
J. Ana. Num. Theor.6, No. 1, 21-26 (2018) 21

Journal of Analysis & Number Theory
An International Journal

http://dx.doi.org/10.18576/jant/060104

m-Normal Cone Metric Spaces

MOHAMMED Shehu Shagari1,∗, IMAM Abdussamad Tanko1 and YAHAYA Sirajo2

1 Department of Mathematics, Faculty of Physical Sciences, Ahmadu Bello University, Zaria, Kaduna, Nigeria
2 Department of General Studies Education, Federal College of Education, Zaria, Kaduna, Nigeria

Received: 27 Jul. 2017, Revised: 18 Sep. 2017, Accepted: 22 Sep. 2017
Published online: 1 Jan. 2018

Abstract: In this paper, by using the concept of Archimedean property,m-normal cone metric space is introduced and some fixed
point theorems of contractive mappings satisfying weak contractive conditions onm-normal cone metric space are proved. An example
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1 Introduction

The field of fixed point theory has attracted the attentions
of many mathematicians for over nine decades. In 1922,
S. Banach [5] established a famous fundamental fixed
point theorem (called Banach contraction principle). In
fixed point theory, the contractive conditions on
underlying mappings play a crucial role in finding
solutions of fixed point problems. Banach contraction
principle is widely known as a strong source of metric
fixed point theory. The principle is applicable in several
branches of mathematics. For instance, it has been used to
study the existence of solutions of linear and nonlinear
integral equations, systems of linear equations as well as
to prove the convergence of algorithms in computational
mathematics. In respect of its importance, Banach
contraction principle has been extended in different
directions (see [1,2,4,8,9]).

In 2007, Huang and Zhang [9], replaced the real
numbers by ordering Banach space and introduced the
concept of cone metric spaces thereby establishing some
fixed point theorems for contractive type mappings in
normal cone metric spaces. They also discussed some
properties of convergence of sequences in the new space.
In the same article, completeness notion of the introduced
spaces was discussed. Rezapour and Hamlbarani [13]
modified the results of [9] for the case of cone metric
spaces in absence of the normality condition. Cho and
Bae [7] extended the notion of Hausdorff distance to cone

metric spaces and thereby extending the work of [11] by
replacing the metric space which was the domain of a
multivalued mapping with a normal cone in a complete
cone metric space. Ismatet al [4] introduced the notion of
topological vector space valued cone metric space and
obtained some common fixed point results. Azam and
Mehmood [2] worked on multivalued fixed point
theorems in topological vector space valued-cone metric
spaces and consequently improved the results of [4,7,9].
In a related work, Akbaret al [1] introduced the notion of
cone rectangular metric space and prove Banach
contraction mapping principle in cone rectangular metric
space setting. Similar results are contained in [3,4,8,12].

In this article, we define the notion ofm-normal cone
metric space and thereafter prove some fixed point
theorems of contractive mappings satisfying weak
contractive conditions onm-normal cone metric space.
Also, an example of a complete cone metric space is
given. This work improves many results in the literature.
In particular, it extends the ideas of [9].
Throughout this work, the set of real and natural numbers
will always be denoted byR andN respectively.

2 Preliminaries

In this section, relevant concepts needed in the main results
are presented. The definition of cone metric spaces and
related concepts from [9] are given as follows:
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Let E be a real Banach space andP a nonempty subset
of E. P is said to be aconeif and only if it satisfies the
following conditions:

(i)P is closed andP 6= {0};
(ii)a,b∈ R,a,b≥ 0,x,y∈ P⇒ ax+by∈ P;
(iii) P∩ (−P) = {0}, where−P= {−x : x∈ P}.

For any given coneP ⊆ E, we can define a partial
ordering≤ on E with respect toP by x ≤ y if and only if
y− x∈ P. We writex < y if x ≤ y but x 6= y andx ≪ y to
meany− x∈ intP, whereintP denotes the interior ofP.

The coneP is callednormalif there is a numberK > 0
such that for allx,y∈ E,

0≤ x≤ y=⇒‖x‖ ≤ K‖y‖. (1)

The least positive numberK satisfying (1) above is
called thenormal constantof P. The coneP is called
regular if every increasing sequence which is bounded
above is convergent.

Definition 1.[9] Let X be a nonempty set. Suppose there is
a cone P in E such that the mapping
d : X×X −→ E satisfies

(i)d(x,y)> 0 andd(x,y) = 0⇐⇒ x= y, ∀x,y∈ X;
(ii)d(x,y) = d(y,x) for all x,y∈ X;
(iii) d(x,y)≤ d(x,z)+d(z,y) for all x,y∈ X.

