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Abstract: R. Sundareswaran and V. Swaminathan [11], introduced the concept of the domination integrity of a graph. It is a useful
measure of vulnerability and it is defined asDI(G) = min{|S|+m(G−S), whereS is a dominating set andm(G−S) is the order of a
maximum component ofG− S}. In this paper we introduce the concept of global dominationintegrity of a graphG, and define it as
GDI(G) = min{|S|+m(G− S), whereS is a global dominating set andm(G− S) is the order of a maximum component ofG− S}.
The global domination integrity of some graphs is obtained.The relations between global domination integrity and other parameters
are determined.

Keywords: Integrity, Domination integrity, Global dominating set, Global domination integrity

1 Introduction

The stability of a network (computer, communication, or
transportation) composed of nodes (processing) and links
(communication or transportation) is of prime importance
to network designers. As the network begins losing links
or nodes, eventually it loses effectiveness.
Communication networks are designed such that they are
not easily disrupted under external attack and moreover,
they can easily be reconstructed if they are disrupted [8].
These desirable properties of networks can be measured
by various parameters such as connectivity and
edge-connectivity. However, these parameters do not take
into account what remains after the graph is disconnected.
Consequently, a number of other parameters have recently
been introduced in an attempt to cope with this. These
include connectivity and edge-connectivity [3], integrity
and edge-integrity [1,2], tenacity and edge-tenacity [4,8].
All graphs considered here are finite, undirected without
loops or multiple edges. As usualp and q denote the
number of vertices and edges of a graphG. Any
undefined term or notation in this paper can be found in
Harary [6]. The degree of a vertexv in a graphG denoted
by degv is the number of edges ofG incident withv. The
maximum (minimum) degree among the vertices ofG is
denoted by∆(G),(δ (G)). A vertex of degree one is
called a pendant vertex. A complete subgraph or clique is
an induced subgraph such that there is an edge between
each pair of vertices in the subgraph. The clique number

w(G) is the order of the largest complete subgraph ofG.
For a vertexv ∈ V , the open neighborhood ofv in G,
denoted byN(v), is the set of all vertices that are adjacent
to v. A friendship graphFn is a graph which consists ofn
triangles with a common vertex. The double star graph
Sn,m is the graph constructed fromK1,n−1 andK1,m−1 by
joining their centers v0 and u0.
V (Sn,m) = V (K1,n−1) ∪ V (K1,m−1) and E(Sn,m) =
{v0u0,v0vi,u0u j : 1≤ i ≤ n−1, 1≤ j ≤ m−1}, [5].

The complementG of a graphG hasV (G) as its vertex
set, two vertices are adjacent inG if and only if they are
not adjacent inG [6].

Definition 1.1.[7] A set D of vertices in a graphG is a
dominating set ofG if every vertex inV −D is adjacent
to some vertex inD. The domination numberγ(G) of G is
the minimum cardinality of a dominating set.

Barefoot et al. [2], have introduced the concept of
integrity, which is defined as follows.
The integrity of a finite graph G is
I(G) = min{|S|+m(G− S) : S ⊆V (G)}, wherem(G− S)
denotes the order of the largest component.

Sultan et al. [10], have introduced the concept of hub-
integrity of a graph as a new measure of vulnerability. The
hub-integrity of a graphG denoted byHI(G) is defined
by, HI(G) = min{|S|+m(G− S)}, whereS is a hub set
andm(G− S) is the order of a maximum component of
G− S.
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R. Sundareswaran and V. Swaminathan [11],
introduced the concept of domination integrity of a graph
G, which is defined as follows.
Definition 1.2.DI(G) = min{|S|+m(G−S), whereS is a
dominating set andm(G− S) is the order of a maximum
component ofG− S}.

Definition 1.3. [9] A dominating setD of G is a global
dominating setgd− set of G if D is also a dominating set
of the complementG of G. The global domination number
γg of G is the minimum cardinality ofgd− set.

In a network, a minimum global dominating set of
nodes provides a link with the rest of the nodes. IfDg is a
minimum global dominating set and if the order of the
largest component ofG−Dg is small, then the removal of
Dg results in a chaos in the network because not only the
decision making process is paralyzed but also the
communication between the remaining members is
minimized. So, we introduce the concept of global
domination integrity of a graph as another measure of
vulnerability of a graph.

The following results are needed to prove the main
results.

