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Abstract: In this paper, we established traveling wave solutions of the nonlinear evolution equation. The sine-cosine method was used
to construct travelling wave solutions of the Fitzhugh-Nagumo equation and Cahn-Allen equation. Graphical interpretation shows that
obtained results include periodic and Soliton wave solutions. It is also shown that for α = −1, solutions of Fitzhugh-Nagumo equation
coincide with solutions of Cahn-Allen equation.
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1 Introduction
The study of solitary wave solutions of nonlinear partial
differential equations (NLPDEs) plays an important role
in the study of nonlinear physical phenomena, which
appears in various scientific and engineering fields, such
as optical fibers, solid state physics, fluid mechanics,
plasma physics, biology, chemical kinematics, chemical
physics and geochemistry. In recent years, the direct
approach for exact solutions of PDEs has become more
and more attractive partly due to the availability of
computer symbolic systems like Maple or Mathematica,
which allows us to perform the complicated and tedious
algebraic calculations on computer.
A variety of powerful methods, such as Exp-function
method [1], adomian decomposition method [2], bilinear
transformation[3], Inverse Scattering Transform [4], the
tanh-sech method[5,6], the tanh-coth method[7],
homogeneous balance method[8], Exp-function method
[9], and many others see [10,11,12,13,14]. In recent
years, the sine-cosine method and the rational sine-cosine
method [15,16,17,18] have been widely used to search
for various exact solutions of nonlinear PDEs. The
motivation of the present paper is come from the work of
Abdul-Majid Wazwaz [2].

The Travelling wave solutions are useful in the
theoretical and numerical studies of the nonlinear
equation models due to complexity and challenges in
their theoretical study. Therefore, finding travelling wave
solutions of nonlinear equations is of fundamental interest
to complectly understand the model. In this paper the
sine-cosine method will determine the Traveling wave
solutions of Fitzhugh-Nagumo equation [19,20,21] and
Cahn-Allen equation [22].
The article is prepared as follows: In Section 2,
sine-cosine method is discussed. In Section 3, we exert
this method to the nonlinear evolution equations pointed
out above; in Section 4, graphical interpretation and in
Section 5, conclusions are given.

2 Analysis of the method
In this section, we will highlight briefly the main steps of
Sine-cosine method for nonlinear PDEs.
(I). We first use the wave variable ξ = x − ct to convert
the PDE
P(u, ut , ux , uxx , uxxx , ...) = 0,
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into an ordinary differential equation (ODE)
Q(u, u′ , u′′ , u′′′ , ...) = 0.
(2)
(II). The sine-cosine method allows us the use of the
ansatz
u(x,t) = λ cosβ (µξ ),

|ξ | ≤

π
,
2µ

(3)

or the ansatz
π
u(x,t) = λ sinβ (µξ ), |ξ | ≤ ,
(4)
µ
where λ ,µ and β are parameters that will be determined.

or

λ 3 (cos(µξ ))3β

− λ 2 (cos(µξ ))2β
−λ (cos(µξ )) α + λ (cos(µξ ))β −1 β sin(µξ )µ c
(8)
−λ (cos(µξ ))β −2 β 2 µ 2 + λ (cos(µξ ))β β 2 µ 2
+λ (cos(µξ ))β −2 β µ 2 + αλ (cos(µξ ))β = 0
2β

2

Simplifying this equation and introducing a new
variable Y = cos(µ z), we obtain

λ 3Y 3 β − λ 2Y 2 β − λ 2Y 2 β α − λ Y β −1 β sin (µ z) µ c
(9)
−λ Y β −2 β 2 µ 2 + λ Y β β 2 µ 2 + λ Y β −2 β µ 2 + α λ Y β = 0

(III). Substituting (3) or (4) into the reduced ODE
gives a polynomial equation of cosine or sine terms.

