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Abstract: The distribution of ratio of two random variables has beerigtd by several authors especially when the two random
variables are independent and come from the same familfaigrpaiper, the exact distribution of the ratio of two indegemt Hyper-
Erlang distribution is derived. However, closed exprassiof the probability density, cumulative distribution @fion, reliability
function, hazard function, moment generating function #rer™™ moment are found for this ratio distribution and proved toabe
linear combination of the Generalized-F distribution. Bover, the particular case, the ratio of two independenteffixponential
distribution is examined.
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1 Introduction satisfactorily whenevel > X. Thus,Pr(X <Y) is a
measure of component reliability seg and [7].

The ratio distributionX/Y have been studied by

The distributions of ratio of random variables are of Several authors especially whnandY are independent
interest in many areas of the sciences, engineeringra“dom variables and come from the same family. For a

physics, number theory, order statistics, economicsistorical review, see the papers by Marsagkh gnd
biology, genetics, medicine, hydrology, psychology, Korhonen and ’Narula_gl for the normal family, Press
classification, and ranking and selection, sgg[?], [3]  [10l for Student's t family, Basu and Lochnet]] for the
and M]. Examples include safety factor in engineering, YVeibull family, Hawkins and Han1Z] for the non-central
mass to energy ratios in nuclear physics, target to controfni-squared family, ProvostLp] for the gamma family,
precipitation in meteorology, inventory ratios in Pham-Gia 14 for the beta family, Nadarajah and Gupta
economics and Mendelian inheritance ratios in genetics| 19 for the Logistic family, Nadarajah and Kota ] for
see [I] and [2]. Also ratio distribution involving two the Frechet.famny, AI|,_PaI, and Wod] for thga inverted
Gaussian random variables are used in computing errgg@mma family, Nadarajatif] for Laplace family, andT]
and outage probabilities, se8l[It has many applications for the Generalized-F family.

especially in engineering concepts such as structures, The distribution X/Y, when X and Y are two
deterioration of rocket motors, static fatigue of ceramicindependent Hyper-Erlang distributions, was not
components, fatigue failure of aircraft structures and theexamined by any author. In this paper, we examine this
aging of concrete pressure vessels, $eahd [7]. An distribution and find a closed expression of the probability
important example of ratios of random variables is thedensity function (PDF). We showed that the PDF of this
stress strength model in the context of reliability. It distribution is a linear combination of the Generalized-F
describes the life of a component which has a randondistribution. As a consequence, the ratio distribution of
strengthY and is subjected to random streXs The  two independent Hyper-Erlang distributions is obtained
component fails at the instant that the stress applied to ifrom the known Generalized-F distribution. Thus, the
exceeds the strength and the component will functionexpressions of the cumulative distribution function
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(CDF), reliability function, hazard function, moment
generating function and moments of ordefor X/Y are

2.2 Generalized-F distribution

determined. Next, we apply our results to a particular casd-et X be a random variable that has the Generalized-F

of X/Y, when X and Y are two independent
Hyper-Exponential distribution. Eventually, we illustea
our work in an example showing some graphs.

2 Some Preliminaries

2.1 The Hyper-Erlang distribution

The Hyper-Erlang distribution is the mixture afn

mutually independent Erlang distributions or parallel

mphase Erlang distribution weighted with the
probabilitiesp; and each!" Erlang stagds; has the shape
parametek; and rate parameter, for 1 <i < m, written
as Egx ~ E(ai,k). Let X be a Hyper-Erlang
distribution, then we writeX ~ Hm(F,d, K ), where
P = (p,P2,-..Pm) € [0,1™ are the weighted

probabilities with E pi =1, q = (a1,02,...,0m) € RT
i=1

_>
are rate parameters, anld = (kg ko, ...,km) € N™ are the
shape parameters. The PDP0fs given as