Proposition 1.1. [9] For a (p,q) graph G without isolated

vertices, (2q−p(p−3))
2 ≤ γg ≤ p−β +1.

Theorem 1.1.[10] For any graph G, HI(G) = γ(G) if and
only if G = K p.

Theorem 1.2. [2] The integrity of the path Pp is
⌈2√p+1⌉−2.

Proposition 1.2. [9] For any graph G,

1. γg(G) = γg(G),
2. γ(G)≤ γg(G),

3. γ(G)+γ(G)
2 ≤ γg(G)≤ γ(G)+ γ(G).

2 Global domination integrity of graphs

Definition 2.1.The global domination integrity of a graph
G is defined asGDI(G) = min{|S|+m(G−S), whereS is
a global dominating set andm(G − S) is the order of a
maximum component of G − S}. Explicitly,
GDI(G) ≥ I(G) for any graphG. Also, the definition
shows thatGDI(G)≥ DI(G), andGDI(G)≥ γg.
Definition 2.2.A GDI-set ofG is any subsetS of V (G) for
which GDI(G) = |S|+m(G− S).

Proposition 2.1.

(a) For any complete graphKp, GDI(Kp) = p.
(b) For any pathPp,

GDI(Pp) =











2, if p = 2 ;
3, if p = 3,4 ;
4, if p = 5,6,7 ;
⌈ p

3⌉+2, if p ≥ 8.

(c) For any cycleCp, p ≥ 4,

GDI(Cp) =

{

4, if p = 4,5 ;
⌈ p

3⌉+2, if p ≥ 6.

(d) For the starK1,p−1, p ≥ 3, GDI(K1,p−1) = 3.
(e) For the double starSn,m,

GDI(Sn,m) = 3.

(f) For the complete bipartite graphKn,m,

GDI(Kn,m) = min{n,m}+2.

(g) For the wheel graphW1,p−1, p ≥ 4,

GDI(W1,p−1) =

{

4, if p = 5 ;
⌈ p−1

3 ⌉+3, if p ≥ 6.

Theorem 2.1. For any graph G, GDI(G) = γ(G) if and
only if G = Kp.

Proof. If GDI(G) = γ(G), then|S|+m(G−S) = γ(G), we
have the following cases:
Case 1: If γ(G) = 1, then|S|+m(G− S) = 1, it follows
that|S|= 1. SoG ∼= K1 = K1.
Case 2: If γ(G) = 2, then|S|+m(G− S) = 2. But |S|= 1
andm(G−S) = 1, is impossible, since there does not exist
graph satisfying these values. Then|S|= 2 andm(G−S)=
0. So,G ∼= K2. In general,|S|+m(G− S) = γ(G) if |S|=
γ(G) andm(G−S) = 0. In addition|S|= γ(G) only in Kp.
ThusG = Kp. Converse is obvious.�

Theorem 2.2. For any graph G, GDI(G) = γg(G) if and
only if G = Kp.

Proof. The proof is similar to the proof of Theorem (2.1).
�

Corollary 2.1. For any graph G, GDI(G) = γg(G) = γ(G)
if and only if G = Kp.

Observation 2.1 For any graph G, GDI(G)≥ γ(G)+γ(G)
2 .

Proof. By Proposition (1.2), the proof follows.�

Observation 2.2 For any graph G, GDI(G) ≥ γg(G)−
γ(G).

Proof. SinceGDI(G)≥ γg and by Proposition (1.2), γg ≥ γ
andγ(G)+ γ(G ≥ γg, henceGDI(G)≥ γg(G)− γ(G). �

Observation 2.3

1. GDI(G) = 2 if and only if G ∼= K2 or G ∼= K2.
2. GDI(G) = 3 if and only if G ∼= K3 or G ∼= K3 or G ∼=

K1,p−1 or G ∼= Sn,m.
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Proof. (1) GDI(G) = 2, means that|S|+m(G− S) = 2,
and the last equation is achieved only if|S|= 2 and hence
G ∼= K2 or G ∼= K2.
(2) The proof is similar to that of (1).�

Proposition 2.2.For any graph G of order p, if GDI(G) =
p, then diam(G)≤ 2.

