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Abstract: In this paper, we find some characterizations of connectegtbe graphs in terms of the degree sequence with respect to
minimum degree distance.
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1 Introduction introduce some new 5-cyclic graphs having different

degree sequences. In this paper, we will determine all the
Let G € ¢3 represent the family of the connected graphsextremal 5-cyclic graphs achieving the minimum degree
having 5 cycles withn vertices. Any graph irZ> will distance.
contain five linearly independent cycles having at least
n+ 4 edges. Ifx,y are any two vertices from the graph,
thend(x,y) represents the geodesic path between the tw@ Pr operties Of Degree Distance of 5-Cyclic
verticesx andy. In a connected graph, we define the raph
degree distance of the vertexc V(G) in a manner that
D'(x) = D(x)d(x) where the factoD(x) = ¥ d(xY). [ emma 1LetifG € %5 then:

XYEV(G) ) if n = 6, then the unique extremal graphswith minimum

Inr;hlr']sgo:ss?equence, we define the degree distance of th egree distanceisisomorphic to K4 + a + 8. Where @ and
grap : B are the vertices of degree 2,
D(G= 3y Dx= Y dxD(x (i) The minimum degree distance for G € 42 is
1x,er(G) xyeV (G) min(D'(G)) = 126
=3 3 dy)(dx)+d(y)
xyeV (G)

Proof: If G is graph from the family of a 5-cyclic

In [1], Moon has characterize the trees by using theconnected graphs then:
concept of degree sequence of trees. Tomescu used ti{g the unique extremal graph from the family of the
same concept of degree sequence of graphs andonnected graphs with 5-cycles must be defined on at
characterized the uni-cyclic and bi-cyclic grapés Zhu least 6 vertices by adding two vertices of degree 2 to the
characterized the tri-cyclic graphs by using the degreecomplete grapiK, i.e. Ky + a + 3. The new vertices
sequence of the connected graph. [Rahim et al. and 3 share a common vertex. We see that graph will
continued the same concept of the degree distance diave the minimum degree distance having 5-cycles. The
connected graphs and characterized the 4-cycliextremal graph of such order figure is depicted below.

connected graphs by their degree seque8féVotivated (ii) First of all, we will find the degree distance of
from these, we will characterize the 5-cyclic connectedeach of the vertex and then by applying the summation
graphs with their different degree sequence orders. over all the degree distances of the vertex. After an easy

Keeping in view the degree distances of the cyclic graphcalculation, we get the degree distance of the graph i.e.
we will show the minimal graph having 5-cycles. We will D'(Kq+ a + ) = 126.
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W z
X y Fig. 2. Kg+a+8
Fig. 1: Unique extremal Graph with 5-cyclég + a + 3 Case 2.Now if we consider for 5-cyclic graph thals < 3

then we say thads = 2 and the degree sequence for such

a graph isd; = d; =d3 =dy = 4,ds =dg = 2 or

di=dy = 3,d3 = 4,d4 = 5,d5 = dg = 2. This degree
Lemma2.Let the order of graph be n > 6 and let sequence will have a unique realizatior4f. The graphs
N-1>dy>do>d3>ds>...>dy_1>dy>1bethe  with such degree sequence is isomorphi&gowith two
degrees of the which are to be from the set of natural added vertices as shown in Fig 2.

number, respective vertices of connected graph from . .
G € ¥ then: Let us consider different cases for order of graphs greater

() SP,d(vi)=2(n+4)=2n+8, than equal to six i.@ > 6 for all G € 4>. Let the result be
(i) di > 2, thiswill hold at least for the six of the vertices  true and hold fok < n.

of the graph. Case 3. Consider ifd, > 1 thend, = 2 because fod,, > 2

Proof: Let G be a graph from the family of connected We see thatl +d+dz+ ... +dn > 2n+8. Ford, =2 and
Cyclic graph i.eG € ¢°. By the definition of the 5-cyclic if we considem to be sufficiently large then by solving the