Thend is called acone metricon X and(X,d) is called a
cone metric space.
In the remaining part of this paper, we shall simply write
X to mean(X,d). It will be stated when used otherwise.

Definition 2.[9] Let X be a cone metric space and{xn} a
sequence in X with x∈ X. Then

(i)if for every c ∈ E with 0 ≪ c, there exists a natural
numbern0 such that for alln≥ n0, d(xn,x) ≪ c, then
{xn} is said to beconvergentand{xn} converges tox.

(ii)if for every c∈ E with 0≪ c there exists ann0 ∈ N

such that for alln,m≥ n0,d(xn,xm)≪ c, then{xn} is
called a Cauchy sequencein X. If every Cauchy
sequence inX converges to a point inX, then X is
called acomplete cone metric space.

Definition 3.[6] Let X be a non-empty set. A point x∈ X is
said to be a fixed point of the self-mapping T: X −→ X if
Tx= x. For any other point x∗ ∈X with Tx∗ = x∗, if x= x∗,
then T is said to have a unique fixed point in X.

Definition 4.[6] Two positive reals x and y are said to have
Archimedean property if there exists an integer m> 0 such
that y< mx.

3 Results and Discussion

In what follows, by extending the notion of Archimedean
property of the natural numbers to arbitrary elements in a
Banach spaceE, the concept ofreflective Archimedean
propertyof a Banach space is introduced. Consequently,
the idea ofm-normal coneis also established.

We must mention here that the weakness of this work in
its present form is our inability to give a non-trivial
example of anm-normal cone metric space in which the
cone satisfies the reflective Archimedean property. Hence,
via the proposed definitions, only theoretical concept is
presented hoping to fill-up missing gaps in subsequent
article as soon as possible. For an example of a cone
metric space , see [9].

Definition 5.Two positive vectors x and y in a Banach
space E are said to have a reflective Archimedean
property if there exists an integer m such that y< mx if
and only if y≤ mλ x,0 < λ < 1, where λ is called a
bi-conditional index.
The least positive integer m satisfying the above
inequality is called the Archimedean constant for P.

Definition 6.A cone P in a Banach space E is called m-
normal if it possesses a reflective Archimedean property.

Lemma 1.Let X be a cone metric space and P an
m-normal cone. Then the sequence{xn} in X converges to
x if and only if
d(xn,x)−→ 0,(n−→ ∞).

Proof. Suppose{xn} converges tox. This means for
everyc ∈ E with 0 ≪ c, there exists a natural numbern0
such that for alln> n0,

d(xn,x)≪ c. (2)

Let ε > 0 be given andcm< ε for anym> 0. SinceP
is m-normal, then (2) impliesd(xn,x)≪ c≤ cm< ε. This
meansd(xn,x) ≤ cλ m < ε,∀n > n0,0 < λ < 1. Hence,
d(xn,x)−→ 0,(n−→ ∞).
Conversely, letd(xn,x) −→ 0,(n −→ ∞). For c ∈ E, let
0 ≪ c be given. Then c − 0 ∈ intP. That is,
c− x= lim xn ∈ intP. Therefore,c−d(xn,x) ∈ intP. This
shows thatd(xn,x)≪ c.

Lemma 2.Let X be a cone metric space and P an
m-normal cone. A sequence{xn} in X is a Cauchy
sequence if and only if d(xn,xm)−→ 0,(n,m−→ ∞).

Proof.Suppose{xn} is a Cauchy sequence inX. Let ε > 0
be given. Choosec ∈ E with 0 ≪ c andcm< ε,m> 0.
Then there exists ann0 ∈ N such that for alln,m> n0,

d(xn,xm)≪ c< cm. (3)
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Lemma 3.Let X be a complete cone metric space, P an
m-normal cone and{xn} a sequence in X. Then{xn} is
a Cauchy sequence if and only if d(xn,x) −→ 0,(n,m−→
∞).