Proof. Let G be a graph of orderp, such that
GDI(G) = p. Assume, on the contrary, thatdiam(G)≥ 3.
Then,G contains a pathP4. Therefore,GDI(G) ≤ p−1 a
contradiction. Hencediam(G)≤ 2. �

Proposition 2.3. (1) For any connected graph G,
1 ≤ GDI(G) ≤ p. The complete graph Kp achieves the
upper bound and lower bound is achieved by K1.
(2) GDI(G)≤ q+1, the equality holds if G ∼= K2 or P2.
(3) For any connected graph G, 1 ≤ GDI(G) ≤ p. The
complete graph Kp achieves the upper bound and lower
bound is achieved by K1.

Theorem 2.3. For any graph G,

1. 2≤ GDI(G)+GDI(G)≤ 2p.
2. 1≤ GDI(G).GDI(G)≤ p2.

Proof. The proof follows from Proposition (2.3). �

Lemma 2.1. Let T be a tree. Then GDI(T ) = p if and only
if either T ∼= P2 or T ∼= P3.

Proof. If T is a tree with GDI(T ) = p, then by
Proposition (2.2), diam(T )≤ 2. If diam(T ) = 2, thenT is
K1,p−1. But GDI(K1,p−1) = 3. Sincediam(T ) = 2, p ≥ 3,
so, T = K1,2 = P3, and if diam(T ) = 1, then T is P2.
Conversely, LetT be eitherP2 or P3. Then the proof
follows from Proposition (2.1). �

Theorem 2.4.For any graph G, GDI(G)=HI(G) = γ(G)
if and only if G ∼= Kp.

Proof. By Theorem (2.1) and Theorem (1.1) , the proof
follows.�

Theorem 2.5. For any graph G, if diam(G) ≥ 5, then
GDI(G)≤ ⌈ p

2⌉+1.

Proof. Let G be a graph with diam(G) ≥ 5.
GDI(G) > ⌈ p

2⌉+ 1, thendiam(G) < 5 a contradiction.
Hence the result holds.�

Theorem 2.6. Let K1,p−1 be a star with p ≥ 3, and let
Gs be a spider graph which is constructed by subdividing
each edge once in K1,p−1 as in Figure 1. Then GDI(Gs) =
∆(Gs)+2.

✉
✧

✧
✧

✧✧ ✉✉✉✉ ✉

✉✉✉
✉✉

u

u1 u2 u3 u4

v1 v2 v3 v4 vp−1

q q q

q q q
up−1

Figure 1: Spider graph

Proof. Let
V (Gs) = {u,u1,u2,u3, ...,up−1,v1,v2,v3, ...,vp−1}. We
choose the vertexu and all vertices which are adjacent
with it as a global dominating set ofG, this means that
S = {u,u1,u2,u3, ...,up−1},
|N[u]| = |{u,u1,u2,u3, ...,up−1}| = ∆(Gs) + 1. Then
|S| = ∆(Gs) + 1, and m(Gs − S) = 1, this implies that
GDI(Gs) ≤ |S|+ m(Gs − S) = ∆(Gs) + 2. Also we can
chooseS = {u,v1,v2,v3, ...,vp−1} as a global dominating
set ofGs, then|S|= ∆(Gs)+1, andm(Gs − S) = 1. Then
GDI(Gs) ≤ |S|+ m(Gs − S) = ∆(Gs) + 2. Clearly, there
does not exist a global dominating set ofGs such that
GDI(Gs)< |S|+m(Gs− S) = ∆(Gs)+2.�

Theorem 2.7. For any connected graph G of order p ≥
3,GDI(K1,p−1)≤ GDI(G)≤ GDI(Kp).

Remark 2.1.If H is a subgraph ofG, then not necessarily
GDI(H) ≤ GDI(G), for exampleG ∼= P5 andH ∼= 3P1∪
P2,GDI(G) = 4 andGDI(H) = 5.

Theorem 2.8. For any disconnected graph G, GDI(G) =
DI(G).

Proof. Since γg(G) ≥ γ(G), GDI(G) ≥ DI(G). Let
G ∼= G1∪G2∪ ...∪Gr and supposeS = {F1,F2, ...,Fr}, a
family of dominating sets ofG1,G2, ...,Gr. Without loss
of generality, suppose the setF1 is a dominating set ofG1,
F2 is a dominating set ofG2, ..., andFr is a dominating set
of Gr. Since any vertexf ∈ F1 is adjacent to all vertices in
G2,G3, ...,Gr in G, and any vertexf ∈ F2 is adjacent to all
vertices inG1,G3, ...,Gr in G,..., and any vertexf ∈ Fr is
adjacent to all vertices inG1,G2,G3, ...,Gr−1 in G.
Therefore,S is a dominating set ofG. Thus,S is a global
dominating set ofG. SoDI(G) = GDI(G). �

Corollary 2.2. For any graph G, GDI(G)≥ γ(G).