graph, it must contain 5 cycles. degree sequence equatidp+dz +d3 + ... +0dh = 2n+
(i) By the definition of the hand shaking lemma, we say 8 we will have following possible graphs with its degree
that 2E|= S d(v) sequence form as given.
XV(©) o If di=10,dr — d3 = ... — dn — 2 then the unique
y d(v) =d(w) +d(x) +d(y) +d(z) +d(a) +d(B) resultant graph with such degree sequence is isomorphic
Sd(v) =3+4+5+44+24+2=20 to graphG;.
So generally, we can say by the definition of the 5-cyclic® If di =9, d2 = 3,d3 = ... = dn = 2 then the unique

graph thaty cy(c) d(vi) = 2(n+4) = 2n+ 8. K4 with resultant graph with such degree sequence is isomorphic

added two verticeg andp of degree 2 is the only unique tOIdez,(isSarclid(i4dgrip;-d e —d.—2andd —8
5-cyclic extremal graph having the minimal degree ®" 91 =6 02=03=23,04=0s=... = Un = 2 ANAdy =,
distance, which is required. d, = 4,d3 = d4 = ... = dy = 2 then the unique resultant

(i) As by the definition of the 5 cyclic graph, we see that graph with such degree sequence is isomorph{@gand

. S . Ge graph.
the extremal graph having the minimum degree distance I 0y — 7,0y — s — ds — 3.0 — dg — ... =y — 2 Or

is on six vertices and each vertex is greater than or equal .
to two. So, we can say that for eaGhc ¥ at least six of =7, d =503 =0ds=... = dy = 2 then the unique
the vertices must be of degree greater than or equal to sultant graph with such degree sequence is isomorphic

i.e d > 2 wherei = 1,2,....,6, which is our second 0 G7,Gg, Go, G10, G11 andGy2 graph.

: P oIfd1:6,d2:d3:d4:d5:3,d6:...:dn:Zor
required condition of the lemma. G =6, 0y —Cs—4, ds—ds = ..~y — 2 ordy — 6,
d2=5,d3=3, d4=d5=...=dn=2 ord1:6,

(<) Now we will discuss the case when order of the
graphis 6 i.en = 6 for G € ¥>. We see form the extremal
graphKs + a + B that forn = 6. We have sum of the
degrees asly + dy + d3 + ds + ds + dg = 20. Now, we
suppose thads > 3 thend; 4+ dz + d3 + dg + ds 4+ dg > 20
which is contradiction to our 5-cyclic connected graph
result thaty d(vi) = 2n+ 8. So we say thals < 3.

d, =d3=ds=d5 =3,dg = ... = d = 2 then the unique
resultant graph with such degree sequence is isomorphic
t0 G13, G14, G155, G16, G17, G1g, G19, G20 and Gy graph.

o |f d1:5,d2:4,d3:d4:d5:3,d6:...:dn:ZOr

dl = dz 5,d3 = d4 = 3,d5 = ... dn =2 or

dj_ = dz 5,d3 = 4,d4 = d5 = ... dn =2 or

di1 =5,dp =d3 =4,ds =3,d5s = ... = dy, = 2 then the
Case 1.If dg = 3 then we calculate thalj + dy +d3z 4 dg + unigue resultant graph with such degree sequence is
ds = 17. The degree sequence for such graph will be of thésomorphic toG,2, Go3, Go4, Gos andGog graph.

formd;=5,dp=4,d3=ds =3,ds=2i.ed; >d, > d3> elfdi=do=d3=ds=4,ds = ... = dy = 2 then the

d4 > ds. The graph of such a degree sequence dith- 3 unigue resultant graph with such degree sequence is
is shown in Fig b. isomorphic toG,7 graph.
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Fig. 3: All Possible 5-cyclic graphs witby > 1

Fig. 4. All Possible 5-cyclic graphs witb, = 1

alhc:dé::dj (ngj 52%51%56::%%1 z g” Z g 8: then the unique resultant graph with such degree
i = Oy —4.ds— dy = s — 3= dg — 3,dy — - d,—2  Sequence s isomorphic & graph.

i Ll If dy = n - 1
then the unique resultant graph with such degree s;equencae2 Cdi—di—ds—3.d .. —. —dy=1 then the

is isomorphic taGzg, Gzg andGgzo grap unique resultant graph with such degree sequence is

elfdi=dy=...=dg=3,dg=... =dy=2thentheunique . hi h for th
resultant graph with such degree sequence is isomorphic ttf°MOrPhiC toZio graph.e Now, we suppose for the case
Ga1 graph. that if d; < n—2 andd, = 1. Then for the index we say

that 1<i < n-— 1. Now if we haved; < 2 then we get the

Case 4. Now if we consider the case thdf = 1 then we result thatz di < 2n—1 which is contradiction to our
will have the following the following subcases: hypothesis that is € 4 it must have the sum of degrees
in a form thaty d; = 2n+8 Now we can use another

