1St| + M(Frsy — S1) = 20+ 1> [S|+ m(Fhsy — S), also if
M(Frsy — S) > 1, then
IS1| + mM(Frsy — S1) > |S] + m(Frsy — S). Hence, for any
global dominating se%,

|S1| + M(Frsy — S1) > n+2.

Then from @.14 and @.15, GDI (Fnsy) = N+ 2.

Case 2 Let the switched vertex be as in the Figure 3.
SinceN(v) = {Vva,Vs,...,Von}, we consideS= {v,vy,V>},
a global dominating set Ofns, and m(Fus, —S) = 2.
Therefore

(2.15)

(2.16)
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To show that the numbgs| + m(Fus,, —S) is minimum,  [7]T. W. Haynes, S. T. Hedetimiemi and P. J. Slater,
we must show thatS is minimum andm(Fns,, — S) is Fundamentals of domination in grapidorcel Dekker Inc,
also minimum. Sincev, is adjacent to the vertices 1998.

{V1,V3,V4,...,Von} in Fosvy, if V2 is removed from seS§, [8] L. B._Piazza, F. S. Roberts, and S. K. Stueckle, Edge-
then{vs,Vva,...,Von}, Will not be dominated by any vertex tenacious networks, Networkas (1995), 7-17.

in Frsy,- ThenS = {v,v1} is not dominating set oFngy,, [9] E. Sampathkumar, The global domination number of a graph

so S is not a global dominating set dfg,. ThusS is J. Math. Phys. &i., 23 (1989), 377-385. .
minimum. For m(Fns,, — S), if S is any global [10] Sultan Sengn Me_thde, Veena Mathe_ld and Al Mqhammed
dominatina set other tha® then M(Erer —S1) > 2. Sahal, Hub-integrity of graphsBulletin of International
It m(F g S) _aﬁi th|esi1|+|s£| S anl) “eo Mathematical Virtual Ingtitute, 5 (2015), 57-64.
nsvpy — - I = 5

. [11] R. Sundareswaran and V. Swaminathan, Domination
L%L+|n§f|F1Vlm_(§1) Z_ anl;_i 5” n_FE]Fe”I‘,’]l ?O?l)aﬁ 2, Iltotl)sal Integrity in GraphsProceedings of International Conference
Y 1= i = y g on Mathematical and Experimental Physics, Prague, 3-8
dominating ses,, August (2009), 46-57.
[12] S. K. Vaidya, S. Srivastay, V. J. Kaneria and K. Kanani,
Some cycle related cordial graphs in the context of vertex
switching, RMS-Lecture note43 (2010), 243-252.

St + M(Frhsyy — S1) > 5. (2.17)
Therefore, from2.16, and .17, GDI (Fnsy,) = 5. O
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Figure 3:Fn, Frsv, Fnsvy

In this paper, we introduced the concept of global
domination integrity of graphs, we have obtained the
bounds and some properties for global domination
integrity of graphs. Relation between global domination
integrity and some parameters are established. The global
domination integrity of several other families of graphs is
an open problem.
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