Proof. SinceGDI(G)≥ γg(G), from Proposition (1.2), we
get the result.�

Proposition 2.4. If w(G) = p−1, then GDI(G) = p.

Proof. Sincew(G) = p− 1, G has a complete graph of
orderp−1 , so by Proposition (2.1), the proof follows.�

Proposition 2.5. GDI(Kn,m) = n+1,n ≥ m.
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Proof. Let v1,v2, ...,vn,u1,u2, ...,um be the vertices of
Kn,m. We claim thatS = {v1,u1}, a global dominating set
of Kn,m. SinceKn,m

∼= Kn ∪Km, N(v1) = {v2,v3, ...,vn} in
Kn andN(u1) = {u2,u3, ...,um} in Km, then{v1,u1} is a
dominating set of Kn ∪ Km. Also since
N(v1) = {u1,u2,u3, ...,um} in Kn ∪Km and since
N(u1) = {v1,v2,v3, ...,vn} in Kn ∪Km, {v1,u1} is a
dominating set ofKn ∪Km. Therefore, S is a global
dominating set ofKn,m andm(Kn,m − S) = n−1. Then

GDI(Kn,m)≤ |S|+m(Kn,m− S) = n+1. (2.1)

SinceGDI(Kn) = n, it is clear that there does not exist any
setS1 other thanS such that

|S1|+m((Kn ∪Km)−S1)< |S|+m((Kn∪Km)−S). (2.2)

Hence, from (2.1) and (2.2), GDI(Kn,m) = n+1.�
The next result is an immediate consequence of

Proposition (2.1) and Proposition (2.5).

Corollary 2.3. GDI(Kn,m) = GDI(Kn,m) if and only if n=
m+1.

Remark 2.2.

1. For a pathPp, GDI(Pp) = GDI(Pp), if and only if p =
3,4,5.

2. For a cycleCp, GDI(Cp) = GDI(Cp),

3. For a completeKp, GDI(Kp) = GDI(Kp),

4. For a starK1,p−1, p ≥ 4,GDI(K1,p−1) 6=GDI(K1,p−1).

Mycielski’s construction
Let G be a graph withV (G) = {v1,v2, ..,vp}, and let

U = {u1,u2, ...,up} ∪ {x}. A graph µ(G) is obtained by
adding the vertices ofU to G such thatui is a adjacent to
all of the vertices ofN(vi), andx is adjacent to all of the
vertices ofU = {u1,u2, ...,up}.

Theorem 2.9. For p ≥ 2,

GDI(µ(Pp)) =

{

4, if p = 2 ;
p+1, if p ≥ 3.

Proof. Let V = {v1,v2, ...,vp}, be the vertex set ofPp, and
let V (µ(Pp)) = {v1,v2, ...,vp}∪ {v′1,v

′
2, ...,v

′
p} ∪ {x} and

|V (µ(Pp))|= 2p+1. The following cases are considered:
Case 1: For p = 2, sinceµ(P2) ∼= C5, from proposition
(2.1), GDI(µ(P2)) = 4.
Case 2: For p = 3, considerS = {v2,v′2,x}, a global
dominating set of µ(P3) such that |S| = 3 and
m(µ(P3) − S) = 1. This implies that
GDI(µ(P3))≤ |S|+m(µ(P3)− S) = 4.
Case 3: For p ≥ 4, considerS = {v2,v3, ...,vp−1}∪{x}, a
global dominating set ofµ(Pp) such that|S| = p−1 and
m(µ(Pp)− S) = 2. Thus

GDI(µ(Pp))≤ |S|+m(µ(Pp)− S) = p−1+2= p+1.
(2.3)

Now we show that the number|S|+ m(µ(Pp) − S) is
minimum. If S1 is any global dominating set that is
different from setS such thatm(µ(Pp)− S1) = 1, then
|S1| ≥ p+1 and hence|S1|+m(µ(Pp)−S1)≥ p+2, also
if m(µ(Pp) − S1) ≥ 2, it is clear that
|S1|+ m(µ(Pp)− S1) ≥ |S|+ m(µ(Pp)− S). Hence, for
any global dominating setS1,

|S1|+m(µ(Pp)− S1)≥ p+1. (2.4)

From (2.3) and (2.4), GDI(µ(Pp)) = p+1.�

Theorem 2.10.

