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Abstract: We studied a new type of meandering of spiral waves in oscillatory recovering media using the modified Barkley’s model.
The core region expands, and the spiral tip follows itself an outward spiral-like trajectory. The spiral waves then break up near the
center of rotation, leading to spatiotemporal irregularity. This mechanism, as pointed out by Garfinkel, is still unknown. We investigate
the effect of the local dynamics and fixed points and study the transition to meandering and core expansion as the control parameter
is varied. The resulting non-monotonic dispersion curve has implications about similar behavior observed in the restitution curve and

attributed to double-wave reentry in cardiac tissue as indicated by other authors (Chaos 29 (2019), 073108).
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1. Introduction

Spiral waves have been frequently observed in many
excitable and oscillatory media. Examples include
chemical reactive solutions [1,2], in bacterial colonies
[3], and in cardiac tissue [4,5]. Understanding the
mechanisms of these spiral waves remains one of the
challenging problems in nonlinear dynamics. The spiral
waves dynamics are determined by the values of the
control parameters. As the parameters values are changed,
transitions are observed from regular patterns to spiral
breakup, leading to spatiotemporal chaos or irregularity
[6,7,8,9,10]. This behavior is responsible for the onset of
cardiac fibrillation [4,11,12]. Using Optical mapping in
the epicardial surface of an explanted human heart, spiral
wave reentry has been observed as the route from
tachycardia to fibrillation [12].

Spiral breakup has also been encountered in
experiments with the Belouzov-Zhabotinsky (BZ)
reaction [13,14]. One common scenario for the breakup
in oscillatory and excitable media is the Eckhaus
instability [7,8,9]. It occurs when a long wavelength
modulation appears, so that the minimum of the local
period violates the dispersion relation. Spiral breakup can
also occur without any modulation mode. It occurs in an
oscillatory reaction diffusion system when the rotation
center of the stable spiral is located at the unstable focus

[15]. A similar phenomenon occurs in excitable media
when the recovery is oscillatory and not monotonic, and it
can be attributed to core expansion [6]. We investigate it
in this paper using the modified Barkley’s model [16].

2. The model and numerical methods

The reaction diffusion model here is given by:

% — Ly(1—u)u— ((b+v)/a)] + Vu,

1
%:MZ'—V ()

where u and v are the excitatory and recovery (inhibitory)
variables,

In the local dynamics, there are three fixed points: (0,
0), (1, 1) and the point (u,,v,) given by the solution of
the equation: ¥’ + b = au. For the parameter values a =
0.75, b = 0.06, only (0, 0) is stable. The other two fixed
points, (1, 1) and (u,, v,) = (0.080701, 0.000526) for b
=0.06, a =0.75 and € '= 13.5, are saddle points. The
eigenvalues of (u,, v,) are given by the solutions of the
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following equation:
A2+ 1+ up(uy — 1) /€]A +up(u, — 1)/ €

)
—3ud(u,—1)/ag =0

The local dynamics are excitable. Depending on the value
of the parameter €, the recovery to the resting state is
monotonic for low values of € or damped oscillatory as €
is increased. The inverse of the parameter € specifies the
recovery time and characterizes the abruptness of
excitation. In the standard Barkley’s model, the local
dynamics term in Eq. (1) is (u — v). This implies that the
recovery rate here is slower. The use of this nonlinear
form (> — v) allows here maintaining the wave
propagation in one spatial dimension for high values of
¢, due to the delay in the production of the recovery
variable v. For some values of the system control
parameters, the spiral wave undergoes simple rigid
rotation around a circular core. As the control parameter €
is varied, the spiral end follows other meandering
trajectories, as shown in Fig. 1.

e=1/180

O e1=30.0

Fig. 1: Tip meandering patterns for different values of €.