()= 3 pfe () @

where fe, (t) = (U5 ey o @) is the PDF of

the Erlang distributiorE,, i, ~ E(ai,ki). The cumulative

distribution function of X is
m m ki_l p'(C{'X)jefaiX
() = Y pFe() = 1—- 3 3 S5, the
i=1 i=1j=1 (-9
moment generating function is
m m .M
Ox(t)=5 piPg(t) =Y %m The moment of order
i=1 =

pir (r+ki)
afr (k)

m m
is EX'] = 5 pE[Ey ] = 3 . Then we have
i=1 ’ i=1
m m ek
E[X] = y B E[X¥ = y PRISH) see g, [19], and
i=1 i=1 i
[20.
. The particular case of this distribution is when
K = (1,1,...,1). This case is the Hyper-Exponential
distribution where the mphases are exponential
distribution, then Eq 1 ~ E(ai,1) = Exp(ai), the
exponential distribution with parameter, 1 <i < m.
The PDF here is

fxn(t) = ; Pictie "l (0,00 (1) (2

This  particular case can be  written

X~ Hm(ﬁvﬁvi}) = Hm(ﬁvﬁ)

as

distribution or called the generalized beta-prime
distribution with three positive parameterg v, andy.

. B yV2tV171
The PDF of X isf(t,vq,v2,y) = BV Ly T2 t>0,
where

B(v1,V2) = /0 1tVrl(1_t)V2—1dt (3)

is the usual Beta function, se€][ Taking y = g where
o > 0 andp > 0, we can write the PDF as

(&)

B(V]_,Vz) (t + g)vlJer

f(t,vy,vp, —) =
(,1,2,0)

(4)

The Generalized-F distribution is related to the F
distribution with two parameters, whergX is a F
distribution with Zr and 23 degrees of freedom7] and
[21]. Thus, the distribution of Generalized-F distribution
can be obtained from this relation, sed] [22] and [23].

As a result we have the cumulative distribution function
of X 'is

F() =1 (v1,V2), (5)
wherely(a,b) = Bé?fg)” is the regularized incomplete beta

function and B(x,a,b) = fJta1(1—t)>1dt is the
incomplete beta function. The moment generating
function ofX is

I (v1+V2)
I (v2)
whereU (a,b,2) = 5 Jg' e 23 1 (141)°*dt is the

confluent hypergeometric function of the second kind.
Moment of ordek of X is

VT (i KT (v2—K)

o) = U (v1,1—Vo,—1t), (6)

E[XK = whenk <v, (7
else diverges, thus the expectatiofEiX| = %, when
V2 > 1andvar|X] = L2401l yherey, > 2,

T VB(2-1)%(v2-2)

The particular case of the Generalized-F distribution
is whenv, = vp = 1, which is the log-logistic distribution
with parameter 1y and 1, we write

X~GF(1,1y) = Ioglogistic(%/,l) (8)
whenv; = v, = 1. In this case we have the PDFXfis
y
f(t)= 9)
(t+y)?
if t >0andf(t)=0ift <0, and CDF is
X
F(X) = — 10
M=ty (10)

if x>0andf(x)=0if x<O0.
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3 Ratio of Hyper-Erlang Distribution However,(lq(?liij(l_jl_)!l)! is the particular case of the beta

functionB(k;,lj) in Eq (3), wherek; andl; are integers.

In this section, we examine the ratio of the Hyper-ErIang_I_here]core we obtain that

distribution. A closed expression of the PDF is derived
and written as a linear combination of the Generalized-F

distribution. As a consequence, the expressions CDF, (& k-1
reliability function, hazard function, moment generating fy v (t) le pl(h Bj Kl
function and moments of orderfor this distribution are ki, 1j)(t+ a) !
determined. _ o
We suppose thatX and Y are two independent Referring to Eq 4), the expression in the above
Hyper-Erlang dlstrlbutlon Then we take summat|on the PDF of the Generallzed F distribution,
X ~ Hm(P, ﬁ K), B = (pn,Pz-...pm) € [0,4™ GF(k;, IJva.) Writing W j ~ GF (k;, IJ,G) we obtain the
_)
o = (a1, 00, ..., )6R+,and K = (ki.ko, ... km) € Nm  result
éjgd Y ~ Hn(T, B ), @ = (G, G2,-.0n) € [0,2]", Theorem 1 showed that the PDF of the ratio
B = (B1,B2,...,3n) € RQ, and T> = (Ig,l,...,In) € N°.  distribution of two independent Hyper-Erlang distributio
From Eq () the PDF ofX andY is a linear combination of the Generalized-F distribution.
From this linear form, we can find other related functions
for X/Y, such as the CDF, reliability function, hazard
f ) andfy ( f (11 ' i '
Zp. By k' vt Zq’ By, ) function, moment generating function and moment of

) orderr. As a consequence of Theordmwe prove in the
respectively, whereEg i ~ E(aiki), 1 <i<m and next corollaries that these related functions are also a
Ep1; ~EB.1j), 1< j<n linear combination of the those of the Generalized-F

Theoremllet X and Y be two independent diStribution.