GDI(µ(Cp))=







p+2, if p = 3,4,5 ;
2p
3 +4, if p ≡ 0 (mod 3) and p ≥ 6;
⌈2p

3 ⌉+4, if p ≡ 1,2 (mod 3) and p ≥ 6.

Proof. Let
V (µ(Cp)) = {v1,v2, ...,vp} ∪ {v′1,v

′
2, ...,v

′
p} ∪ {x} and

|V (µ(Cp))| = 2p+ 1. To prove this result, the following
cases are considered:
Case 1: For p = 3,4,5. If we remove all vertices ofCp
and the vertexx, we get a total disconnected graph so that
order of the largest component ofµ(Cp) is 1, this implies
thatGDI(µ(Cp)) = p+2.
Case 2: For p ≥ 6. We consider a global dominating set
of µ(Cp) as follows:

• When p ≡ 0 (mod 3), p = 3k for some integerk ≥
2. ConsiderS = {v1,v2,v4,v5,v7,v8, ..,vp−4,vp−2,vp−1}∪
{x}, then|S|= 2p

3 +1 andm(µ(Cp)−S) = 3. This implies
that

GDI(µ(Cp))≤ |S|+m(µ(Cp)− S) =
2p
3

+4. (2.5)

To discuss the minimality of|S| + m(µ(Cp) − S), we
consider any setS1 as global dominating set different
from S such thatm(µ(Cp)− S1) = 2, then|S1| ≥ p+ 1.
Thus |S1| + m(µ(Cp) − S1) ≥ p + 3, if
m(µ(Cp) − S1) = 1, then |S1| ≥ p + 1. Thus
|S1| + m(µ(Cp) − S1) ≥ p + 2. Finally, suppose that
m(µ(Cp) − S1) ≥ 3, it is clear that
|S1|+ m(µ(Cp)− S1) ≥ |S|+ m(µ(Cp)− S). Hence, for
any global dominating setS1,

|S1|+m(µ(Cp)− S1)≥
2p
3

+4. (2.6)

Therefore, from (2.5) and (2.6), GDI(µ(Cp)) =
2p
3 +4.

• Whenp≡ 1 (mod 3), p= 3k+1 for some integerk ≥
2. ConsiderS = {u1,u2,u4,u5,u7,u8, ...,up−3,up−2,up}∪
{x}, and|S|= ⌈2p

3 ⌉+1,m(µ(Cp)− S) = 3. Therefore,

GDI((µ(Cp))≤ |S|+m(µ(Cp)− S) = ⌈2p
3
⌉+4. (2.7)

To show that the number|S|+m(µ(Cp)− S) is minimum,
let us consider any global dominating setS1 of µ(Cp)

c© 2017 NSP
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different from S such that m(µ(Cp) − S1) = 2, then
|S1| ≥ p+1. Thus|S1|+m(µ(Cp)− S1) ≥ p+3, also, if
m(µ(Cp) − S1) = 1, then |S1| ≥ p + 1, so that
|S1|+m(µ(Cp)− S1)≥ p+2. If m(µ(Cp)− S1) ≥ 3, it is
easy to show that
|S1|+ m(µ(Cp)− S1) ≥ |S|+ m(µ(Cp)− S). Hence, for
any global dominating setS1,

|S1|+m(µ(Cp)− S1)≥ ⌈2p
3
⌉+4. (2.8)

From (2.7) and (2.8), we haveGDI(µ(Cp)) = ⌈2p
3 ⌉+4.

• When p ≡ 2 (mod 3), p = 3k + 2 for some integer
k ≥ 2. Consider
S = {u1,u2,u4,u5,u7,u8, ..,up−3,up−1,up} ∪ {x}, then
|S|= ⌈2p

3 ⌉+1 andm(µ(Cp)− S) = 3. This implies that

GDI(µ(Cp))≤ |S|+m(µ(Cp)− S) = ⌈2p
3
⌉+4. (2.9)

The proof follows similar to that of above Case. Hence,
GDI(µ(Cp)) = ⌈2p

3 ⌉+4. This completes the proof.�

Theorem 2.11.γg(µ(K1,p−1)) = 3.