€=1/20.0

3. Discussion

A spiral wave was created by the coarse gradient
cross-field method: # =0 in the left half of the medium
and u =1 in the right half; v = a/2 in the upper half and v
= 0 in the lower half. In Fig. 2, snapshots show the
dynamics of the system at various times. The first
snapshot corresponds to t =75 t.u, the third is at t = 86 t.u,
the 6™ is at 103 t.u, the 7™ is at 107 t.u. As we increased
the value of the parameter &, the spiral wave deviates
from stable simple rotation, the tip meanders and with
further increase in the parameter &, interesting new

meandering types occur as shown in Fig. 3, as the spiral
inner core region expands in time. The tip is defined here
as the intersection of the two isolines # = 0.5 and v = 0.5u
— b. A new phenomenon is observed in Fig.3, as the core
grows, the tip itself moves out along a “spiraling”
trajectory. Spiral breakup occurs when the spiral period
reaches the threshold value of the period that corresponds
to plane wave propagation for this value of € [17]. Then
the spiral rotates more rapidly than plane waves can
propagate. Notice that the recovery rate is slower for the
cubic local dynamics term (#° — v) compared to the linear
kinetics (u - v). Since the core is a source of waves, the tip
moves outward and forward, the spiral period changes
due to Doppler shift. At some locations within the
excitable medium, for critical values of &, the period will
reach the minimum period compatible with plane wave
propagation. At this instability, the spiral breaks down
into wave breaks, which would generate new spiral waves
leading to spatiotemporal chaos. Unstable meandering
due to lowered excitability has been shown in [18] to lead
to spiral break up (BU) and similarly attributed to
Doppler effect. But the tip trajectory was not like a spiral
path. Such Doppler instability at the spiral center has also
been initiated by [19] and lead to turbulence that was
controlled by injecting feedback signals which resulted in
stabilizing the spiral wave as a means to prevent spiral
breakup. However, no core expansion was reported and
the reason behind the instability was not described. The
Doppler-induced instability leading to spiral break up, is
seen here to be due to the core expansion, which was
attributed to non-local effects and curvature effects in the
case the medium recovers in an non-monotonic manner.
Such spiral break up (BU) near the core region has been
attributed to Eckhaus instability in [7], but later this claim
was disproved by [10] and the BU near the core region
was attributed to the nonlinear Doppler effect resulting
from the meandering instability. The value in [10] at the
onset the instability for the parameter was € = 0.077,
which is very close to the critical value that we obtained
here 7! = 13.5.

4. Spiral waves core expansion

A similar core expansion was investigated by Yang and
Garfinkel [15] in oscillatory media. The value of the
parameter a was changed and for lower values of a, in the
stable spiral regime, the spiral wave breaks up near the tip
region. The spiral core expands and the tip spirals out
along the previous spiral arm. They attributed this
behavior to the presence of the unstable focus at the
location of the spiral center. For low values of a, the
rotation center cannot maintain periodic waves anymore
as the faster small amplitude oscillations dominate, which
leads to the destruction of the stable spiral wave. In our
case, the excitable medium recovers in an oscillatory way,
and that lead to core expansion, without the presence of
an unstable focus. According to [15], in the oscillatory
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Fig. 2: Snapshots where the time intervals between snapshots are
not equal, showing the scenario leading to spatiotemporal chaos
with grid size 95 x 95, ¢! = 13.5, a = 0.75, b = 0.06, dt =
0.052, dx =0.51, L=48.

medium, the spiral break up occurred directly from the
stable spiral regime. In our case, with the change of the
parameter €, meandering patterns occurred first (Fig. 1),
and with further increase of €, core expansion is
observed. The value of € = 0.02 in [15], and the control
parameter was a. Here, the value of a = 0.75, and the
value of € is increased to 1/13.5. The use of such large
values of € is possible since we are using the cubic term
(> —v) instead of the linear term (u—v) like in [15]. The
recovery rate is slowed down by using the cubic
dependence on u, i.e., the modified Barkley’s model. In a
monotonically recovering medium, perturbations near the
spiral core are usually weakened by repulsive wave-front
interactions. In the case of oscillatory recovery, when we
increase the values €, the spiral core expands, and the tip
follows an outward motion along a spiraling trajectory.
This expansion was predicted by the theory of non-local
effects [20,21] and it is attributed to wave-front
interactions and curvature effects. The interaction of
wave-fronts propagating in an excitable medium is
determined by the manner of recovery to the rest state. If
the excitable medium recovers in an oscillatory manner,
the wave-fronts would lock up at fixed distances from the
preceding ones as shown below.