It is obvious that equation eq.(9) is satisfied if the
following system of algebraic equations holds:

(IV). Balance the terms of the cosine functions when
eq. (3) is used, or balance the sine functions when eq. (4)
is used, to get a system of algebraic equations among the
unknowns λ ,µ , c and β .

β − 1 6= 0, β − 2 6= 0,
3β = β − 2,
2β = β − 1,
λ 3 = λ β 2 µ 2 − λ β µ 2,
−λ 2 − λ 2 α = −λ β sin(µξ ),
λ β 2 µ 2 = −αλ .

(V). Determined λ ,µ , c and β by algebraic
calculations or by using Maple, the solutions proposed in
eq. (3) and eq. (4) follow immediately.

3 Applications

Solving this system leads to

β =√
−1,
λ = √−2α ,
µ = −α .

3.1 Fitzhugh-Nagumo equation
Let us consider the Fitzhugh-Nagumo equation
(5)
ut − uxx = u(u − α )(1 − u)
where α is an arbitrary constant. Eq. (5) is an important
nonlinear reaction-diffusion equation and applied to model
the transmission of nerve impulses [19] and [20], also used
in biology and the area of population genetics, in circuit
theory [21].
Using the transformation u(x,t) = u(ξ ) where ξ = x − ct ,
(5) yields following ODE,
u3 − u2 − α u2 + α u − cu′ − u′′ = 0.
Substituting eq. (3) into eq. (6) yields

(6)



2
−λ 2 (cos(µξ ))β (cos(µξ ))2




 +λ (cos(µξ ))β (cos(µξ ))2





 +αλ (cos(µξ ))β (cos(µξ ))2



β 

−λ (cos(µξ ))  −β sin(µξ )µ c cos(µξ )

=0
2 


2
2
2
(cos(µξ ))  +β (sin(µξ )) µ



 −β µ 2 (cos(µξ ))2





 −β (sin(µξ ))2 µ 2
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(7)

(11)

Consequently, we obtain the following Traveling wave
solutions
√

√
u1 = i 2α sech α (x − ct) ,
u2 =

α >0

√
√

−2α sec −α (x − ct) ,

α <0

(12)
(13)

Now, if we use the ansatz eq. (4) instead of eq. (3),
we will get the same system of eqations as above
and therefore two more solutions are given by
u3 =

√

√
2α csch α (x − ct) ,

u4 =

√

√
−2α csc −α (x − ct) ,



−α (cos(µξ ))2

(10)

α >0
α <0

(14)

(15)

3.2 Cahn-Allen equation
Now we consider the Cahn-Allen equation
ut − uxx − u + u3 = 0

(16)

which is a reaction-diffusion equation and describes the
process of phase separation in iron alloys, including

Math. Sci. Lett. 4, No. 1, 33-37 (2015) / www.naturalspublishing.com/Journals.asp

35

4 Graphical Interpretation

order-disorder transitions[22].
Using the transformation u(x,t) = u(ξ ) where ξ = x −
ct , equation (16) is converted to the following ODE
−u′′ − cu′ + u3 − u = 0

(17) In this section, we will put forth the graphical
representation of determined traveling wave solutions of
Fitzhugh-Nagumo equation and Cahn-Allen equation.

Substituting eq. (3) into eq. (17) yields


2
λ 2 (cos(µξ ))β (cos(µξ ))2





β  +β sin(µξ )µ c cos(µξ )
λ (cos(µξ ))  −β 2 (sin(µξ ))2 µ 2

=0

2 
2
2

(cos(µξ ))  +β µ (cos(µξ ))


 +β (sin(µξ ))2 µ 2
2
−(cos(µξ ))
(18)


Or

λ 3 (cos (µ ξ ))3 β + λ (cos (µ ξ ))β −1 β sin ( µ ξ ) µ c
−λ (cos( µ ξ ))β −2 β 2 µ 2 + λ (cos (µ ξ ))β β 2 µ 2 (19)
+λ (cos( µ ξ ))β −2 β µ 2 − λ (cos (µ ξ ))β = 0
Simplifying this equation and introducing a new
variable Y = cos(µ z), we obtain