Proof. Suppose that{xn} is a Cauchy sequence. This
means for everyc∈ E with 0≪ c, there exists ann0 ∈ N

such that for alln,m> n0,

d(xn,xm)≪ c. (4)

Let ε > 0 be given andcm< ε for anym> 0. SinceP is
m-normal, then (4) implies d(xn,xm) ≤ cλ m,0 < λ < 1.
That is , d(xn,xm) < ε,∀n,m > n0. This shows that
d(xn,xm)−→ 0,(n,m−→ ∞).
Conversely, letd(xn,xm) −→ 0,(n,m−→ ∞). For c ∈ E,
let 0 ≪ c be given. Then
c−0∈ intP=⇒ c−d(xn,xm) ∈ intP. This means
d(xn,xm)≪ c. Hence,{xn} is a Cauchy sequence.

Lemma 4.Let X be a cone metric space and P an
m-normal cone. Let{xn} and{yn} be any two sequences
in X such that xn −→ x and
yn −→ y,(n−→ ∞).Then d(xn,yn)−→ d(x,y),(n−→ ∞).

Proof. Suppose{xn} and {yn} converge tox and y
respectively. This means for anyc ∈ E with 0 ≪ c, there
existn1,n2 ∈ N such that for alln> n1,n2,

d(xn,x)≪
c
2

(5)

d(yn,y)≪
c
2

(6)

Let cm< ε for anyε,m> 0. For n≥ max(n1,n2), we see
that

d(xn,yn)≤ d(xn,x)+d(x,y)+d(y,yn) (7)

d(x,y)≤ d(x,xn)+d(xn,yn)+d(yn,y) (8)

From (7) and (8), it follows that

|d(xn,yn)−d(x,y)| ≤ d(xn,x)+d(yn,y)

≤ c< mc< ε. (9)

Since P is m-normal, then (9) implies
|d(xn,yn)− d(x,y)| ≤ mλ c < ε. Since ε is arbitrary, it
follows thatd(xn,yn)−→ d(x,y),(n−→ ∞).

Theorem 1.Let X be a complete cone metric space, P an
m-normal cone . Suppose the mapping T: X −→ X is a
contraction , then T has a unique fixed point in X.

Proof. SinceT is a contraction, this means that there
exists anα ∈ (0,1) such that for allx,y∈ X, d(Tx,Ty)≤
αd(x,y).
Choose any pointx0 ∈ X and let a sequence{xn} in X be
defined by

x1 = Tx0,x2 = Tx1,x3 = Tx2, · · · ,xn+1 = Txn, · · ·

We shall show that the sequence{xn} is a cauchy
sequence. For each positive integern, we have

d(xn,xn+1) = d(Txn−1,Txn)≤ αd(xn−1,xn)

≤ α2d(xn−2,xn−1)≤ ·· · ≤ αnd(x0,x1).

For anyn> m, we have

d(xn,xm) ≤ d(xm,xm+1)+d(xm+1,xm+2)+ · · ·+d(xn−1,xn)

≤ (αm+αm+1+ · · ·+αn−1)d(x0,x1)

≤
αm

1−α
d(x0,x1)≤ aλ d(x0,x1)−→ 0(n,m−→ ∞).

[

a=
αm

1−α

]

Hence {xn} is a Cauchy sequence. By the
completeness ofX, xn −→ x, for somex∈ X. Now,

d(Tx,x) ≤ d(Tx,Txn)+d(Txn,x) (10)

≤ αd(x,xn)+d(xn+1,x)

SinceP is m-normal, (10) implies

d(Tx,x)≤ αλ d(x,xn)+d(xn+1,x)−→ 0,(n−→ ∞)·

That isTx= x, showing thatx is a fixed point ofT.
Assumex∗ is another fixed point ofT. Then

d(x∗,x) = d(Tx∗,Tx)≤ αd(x∗,x), This impliesd(x∗,x)≤
αλ d(x∗,x). That is(1−αλ )d(x∗,x) ≤ 0; proving thatx=
x∗.

Theorem 2.Let X be a complete cone metric space and P
an m-normal cone . For c∈ E, with0≪ c, x0 ∈ X and the
set of open ball Br(x0) = {x∈ X : d(x0,x)< r}. Suppose
the mapping T: X −→X satisfies the contractive condition

d(Tx,Ty)≤ αλ d(x,y),∀x,y∈ Br(x0)·

where0≤ α < 1,0< λ < 1 and d(Tx0,x0) < (1−αλ )r.
Then T has a unique fixed point in Br(x0).