The solution of the reaction-diffusion system is written as
the resultant of two solitary waves with an additional
small perturbation term which is negligible in the limit of

e=1/13.5

Fig. 3: The outward “spiral” motion of the tip for e~ = 13.5.

infinite distance between the two waves:

u(z) =u(z—z1)+u(z—z)+R (3)

where, z; = x; —ct and zo = x, — ct, x; and x, are the
waves positions, and c is the propagation speed of the
solitary waves. For large |z;| and |z;], the tail of the wave
determines the medium’s recovery type to the resting
state: When the recovery is damped oscillatory, the
wave’s tail is given by u(z) o< e"*cos(vz + y); when the
recovery is non-oscillatory, u(z) o< ¢%. In both cases, the
leading edge of the wave is assumed to be of the form
u(z) o< e M2, Equations for x; and x, were obtained based
on the solvability conditions that remove singularities
from [22]:

19
% — ¢+ age H1—x2) 4)
% =c+ape M) eos(v(x) —x) + ) (5)

The second term on the right-hand side of Eq. (4)
corresponds to the effect exerted by the second wave on
the propagation of the first wave. In excitable media, it is
usually neglected. The second term on the right-hand side
of Eq. (5) corresponds to the effect of the refractory wake
of the first wave on the propagation of the second wave.
Using Eq. (4) and Eq. (5), the distance between the two
waves A = x; — x, is governed by the equation:
dA

i are " cos(VA + W) (6)
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If v # 0, the excitable medium recovers in an oscillatory
way. Then, it follows from Eq. (6) that an infinite number
of steady state solutions exist. This means that the
spacing between the wave-fronts takes one of many
possible values. This agrees with the results in [23] where
there was alternation of the time intervals between the
two waves in double-wave reentry in an anatomic circuit
consisting of a mono-layer of chick embryo cardiac cells
grown in an annular geometry. The corresponding
velocity restitution curve was non-monotonic. Such
non-monotonic restitution relationships result in cases in
which various spacing values between circulating waves
are possible.

Different solutions were obtained for the parameter
values a = 0.75 and b = 0.06, e ! = 13.5 and 14.5. The
numerical solution in Fig.4 is seen to approach the resting
state in an oscillatory manner. For lower values of the
parameter &, it reaches the resting state (0, 0, 0) in a
non-oscillatory manner for ¢! = 50.0 . For this value of
¢, the spiral undergoes circular rigid rotation. If £~ =
20.0 , the recovery is also monotonic, but there is
meandering rather than rigid rotation. The spiral end
follows an epicycle-like trajectory (shown in Fig. 1).
Unlike the results for ! = 13.5, the spiraling motion of
the tip due to core expansion was not observed for e 7! =
14.5, even though the recovery is of the oscillatory type.
The tip does not follow an outward “spiraling” trajectory.
The meandering type is like an epicycle trajectory. More
specifically, our results showed “spiraling” tip trajectory
for 13.0 <& '< 13.8. For e~ ! > 13.9, it meanders but not
along a spiraling orbit. We conclude then that oscillatory
recovery does not always imply core expansion. Final
conclusions about the spiral breakup (BU) mechanism are
not in general easy to obtain from numerical simulations
alone. It is worth noting, however, that while it is true the
oscillatory recovery causes core expansion, the reverse
conclusion — core expansion “proves”’ oscillatory
recovery — in not valid.