Proof. Let V (µ(K1,p−1)) =
{v0,v1,v2, ...,vp−1} ∪ {v′0,v

′
1,v

′
2, ...,v

′
p−1} ∪ {x}. Then

|V (µ(K1,p−1))| = 2p + 1. Figure 2 shows the graph
µ(K1,p−1). Since in µ(K1,p−1),
deg(v0) = 2p − 2,deg(v′0) = p and deg(x) = p, we
choosev0,v′0,x, as global dominating set ofµ(K1,p−1),
this means thatS = {v0,v′0,x}. To prove that the setS is
minimum, we considerS1 = {v0,v′0}, we see that the set
S1 is a dominating set ofµ(K1,p−1), but it is not
dominating set of µ(K1,p−1), since the vertices
{v1,v2,v3, ...,vp−1} is not dominated byv0,v′0. ThusS1 is
not a global dominating set ofµ(K1,p−1). If we consider
S1 = {v0,x}, then S1 is a domination set ofµ(K1,p−1).
But {v′1,v

′
2, ...,v

′
p−1} is not dominated by the vertices

{v0,x} in µ(K1,p−1), soS1 is not a global dominating set
of µ(K1,p−1). Finally if S1 = {v′0,x}, clearly, S1 is not
dominating set ofµ(K1,p−1), therefore, it is not global
dominating set ofµ(K1,p−1). Hence,γg = 3. �

✉

�
�

��

✉

✉

✉✉
✉

✉

✉

v0

v′0

v1 v2
vp−1

v′1

v′p−1

x

Figure 2:µ(K1,p−1)

✉
q q q

q q q

v′2

Theorem 2.12. GDI(µ(K1,p−1)) = 4.

Proof. Let V (µ(K1,p−1)) =
{v0,v1,v2, ...,vp−1} ∪ {v′0,v

′
1,v

′
2, ...,v

′
p−1} ∪ {x}. Then

|V (µ(K1,p−1))| = 2p + 1. Consider S = {v0,v′0,x}, a
global dominating set ofµ(K1,p−1) such that|S| = 3 and
m(µ(K1,p−1)) = 1. This implies that
GDI(µ(K1,p−1))≤ |S|+m(µ(K1,p−1)− S) = 4.
Clearly,|S| andm(µ(K1,p−1)− S) are minimum, since|S|
is a γg-set andm(µ(K1,p−1)) = 1 is also the minimum,
this completes the proof.�

Theorem 2.13. GDI(µ(Kp)) = p+2.

Proof. Let V (Kp) = {v1,v2, ...,vp} and
V (µ(Kp)) = {v1,v2, ...,vp} ∪ {v′1,v

′
2, ...,v

′
p} ∪ {x}. Since

µ(Kp) = Kp ∪ K1,p, we choose all vertices ofKp and
central vertexx of K1,p as global dominating set, this
means that S = {v1,v2, ...,vp,x}, since
N(x) = {v1,v2, ...,vp}, and

N(vi) = {v′1,v
′
2, ...,v

′
p},1 ≤ i ≤ p in µ(Kp), then S is

dominating set ofµ(Kp), soS is global dominating set of
µ(Kp). Thus |S| = p + 1 and m(µ(Kp)− S) = 1. Then
GDI(µ(Kp)) = p + 2. Clearly, we can not remove any
vertex ofS, since all verticesv1,v2, ...,vp are an isolated
vertices and the vertexx is adjacent tov′1,v

′
2, ...,v

′
p, hence

the result.�

Proposition 2.6. If G is one of the following graphs:
K1,3,P4,P5,C3,C4, or C3+ e, then GDI(G) = q.

Observation 2.4 If G is one of the graphs: Kn,m, where
n ≤ m and m− n = 4, S2,2,Pp, p = 12,14,16 or Cp, p =

12,14,16, then GDI(G) = |V (G)|
2 .

Remark 2.3.If G ∼= Kp,P3, or C4 , thenGDI(G) = p.

Proposition 2.7. For any graph G without isolated
vertices, GDI(G)≥ (2q−p(p−3))

2 .

Proof. Since GDI(G) ≥ γg(G), we get the result by
Proposition (1.1). �

Definition 2.3. [12] The switching of a vertexv of G
means removing all the edges incident tov and adding
edges joiningv to every vertex which are not adjacent tov
in G. We denote the resultant graph byGpsv.

Theorem 2.14.If Cpsv is a graph obtained by switching of
a vertex in cycle Cp, then

GDI(Cpsv) =











3, if p = 3,4 ;
4, if p = 5 ;
5, if p = 6;
⌈2√p−4⌉+1, if p ≥ 7.