Proof. For α = 0, the result holds trivially. Suppose
αλ 6= 0. It suffices to only prove thatBr(x0) is complete
and Tx ∈ Br(x0). Let {xn} be a Cauchy sequence in
Br(x0). Then{xn} is also a Cauchy sequence inX. Since
X is complete ,xn −→ x, for somex∈ X. Hence,

d(x0,x)≤ d(x0,xn)+d(xn,x)< d(xn,x)+ r = r,(n−→∞)·

This shows thatx∈ Br(x0). Therefore,Br(x0) is complete.
Now,

d(x0,Tx) ≤ d(x0,Tx0)+d(Tx0,Tx)

< (1−αλ )r +αλ d(x0,x) = r.

Therefore,Tx∈ Br(x0).

Theorem 3.Let X be a complete cone metric space and
P an m-normal cone. Suppose the mapping T: X −→ X
satisfies the contractive condition

d(Tx,Ty)<α [d(Tx,x)+d(Ty,y)+ρd(x,Ty),∀x,y∈ X] ,
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where 0< α < 1,0 ≤ ρ < 1. ThenT has a unique fixed
point in X.

Proof.Supposeρ 6= 0. Choose any pointx0 ∈ X and let
a sequence of points ofX be defined by

x1 = Tx0,x2 = Tx1,x3 = Tx2, · · · ,xn+1 = Txn, · · ·

We shall show that{xn} is a Cauchy sequence. Now,

d(xn+1,xn) = d(Txn,Txn−1)

< α [d(Txn,xn)+d(Txn−1,xn−1)+ρd(xn,T xn−1)]

= α [d(xn+1,xn)+d(xn,xn−1)]

<
α

1−α
d(xn,xn−1). (11)

Similarly,

d(xn+2,xn+1) = d(Txn+1,Txn)

< α [d(Txn+1,xn+1)+d(Txn,xn)+ρd(xn+1,T xn)]

= α [d(xn+2,xn+1)+d(xn+1,xn)]

<

(

α
1−α

)2

d(xn,xn−1).

Continuing in this fashion, we see that

d(xn+1,xn) ≤ ·· · ≤

(

α
1−α

)n

d(x1,x0)

= tnd(x1,x0),where t=
α

1−α
.

Forn> m, we get

d(xm,xn) ≤ d(xm,xm+1)+d(xm+1,xm+2)+ · · ·+d(xn−1,xn)

≤
(

tm+ tm+1+ · · ·+ tn−1
)

d(x1,x0)

<
tm

1− t
d(x1,x0). (12)

SinceP is anm-normal cone, we see that

d(xm,xn)≤
tmλ

(1− t)λ d(x1,x0)−→ 0,(n,m−→ ∞).

Therefore, by Lemma2, {xn} is a Cauchy sequence.
SinceX is complete, thenxn −→ x,(n −→ ∞) for some
x∈ X.

Since T satisfies a contractive condition, then it is
continuous.
Consequently,

x= lim xn ⇒ Tx= T(lim xn)

⇒ lim Txn = lim xn+1 = x.

This shows thatx is a fixed point ofT. Now supposex∗ is
another fixed point ofT. Then

d(x,x∗) = d(Tx,Tx∗)

≤ α [d(Tx,x)+d(Tx∗,x∗)+ρd(x,Tx∗)]

= αρd(x,x∗)

This impliesd(x,x∗) = 0. Hencex= x∗.
By putting ρ = 0 in Theorem1, yields the following
corollary as an extension of Kannan contraction mapping.

Corollary 1.(Also,see [9]) Let X be a complete cone
metric space and P an m-normal cone. Suppose the
mapping T: X −→ X satisfies the contractive condition

d(Tx,Ty)< α [d(Tx,x)+d(Ty,y),∀x,y∈ X] ,

where 0< α < 1. ThenT has a unique fixed point inX.

Theorem 4.Let X be a complete cone metric space and P
an m-normal cone. Suppose the mapping
T : X −→ X satisfies the contractive condition

d(Tx,Ty)< α [d(Tx,y)+d(Ty,x)+ρd(x,y)]∀x,y∈ X,

whereα ∈ (0,1),ρ ∈ [0,1), with m+ ρ < m−α,m> 0.
ThenT has a unique fixed point inX.