In Fig. 5, the dispersion curve, wave speed as a function
of period or the time interval since the end of the
preceding excitation at the same point, is shown for e~ =
13.5 and 50.0, computed by repetitively stimulating at one
of the ends of an open line. It exhibits damped oscillatory
character for ¢! = 13.5. This is in total agreement with
the non-monotonic velocity restitution curve in [23].
However, in [23], it corresponded to complex eigenvalues.
In Fig. 5, the first super-normal period during which the
excitability is higher than that of the rest state is very
pronounced. However, for e 1 =500, as expected, the
monotonically recovering system corresponds to a
monotonic increase in the propagation velocity until the
limit set by the solitary wave velocity is reached. Such
oscillatory restitution curve was obtained in [23]. Two
re-entrant excitation waves circulated as a doublet in a
closed loop in chick embryo cardiac tissue. Such behavior
is characteristic of cardiac arrhythmias. It commonly
occurs during tachycardia during which the heart beats
abnormally too rapidly. The velocity restitution curve is

1000 2000 3000 4000 5000 EQ0Q
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Fig. 4: Solitary traveling solution u(z) = u(x + ct) of Eq. (1)
illustrating damped oscillatory recovery for e 7! = 13.5 and 14.5,
and monotonic recovery for €' = 20.0 and 50.0.

not of the typical type, where the propagation velocity
increases with as the time interval increases. It is of the
oscillatory type like the one we obtained here in the case
of oscillatory recovering excitable.

In Fig. 6, we show the irregularity in the 1D dynamics for
£~ = 13.5 and the regular behavior for €' = 50.0. The
corresponding time variation show that the onset of spiral
chaos for ¢! = 13.5 which corresponds to damped
oscillatory recovery, while there is no irregularity for
£~ = 50.0 which corresponds to monotonic recovery.

5. Conclusions

We present a new scenario for the breakup (BU) using a
particular meandering type along an outward spiral-like
trajectory, leading to spiral chaos. This type of
destabilization of simple rigid rotation as the parameter €
is decreased is attributed to curvature effects and
wavefronts interactions in the case of oscillatory damped
recovery to the resting state in excitable media. It occurs
in this excitable reaction diffusion system due to the
non-monotonic recovery, and without any unstable focus
as it is the case for an oscillatory medium. The spiral
wave is found to break up into smaller spirals near the
center of rotation. This is a Doppler-induced instability
and not an Eckhaus instability as it was described by [7].
It is in agreement with the analysis in [10].

We also presented here some understanding about the
recovery type that corresponds to double-wave reentry in
the context of physiological properties of cardiac tissue.
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Fig. 5: Dispersion curve: Speed as a function of the period for
£~ = 13.5, and monotonic recovery for €' = 50.0.

The non-monotonic dispersion curve that was obtained
here is typically observed for the case of double-wave
reentry in cardiac tissue. The Doppler-induced instability
leading to spiral chaos, is initially started by the core
expansion, due to non-local effects, and is found to be
characteristic of non-monotonically recovering excitable
media. This transition from regular patterns to
spatiotemporal chaos in such excitable media remains
however a challenging problem and will be the subject of
further investigation.

References

[1] Kapral R, Showwalter K. Chemical waves and Patterns.
Dordrecht: Kluwer; 1994.

[2] Imbihl R, G. Ertl G. Oscillatory Kinetics in Hetergeneous
Catalysis. Chem. Rev 1995;95:697-733.

[3] Lee KJ , Cox EC, Goldstein RE. Competing patterns of
signaling activity in dictyostelium discoideum. Phys. Rev.
Lett 1996;76: 1174-1177.

[4] Gray RA, Jalife J, Panfilov AV, Baxter WT, Cabo C,
Davidenko JM, Pertsov AM. Mechanisms of cardiac
fibrillation. Science 1995;270:1222-1223.

[5] Rappel W-J. The physics of heart rhythm disorders. Physics
Reports. 2022;978:1-45.

[6] Sabbagh H. Observation of spiral wave core expansion in an
excitable medium. Phys. Lett. A 2002;299:207-211.