Hyper-Erlang distributed according told). Then the

PDF of X/Y is given by Corollary 1.Let X and Y be two independent

Hyper-Erlang distributed according tol@). Then the

m n CDF of X/Y is
fx v (t) Z Z pid; fu; (1), (12)
=
where {y ; () is the PDF of the Generalized-F distribution Py () Zi Z pqu )

W j ~ GF(k,1j,2).
ProofThe PDF of ratio distributionX/Y is given by

fX/Y(t) = [y yfx(yt) fy (y)dyfor t > 0. However the PDF .In.tlhe next.corollaries, we give.the expression of the
of X andY, are given in Eq 11), Thus we obtain that reliability function and hazard function o¢/Y.

m n
fxy(t) = 2 2 Pidj lo y(fEai,ki YO feg . (Y)) dy. The cCorollary2let X and Y be two independent
v f Hyper-Erlang distributed according tol@). Then the
reliability function of X/Y is

Ry /v (X) 212 pidjl v (ki,lj)

>(+V

where k(a,b) is the regularized incomplete beta function.

product in this integral is a multiplication of the PDF o
two Erlang distribution correspondlng to their parameters
which is given as

( ) e (20
fe,, D)Te, , (¥) = Syl e for

t>0andt <0 giveSfY/x( ) 0 Then fort >0, and the hazard function of % is
Bj tki B m n
fx v (t) = Z Z plqjlgﬂi_lfo Py -le Y a gy 2 le'qJ iy 1
) hX/Y(t): m n
To evaluate the above integral, we use the integral élj;piqjlx’j—{ﬁ(k"lj)

Jo' e *dx = 2 for b > 0 and any positive integex.

v Bi _ where a b is the regularized incomplete beta function
Thus 5"y +li~te y<tJro'f)dy (2li ! \ne obtain that k(a.b) g P

(t+ EJ)‘W'J andyj =g, 1<i<mandl<j<n.
) (K +1j — 1)itk—1 ProofThe reliability function of X/Y is related to the
v (1) ziz plqj a CDF asRy v (x) = 1 —Fx y(X). We use the expression of
— (= 1)t + g—{)kﬁ'i Fx v (X) in Corollary 1 as
(@© 2017 NSP
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m n m n

Fxyy(¥) = 3 5 pigjl x_ (ki,lj). However, from 4], Z > (J ) for I #1, 1< j <n, also for
iS1j=1 el S alic

we have | _ o E an>forl 1,2 and

| (ki,lj))=1—1;__x_(Ij,k) =1—1 y, (Ij,k). Then 2% = 21,21 Fi-1)(-2) 7

] i ] 1<j<n.

we have -

m n m n
Py = 3 5 pg — 3 3 pigly (k) = , o
I ==l X 4 Ratio of Hyper-Exponential Distribution
1= ,; E p'qllxy{,] (klj). Thus, the reliability is Next, we consider the particular case of the Hyper-Erlang
distribution, the Hyper-Exponential distribution. L&t
Ry (%) = 2 2 Pig;! b (ki,1j). Moreover, the hazard 4y pe two independent Hyper-Exponential random

function is fX/Y( )/RX/Y( ). Substituting the expressions
of fx v (t) in (12andRy v (t),we obtain the result.

Corollary3.Let X and Y be two independent
Hyper-Erlang distributed according tol1(). Then the

moment generating function of/X is
Py v (1) Z\leiqj'%rj(t) (13)
where @y, (t) ﬁ'“(“)) (61-1,-2) and

U (a,b,2) is the confluent hypergeometric function of the = I

second kind.