Proof. Let v1,v2, ...,vp be the vertices ofCp, and Cpsv
denote the graph obtained by switching of a vertexv of
Cp. Let the switched vertex bev1. We have the following
cases:
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Case 1: p = 3. SinceC3sv
∼= K1 ∪K2, then it is clear that

GDI(C3sv) = 3.
Case 2: p = 4. SinceC4sv

∼= K1,3 and from Proposition
(2.1), GDI(C4sv) = 3.
Case 3: p = 5. Consider S = {v1,v3,v4}, a global
dominating set ofC5sv, andm(C5sv − S) = 1. This implies
that GDI(C5sv) ≤ |S|+ m(C5sv − S) = 4. Now, we show
that the number|S|+ m(C5sv − S) is minimum. If the
vertex v1 is removed from setS, then v1 will not be
dominated by any vertex ofS in C5sv, soS1 = {v3,v4} is a
dominating set ofC5sv but not a dominating set ofC5sv.
So, S1 = {v3,v4} is not a global dominating set ofCpsv.
Hence,S is a minimum. On the other hand, if we suppose
that any setS1 other thanS such thatm(C5sv − S1) ≥ 2,
then |S1| ≥ 3, hence|S1|+ m(C5sv − S1) ≥ 5. Then, for
any S1, |S1| + m(C5sv − S1) > |S| + m(C5sv − S). Then
GDI(C5sv) = 4.
Case 4: p = 6. ConsiderS = {v1,v3,v4,v5}, a global
dominating set ofC6sv, andm(C6sv − S) = 1. This implies
that GDI(C6sv) ≤ |S| + m(C6sv − S) = 5. The proof
follows similar to that of case 3. ThenGDI(C6sv) = 5.
Case 5: For p ≥ 7. Since N(v1) = {v3,v4, ...,vp−1},
N(v2) = {v3} and N(vp) = {vp−1}, hence the set
S1 = {v1,v3,vp−1} is a dominating set ofCpsv. Since
N(v1) = {v2,vp} and N(v3,vp−1) = {v2,v3,v4, ...,vp} in
Cpsv, thenS1 = {v1,v3,vp−1} is a dominating set ofCpsv.
Thus S1 is a global dominating set ofCpsv and
Cpsv − S1 = Pp−5 ∪ 2K1, so m(Cpsv − S1) = p − 5. Let
S2 = {vi/vi ∈ I − set o f Pp−5}. Take
V1 = {vi/vi ∈ I − set o f Pp−5} and|V1| = |S2|. Consider
S = S1∪ S2, thenS is a global dominating set ofCpsv (as
S1 ⊆ S), |S1| + |S2| = |S1| + |V1| and
Cpsv − S = 2K1 ∪ Pp−5 − V1, hence,
m(Cpsv − S) = m(2K1∪Pp−5−V1). By Theorem (1.2),

|S|+m(Cpsv− S) = |S1|+ |V1|+m((2K1∪Pp−5)−V1)

= |S1|+ I(2K1∪Pp−5)

= 3+ ⌈2
√

p−4⌉−2= ⌈2
√

p−4⌉+1.

Then
GDI(Cpsv) = ⌈2

√

p−4⌉+1. (2.10)

We show that the minimality of|S|+m(Cpsv−S). If S3
is any global dominating set ofCpsv which containing one
vertex fromS1, namelyv1, and does not containing any
vertex ofS2 such that|S3|= k < p. Then

|S3|+m(Cpsv− S3) = k+ p− k = p > |S|+m(Cpsv− S).
(2.11)

For more details, putS3 = {v1,v2,vp}, a global dominating
set such thatS is γg − set of Cpsv, |S3| = 3 andm(Cpsv −
S3) = p−3, then

|S3|+m(Cpsv− S3) = 3+ p−3= p > |S|+m(Cpsv− S).
(2.12)

ConsiderS5 be another global dominating set ofCpsv such
that S5 = S2 ∪ S4, where S4 = {v2,vp}. Then

m(Cpsv − S5) = p−|S2|−2. Therefore,

|S5|+m(Cpsv− S5) =

= |S2|+2+ p−|S2|−2= p

> |S|+m(Cpsv− S). (2.13)

Hence, from (2.10), (2.11), (2.12) and (2.13), GDI(Cpsv)=
⌈2√p−4⌉+1.�

Theorem 2.15. If Kpsv is a graph obtained by switching
of a vertex in Kp, then GDI(Kpsv) = p.