\‘

X
(a) (b)
S S
- ==
(e) (d

Fig. 6: The 1D dynamics for (a) €' = 13.5, and (b) e~ ! = 50.0.
The corresponding time dependence is shown at site #40 for (c)
e 1 =135, (d) e ! =50.0.

[7] Yang J, Xie F, Qu Z, Garfinkel A. Mechanism for Spiral Wave
Breakup in Excitable and Oscillatory Media. Phys. Rev. Lett.
2003;91:148302.

[8] Bar M, Or-Guil M. Alternative Scenarios of Spiral Breakup
in a Reaction-Diffusion Model with Excitable and Oscillatory
Dynamics. Phys. Rev. Lett. 1999;82:1160.

[9] Gani OM, Ogawa T. Spiral breakup in a RD system of cardiac
excitation due to front-back interaction. Wave Motion.
2018;79:73-83.

[10] Bédr M, Brusch L, Or-Guil M. Mechanism for Spiral Wave
Breakup in Excitable and Oscillatory Media. Phys. Rev. Lett.
2004;92: 119801.

[11] Glass L. Dynamics of Cardiac Arrhythmias. Physics Today
1996;49(8):40-45, August 40 (1996).

[12] Uzelac I, Iravanian S, Bhatia NK, Fenton FH. Optimal
mapping in an explanted human heart shows the transition
from ventricular tachycardia to ventricular fibrillation and
self-termination. Heart Rhythm 2022;19(11):1914-1915.

[13] Coullet P, Gil L, Lega J. Defect-medicated turbulence. Phys.
Rev. Lett. 1989;62:1619.

[14] Hilderbrand M, Bér M, Eiswirth M. Statistics of Topological
Defects and Spatiotemporal Chaos in a Reaction-Diffusion
System. Phys. Rev. Lett. 1995;72:1503.

[15] Yang J, Garfinkel A. Destruction of stable spiral waves in
oscillatory media. Phys. Rev. E. 2003;68:066312.

[16] Barkley D. A model for fast computer simulation of waves
in excitable media. Physica D. 1991;49:61-70.

[17] Barkley D, Kness M, Tuckerman LS. Spiral-wave
dynamics in a simple model of excitable media: The
transition from simple to compound rotation. Phys. Rev. A.
1990;42:2489(R).

© 2024 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

H. Sabbagh: Core expansion and spiral breakup in oscillatory...

[18] Liu G, Ying H, Luo H, Liu X, Yang J. Suppression of Spiral
Breakup in Excitable Media by Local Periodic Forcing. Int.
J. Bifurc. Chaos. 2016;26(14):16502236.

[19] Xiao J-H, Hu G, Zhang H, Hu B. Controlling the breakup of
spiral waves in an excitable medium by applying time-delay
feedback signals. Europhysics Letters. 2005;69:29.

[20] Meron E. in: A.V. Holden et al. (Eds.). The Effect of
Wavefront Interactions on Pattern Formation in Excitable
Media. Nonlinear Wave Processes in Excitable Media.
Plenum;1991:145-153.

[21] Meron E. The role of curvature and wavefront interactions
in spiral-wave dynamics. Physica D. 1991;49(1-2):98-106.
[22] Elphick C, Meron E, Rinzel J, Spiegel EA, J. Theor. Biol.
Impulse patterning and relaxational propagation in excitable

media. J. Theor. Biol. 1990;146(2):249-68.

[23] Cytrynbaum EN, MacKay V, Nahman-Lévesque O, Dobbs
M, Bub G, Shrier A, Glass L. Double-wave reentry in
excitable media. Chaos. 2019;29(7);073103.

Haidar Sabbagh
received the PhD degree
in Applied Mathematics

at the Center for Nonlinear
Studies, University of
Leeds (UK). His research
included topics such as chaos
control, spatiotemporal chaos
of spiral waves, and modeling
diffusion of polymer melts.
He has published research articles in reputed international
journals like Physica D, Phys Lett. A. and Chaos Solitons
and Fractals.

© 2024 NSP
Natural Sciences Publishing Cor.