Proposition1.Let X and Y be two independent
Hyper-Erlang distributed according tol1(). Then the
moment of Z= X /Y of orderr is

m n D pig BT (ki) (1j—r
3 3 paEW| -3 5 BTG Ir0r

i=1j=1 =1j=1

E[Z'] =

forr <min{lj},1<j<nandW; NGF(M,IJ,%).

ProofFrom Eq (3) the moment generating function af
m n
is Pz(t) = Z Z pid; ®w; (t) and ther! derivative is

r ()
dd = Z Zpl(h

i=1j=1
moment of order of Z is the rth derivative of ®z(t) at

t = 0, this gives thaE[Z'] = E § pid; E[W;], where
i=1j=1 '

given as . Now, since the

EW;] is the moment of order of the Generalized-F

variables each distribution of different stages. Thus,

X ~ Hn(P,d), B = (Pr.P2-wPm) € (0,17

STp = 1 and = (04,02,...,am) € RT, and

Y Hn ﬁ B a - (QLQZa--an) € RT! ZTzqu = 11

and B = (B1,B2;-...Bn) € [0,1)™. Then from Eq 2) the
PDF of X andY are

fx (t) = eril piaie” %t and fy (t) = Z?:lqjﬁj e hit

(14)
We note again that in this case
X ~ Hm(P, ', K) Hmﬁﬁ ) where K = (1,1,...,1)
and Y ~ Hn(T, B = Hn(q,B) where
=(11,..., ). Then referrlng to our rgf,ults in section 3
and by taking the particular cases whén= (1,1,...,1)

and I =(1,1,...,1), we obtain the results of the ratio of
two independent Hyper-Exponential distribution. We state
them in the following corollaries.

_>
Corollary 4.Let X ~ Hn(P,d) and Y ~ Ho(Tq, B) be
two independent Hyper-Exponential distribution. Then the
PDF of X/Y is

fx v (t) =

fort >0 and /v (t) =0, fort <0. The CDF is

pIqJX

21] 1X+

for x > 0 and Fy(x) = 0, for x < 0. The reliability
function is

Fx v (X

distributionVW; ~ GF (k, 1, &), m 0 pi; (%)
On the other hand, Eq) gives that Ru/v (1) = ZZ —p5
i=1j=1 t—l—FJi
r o
E[Wr = B i+n)r(lj—n) fort > 0 and Ry(t) =0, for t < 0. The hazard function
of (k) (Ij) is
m n Pl%ﬁ
whenr <min{l;}, 1< j <n. Thus, we obtain the required > 2 ﬁp'
results. h I e G )
v (t) = —BJ.
From proposition1, we conclude some particular g < p'q‘<°’7>
moments. The expectation, forr = 1, i=1j=1 t+f,—f
(@© 2017 NSP
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fort >0andhy v (t) =0, fort <O0.
ProofThe proof is directly obtained by taking the [1]
particular case of the ratio of two independent
Hyper-Erlang distribution given in Theorem and 2]

Corollariesl and2. In this particular case we have from
Equation8, W ; ~ GF(1, 1,%) = Ioglogistio(g—},l) and

knowing that PDF and CDF oM ; are given in Eq §) 3]

B
and Eq (0Oas f(t) = —— and F(x) = %
t+g—@ Xt

' [4]
respectively. Thus, the results are obtained.

5]
4.1 Application
(6]

Next, we give an example to illustrate our work. Lét
andY be two independent Hyper-Erlang distribution with

X ~ Ha(P,d,K), P = (05,0203), o = (13,5),

and K = (243 and Y ~ Ho(d.B,T),

@ = (02,01,0502), B = (1,46,2), and
I' =(3,5,2,3). By applying Theorend, we obtain that
the PDF ofX /Y is

(7]
(8]

1.2t 9.6t 153@ 54t
1+t T 21085 T @7 T e

N 194.4t3 N 15552t3 N 4644863
(1+3t)  (2+3t)7  (4+3t)°

N 58323 N 2252 N 180aG2
(6+3t)6  (1+5t)°  (2+5t)°
4032002 810Q2

T ars08 T e5ns

(9]

fxy(t) =

fort > 0 andfyy(t) = 0 fort < 0. Figure 1 shows the
curve of fy v (t) and Figures 2,3 and 4 show the CDF,
reliability and hazard function ofX/Y respectively,
obtained in Corollaried and2.
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