Now, if we consider thatl; = n— 1 then, we will have  approach to the solution by finding a maximal indgx

the following possibilities: suchthan—1> j—1> 1 andd; > 3 anddj; <2 and
elfdi=n—-1,dy=d3=..=d;1;=2anddip= ... = the degree sequence of the required graph to be in form
dn = 1then the unique resultant graph with such degreed; > dy > d3 > ds... > dj 2 >dj_1 >dj >dj;1> ... >
sequence is isomorphic #y graph. dn > 1. Now considering the sequence at least six of the
° If dq = n — 1, members of the defined sequence
dh=d3=ds=0ds=3,dg=d7 =2,dg=... =dn = 1then  dy,dy,...,dj_1,dj,dj11,...,dn,1 must be greater than 2 for
the unique resultant graph with such degree sequence ishich we have already defined that < n— 2. Already
isomorphic taZ, graph. we know that for 5-cyclic connected gragh € %7°. It
elfdi=n-1dy=d3=d;=3,ds=dg =d; =dg = must have the sum of degrees in a form thalt = 2n+- 8.
2,dg = ... = d, = 1 then the unique resultant graph with As we considered the case tltht< n— 2 andd, = 1. So
such degree sequence is isomorphiZdgraph. we will get the degree sum as
° If d; = n — ,
h=d3=3dsg=ds=..=dg=2,dip=...=dp =1 Zn;lld| =di+d2+...+d-1=2(n—-1)+8=2n+6
then the unique resultant graph with such degree
sequence is isomorphic # graph. Now if we apply the principal of Induction
elfdi=n—-1,dy=4d3=ds=d5s=3,dg=2,d7=...= hypothesis, we will notice that there exist a grapk 4>
dn = 1 then the unique resultant graph with such degreehaving the degree sequence as mentioned earlier. Further,
sequence is isomorphic #3 graph. if we add new vertex to the graph in such a way that the
elfdi=n—-1,dy=d3=4,ds=ds=3,d7=...=dy=1 defined additional vertex is bonded to an edge of the
then the unique resultant graph with such degree sequenae@rtex with degree;_1. As a result, we will obtain a new
is isomorphic taZg graph. graph which will have 5 connected cycles i.e. new graph
elfdi=n—-1,db=3,d3=...=dig=2,dy1=...=d=1 will be from the family of the 5-cyclic connected graphs.
then the unique resultant graph with such degree sequenceéhe newly formed graph with 5-cycles will have the
is isomorphic taZy graph. degree sequence of the fordp > d, > ... > dy = 1. So
° If d; = n — 1, with this final result Lemma 6.2 comes to an end.
bh=d3=3ds=ds=..=dg=2dip=...=dr =1 Let us consider a vertexwherev € V(G) andG ¢ 54,?
then the unique resultant graph with such degreelet us take the degree of vertexbe d(v) = k then by
sequence is isomorphic #3 graph. using the result of the Tomescd]f [5] we can say that
° If ds = n - 1, D(v> 2n—k—2). For the equality leyy another vertex
h=4d3=dy=ds=3,dg=2d7=...=...=dy=1 from the set of vertices ofG and d(v,y) < 2 then
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D(v) = 2n—k — 2. On other hand the degree distance of 3 Conclusion
the graph will be
Letif G € 42 then:
D'(G) = Svev(c) d(VD(V) > SR Tkx(2n—k—2) (i) if n=6, then the unique extremal graphs with minimum
degree distance is isomorphicke+ o + 3. Wherea and
B are the vertices of degree 2,
(i) The minimum degree distance fo6G € ¥ is

wherex; represent multiplicities of degré@e multiplicity
of degrea and 1<i<n-—1

Now by denoting as in Tomescd]f [5] we can write min(D/(G)) = 126.
F (X17X27X37X47 "'7Xn—23 Xn—l) = zﬂ;% ka(Zn - k_ 2)
O
Now to investigate minimum of
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