Proof. For ρ = 0, the idea is a replica of Theorem 4
of [9]. So, supposeρ 6= 0. Then choosex0 ∈ X and let a
sequence{xn} in X be defined as

x1 = Tx0,x2 = Tx1,x3 = Tx2, · · ·xn+1 = Txn, · · ·

We want to show that{xn} is a Cauchy sequence. For this,
consider

d(xn+1,xn) = d(Txn,Txn−1)

< α [d(Txn,xn−1)+d(Txn−1,xn)+ρd(xn,xn−1)]

< α [d(xn+1,xn−1)+d(xn,xn−1)+ρd(xn,xn−1)]

This implies

d(xn+1,xn)≤ α
(

1+ρ
1−α

)

d(xn,xn−1). (13)

On the above steps, using (13), we have

d(xn+2,xn+1) ≤ α2
(

1+ρ
1−α

)2
d(xn,xn−1). Inductively, it

follows that

d(xn+1,xn)< · · ·< tnd(x1,x0),where t=α
(

1+ρ
1−α

)

< 1·

Forn> m, we have

d(xn,xm) ≤ d(xn,xn−1)+d(xn−1,xn−2)+ · · ·+d(xm+1,xm)

≤
(

tn−1+ tn−2+ · · ·+ tm)d(x1,x0)

<

(

tm

1− t

)

d(x1,x0). (14)

SinceP is m-normal, we see that
d(xn,xm) ≤

tmλ

(1−t)λ d(x1,x0) −→ 0,(n,m −→ ∞). Hence,

by Lemma 2, {xn} is a Cauchy sequence. By the
completeness ofX, xn −→ x, for some x ∈ X. Now,
consider

d(Tx,x) ≤ d(Txn,Tx)+d(T xn,x)

< α [d(Txn,x)+d(T x,xn)+ρd(xn,x)]+d(T xn,x)

= α [d(xn+1,x)+d(T x,xn)+ρd(xn,x)]+d(xn+1,x)

(15)
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Letting n −→ ∞ and using them-normality of P, we see
that

d(Tx,x)≤
1

(1−α)λ [αd(xn+1,x)+αρd(xn,x)+d(xn+1,x)] −→ 0,(n−→ ∞)·

Hence,Tx= x.
Assumex∗ is another fixed point ofT. Then

d(x,x∗) = d(Tx,Tx∗)

< α [d(Tx,x∗)+d(Tx∗,x)+ρd(x,x∗)]

= α [2+ρ ]d(x,x∗).

Clearly, 1−α(2+ρ)> 0, for ρ 6= 0. Hence,d(x,x∗)≤ 0,
by m-normality of P. Therefore,x = x∗.This proves that
the fixed point ofT is unique.

By settingρ = 0 in Theorem4, yields the following
corollary as an extended Chatterjea contraction mapping.

Corollary 2.(Also, see [9]) Let X be a complete cone
metric space and P an m-normal cone. Suppose the
mapping
T : X −→ X satisfies the contractive condition

d(Tx,Ty)< α [d(Tx,y)+d(Ty,x)]∀x,y∈ X,

whereα ∈ (0,1). Then T has a unique fixed point in X.

The following examples are gotten from the idea of [9].

Example 1.Let E = R2, the Euclidean plane and
P = {(x,y) : x,y≥ 0} an m-normal cone inE. Let X =
{

(x,0) ∈ R2 : 0≤ x≤ 1
}

⋃

{

(0,x) ∈ R2 : 0≤ x≤ 1
}

.
Let the mappingT : X×X −→ E be defined by

d ((x,0),(y,0)) =

(

b
a
|x− y|, |x− y|

)

,a,b∈ N ,a< b,

d ((0,x),(0,y)) =

(

|x− y|,
b
a
|x− y|

)

,a,b∈ N ,a< b.

For x = y = 0 or x = y = 1, the above construction is
trivial. So, let x 6= y. Since E = R2 and every finite
dimensional subspace of a normed space is complete, it
follows thatX is a complete cone metric space.X is an
m-normal complete metric space since the coneP is
m-normal. For any two fixed natural numbersa,b with
a< b, the result is obvious by using the ideas of [9].

4 Conclusion

Huang and Zhang [9] came up with the idea of cone
metric spaces and proved important results concerning the
existence of fixed points for such contractions in the said
spaces. We continued this investigations and introduced
the concept ofm-normal cone metric spaces. This idea
particularly extends the work of [9] from cone metric
space tom-normal cone metric space. In general, the field
of metric fixed point theory is also improved. In this

direction, allowing the metric space under discussion to
be a classical one, then Theorem1 gives the famous
Banach fixed point theorem; forρ = 0, we have the
Kannan contraction mapping in Theorem1; and putting
ρ = 0, gives the famous Chatterjea contraction mapping
in Theorem4.
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