λ 3Y 3 β − λ Y β −1 β sin (µ z) µ c − λ Y β −2 β 2 µ 2

+λ Y β β 2 µ 2 + λ Y β −2 β µ 2 − λ Y β = 0

(20)

Fig. 1: Soliton profile of (12) with wave speed c = 1, α = 1 and
x ≥ −1, t ≤ 4

It is obvious that equation eq. (20) is satisfied if the
following system of algebraic equations holds:

β − 1 6= 0, β − 2 6= 0,
3β = β − 2,
λ 3 = λ β 2 µ 2 − λ β µ 2,
−λ β sin(µξ )µ c = 0
λ β 2µ2 = λ .

(21)

Solving this system leads to

β = −1, µ = 1, λ =

√
2.

(22)

Consequently, we obtain the following Traveling wave
solution
√
√
2
= 2 sec(x − ct)
u1 =
cos (x − ct)

(23)

For ansatz u(x,t) = λ sinβ (µξ ) we obtain following
solutions
√
√
2
= 2 csc(x − ct)
u2 =
sin (x − ct)

Fig. 2: 3d plot of periodic wave solution, profile of (13) with
wave speed c = 1, α = 1 and x ≥ −4, t ≤ 4

(24)
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Fig. 3: Soliton profile of (14) with wave speed c = −1, α = 1
and x ≥ −4, t ≤ 4

Fig. 6: Soliton profile of (24) with wave speed c = −1,and x ≥
−4, t ≤ 4

Remark 1 For α = −1, the Fitzhugh-Nagumo
equation coincide with Cahn-Allen equation, hence their
solutions also coincide : (13) coincide with (2.3) and
(15) coincide with (24), which can also be seen by their
graphical interpretation.

5 Conclusion

Fig. 4: Soliton profile of (15) with wave speed c = −1, α = 1
and x ≥ −4, t ≤ 4

We conclude that Sine-cosine method, with the help of
symbolic computation provides a powerful mathematical
tool for solving nonlinear evolution equations arising in
mathematical physics, which may be useful for the
explanation of some new nonlinear physical phenomena.
This approach can be extended to find traveling wave
solutions for the wide class of nonlinear dispersion partial
differential equations under certain restrictions, which are
arising in the theory of solitons and other areas.

Acknowledgement
The authors are grateful to the anonymous referee for a
careful checking of the details and for helpful comments
that improved this paper.

References

Fig. 5: 3d plot of periodic wave solution, shape of (23) with wave
speed c = 1,and x ≥ −4, t ≤ 4

c 2015 NSP
Natural Sciences Publishing Cor.

[1] A. Bekir, A. Boz, Exact solutions for nonlinear evolution
equation using Exp-function method, Physics Letters A 372
(2008) 1619-1625.
[2] A. M. Wazwaz, Partial differential equations and solitary
waves theory, Springer,(2009).
[3] R. Hirota, Direct method of finding exact solutions of
nonlinear evolution equations,in: R. Bullough, P. Caudrey
(Eds.), Backlund Transformations, Springer, Berlin, 1980, p.
1157.

Math. Sci. Lett. 4, No. 1, 33-37 (2015) / www.naturalspublishing.com/Journals.asp