Proof. Let v1,v2, ...,vp be the vertices ofKp, and Kpsv
denotes the graph obtained by switching of a vertexv of
Kp. Let the switched vertex be v1. Since
Kpsv

∼= K1 ∪ Kp−1, then from Proposition (2.1),
GDI(Kpsv) = GDI(K1∪Kp−1) = p. �

Theorem 2.16. If Fnsv is a graph obtained by switching of
a vertex in Fn, then

GDI(Fnsv) =

{

n+2, if the switched vetex is v ;
5, if the switched vetex is v1 .

Proof. Let v,v1,v2, ...,v2n be the vertices ofFn, andFnsv
denotes the graph obtained by switching of a vertexv of
Fn. We have the two cases:
Case 1: Let the switched vertex bev as in the Figure 3.
Since Fnsv

∼= K1 ∪ nK2, consider
S = {v,v1,v3,v5,v7, ...,v2n−1}, a global dominating set of
Fnsv andm(Fnsv − S) = 1. Therefore,

GDI(Fnsv)≤ |S|+m(Fnsv− S) = n+2. (2.14)

We discuss the minimality of|S|+m(Fnsv − S). To do it,
we must take into consideration of minimality of both|S|
andm(Fnsv −S). So if we remove the vertexv from the set
S, then there does not exist a vertex inS dominatingv,
and one can note that eachvi and vi+1 are adjacent and
removal ofvi from setS, leavesvi+1 not dominated by
any vertex ofS, therefore,|S| = n+ 1. While in Fnsv, the
vertex v is enough to be a global dominating set since
N(v) = {v1,v2, ...,v2n}, henceS is γg− set of Fnsv. It
remains to show that ifS1 is any global dominating set
different fromS, then |S1|+m(Fnsv − S1) ≥ n+ 2. Since
m(Fnsv − S1) = 1, it is clear thatS is minimum. If we
consider m(Fnsv − S1) = 0, then |S1| = 2n + 1 and
|S1|+m(Fnsv − S1) = 2n+ 1 > |S|+m(Fnsv − S), also if
m(Fnsv − S1) ≥ 1, then
|S1|+ m(Fnsv − S1) ≥ |S|+ m(Fnsv − S). Hence, for any
global dominating setS1,

|S1|+m(Fnsv− S1)≥ n+2. (2.15)

Then from (2.14) and (2.15), GDI(Fnsv) = n+2.
Case 2: Let the switched vertex bev1 as in the Figure 3.
SinceN(v) = {v2,v3, ...,v2n}, we considerS = {v,v1,v2},
a global dominating set ofFnsv1 and m(Fnsv1 − S) = 2.
Therefore

GDI(Fnsv1)≤ |S|+m(Fnsv1 − S) = 5. (2.16)

c© 2017 NSP
Natural Sciences Publishing Cor.



Math. Sci. Lett.6, No. 3, 263-269 (2017) /www.naturalspublishing.com/Journals.asp 269

To show that the number|S|+m(Fnsv1 − S) is minimum,
we must show that|S| is minimum andm(Fnsv1 − S) is
also minimum. Sincev2 is adjacent to the vertices
{v1,v3,v4, ...,v2n} in Fnsv1, if v2 is removed from setS,
then{v3,v4, ...,v2n}, will not be dominated by any vertex
in Fnsv1. ThenS′ = {v,v1} is not dominating set ofFnsv1,
so S′ is not a global dominating set ofFnsv1. Thus S is
minimum. For m(Fnsv1 − S), if S1 is any global
dominating set other thanS, then|S1|+m(Fnsv1 −S1)≥ 2.
If m(Fnsv1 − S1) = 1, then |S1| ≥ 2n, so
|S1|+ m(Fnv1 − S1) ≥ 2n + 1. If m(Fnv1 − S1) ≥ 2, it is
easy |S1| + m(Fnv1 − S1) ≥ 5. Then for any global
dominating setS1,

|S1|+m(Fnsv1 − S1)≥ 5. (2.17)

Therefore, from (2.16), and (2.17), GDI(Fnsv1) = 5. �
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3 Conclusion

In this paper, we introduced the concept of global
domination integrity of graphs, we have obtained the
bounds and some properties for global domination
integrity of graphs. Relation between global domination
integrity and some parameters are established. The global
domination integrity of several other families of graphs is
an open problem.
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