[4] V.O. Vakhnenko, E.J. Parkes, A.J. Morrison, A Backlund
transformation and the inverse scattering transform method
for the generalised Vakhnenko equation, Chaos Soliton Fract.
17 (4), (2003), 683.
[5] W. Malfliet, W. Hereman, The tanh method. I. Exact solutions
of nonlinear evolution and wave equations, Phys. Scripta 54
(1996), 563.
[6] A.M. Wazwaz, The tanh method for travelling wave olutions
of nonlinear equations, Appl. Math. Comput. 154 (3), (2004),
713.
[7] A.M. Wazwaz, The tanh-coth method for solitons and kink
solutions for nonlinear parabolic equations, Appl. Math.
Comput. vol.188 (2), (2007), 1467.
[8] E. Fan, H. Zhang, A note on the homogeneous balance
method, Phys. Lett. A 246 (1998), 403.
[9] A. Bekir, A. Boz, Exact solutions for nonlinear evolution
equations using Exp-function method, Phys. Lett. A 372,
(10), (2008), 1619.
[10] J. Lee, Exact travelling wave solutions for some important
nonlinear physical models, Pramana Journal of Physics, 80
(2013) 757-769.
[11] H. Kim, New exact travelling wave solutions of some
nonlinear higher dimensional physical models, Reports on
Mathematical Physics, 70 (2012 ) 39-50.
[12] J. Lee and R.Sakthivel, Exact travelling wave solutions
for some nonlinear (N+1)-dimensional evolution equations,
Computational & Applied mathematics 31 (2012) 219-243
[13] J. Lee, R. Sakthivel, Exact travelling wave solutions
of Schamel-Korteweg-de Vries equation, Reports on
Mathematical Physics , 68 (2011) 153-161.
[14] J. Lee, R.Sakthivel, New exact travelling wave solutions of
bidirectional wave equations, Pramana Journal of Physics, 76
(2011) 819-829.
[15] Wazwaz A-M, Exact solutions of compact and noncompact
structures for the KP-BBM equation Appl. Math. Comput.
169 (2005),700-12.
[16] Wazwaz A-M, Compact and noncompact physical structures
for the ZK-BBM equation Appl. Math. Comput. 169
(2005)713-25
[17] Wazwaz A-M, The tanh and the sine-cosine methods for a
reliable treatment of the modi?ed equal width equation and its
variants, Commun. Nonlinear Sci. Numer. Simul.11( 2006),
148-60
[18] Alquran M, Solitons and periodic solutions to nonlinear
partial differential equations by the sine-cosine method,Appl.
Math. Inf. Sci. 6, No. 1,(2012), 85-88.
[19] R. Fitzhugh, Impulse and physiological states in models of
nerve membrane, Biophys. J.1 (1961) 445-466.
[20] S. Nagumo, S. Arimoto, S. Yoshizawa, An active pulse
transmission line simulating nerve axon, Proc. IRE 50 (1962)
2061-2070.
[21] M. Shih, E. Momoniat, F.M. Mahomed Approximate
conditional symmetries and approximate solutions of the
perturbed FitzhughNagumo equation J. Math. Phys., 46
(2005), p. 023503.
[22] S.M. Allen, J.W. Cahn, A microscopic theory for antiphase
boundary motion and its application to antiphase domain
coarsening, Acta Metallurgica, 27 (1979), p. 1085.

37

Iftikhar Ahmed
PhD Research Scholar (From
2011 to 2014) at College
of Mathematics and Statistics,
Chongqing
University,
Chongqing
401331,
PR
China. He did his master
in mathematics in 2006
from University of Sargodha
Pakistan.
His
research
interests include blow-up phenomena, extinction property,
exact solutions and chaotic dynamical systems.

Muhammad
Zubair is working as
Assistant
Professor
at
University of Engineering
and
Technology
Taxila,
Pakistan. He is PhD approved
supervisor by the Higher
Education
Commission
(HEC), Pakistan. He did
Post-Doctorate from Kyung
Hee University South Korea, and PhD from Harbin
Engineering University, China. He has been engaged in
teaching as well as in research mainly focused on nuclear
energy. His research interest includes Safety, Reliability
and Risk analysis of nuclear power plants, Living
Probabilistic Safety Assessment, Risk Monitoring, Digital
I&C System. He has been working on projects related
with monitoring methods for safety components. He is
also conducting research on designing, simulation and
mathematical modeling.

c 2015 NSP
Natural Sciences Publishing Cor.

