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Abstract: Most of real life problems are characterized by uncertainty, the theory of fuzzy set and its generalization are important for
analyzing for real life data. One of the important generalizations of fuzzy set is picture fuzzy set (PFS) which is useful in providing a
flexible model for handling uncertainty and vagueness in information systems. In this current paper, Sanchez presented a formulation
of models that involve fuzzy measures, which represent knowledge. The concept of Picture Fuzzy Sets (PFS) is applied to make the
suitable decision and take the decision with degree. An approach depending on PFS is suggested to determine the best research that
deserves the state award. Using given data, we give a method for calculating membership and non-membership degrees. the suggested

approach can be applied for several similar real-life cases.
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1 Introduction

Life problems are characterized by uncertainty and
vagueness, and mathematical theories have appeared to
address the uncertainty, such as Probability theory, Fuzzy
Set, Intuitionistic Fuzzy Set, Neutrosophic Set and Soft
Set. Fuzziness plays an essential role in human life
because most of the classes encountered in the real
physical world are fuzzy. In 1965, Zabeh [1] introduced
the idea of a fuzzy set as an extension of the classical set
theory. The idea of intuitionistic fuzzy set was first
published by Atanassov [2] and many works by the same
author and his colleagues appeared in the literature [3,4].
Established by Smarandache [5,6,7] in 1980, neurosophy
was presented as the study of the origin, nature, and scope
of neutralities, as well as their interactions with different
ideational spectra The main Idea was to consider an
entity, “A” in relation to its opposite “Non-A”, and to that
which is neither “A” nor “Non-A”, denoted by “Neut-A”
and from on, neutrosophy became the basis of
neutrosophic set theory, neutrosophic logic, neutrosophic
probability, and neutrosophic statistics. In 2012
neutrosophic crisp sets have been investigated by Salma
et,al [8,9,10,11].

On the other hand, scientists have started to color
most domains of classical mathematics such as: topology,

algebraic structures, relation theory, and differential
measure theory .etc. In mathematics, topology (from the
Greek, place and study) is concerned with the properties
of space that are preserved under continuous
deformations, such as stretching, crumpling and bending,
but not tearing or gluing.

We show the concept of PFS. Furthermore, some
properties of this concept are investigated. We recall that
some definitions essential concept of PFS and its
operations, which were introduced by Sanchez [12]. PFS
represent the direct expansions of the fuzzy sets and
intuitonistic fuzzy sets. Accordingly, with some features,
some operations on PFS are taken into consideration. In
the following sections of the current paper, we will
address the picture fuzzy relations and Zadeh Extension
Principle. Then, PFS theory’s fundamental preliminaries
introduced. Primarily, the models which are based on PFS
can be sufficient in situations where we encounter human
opinions including more answers of kinds: no, abstain and
yes, refusal. A good example of such situation is voting as
it is possible to divide human voters into four categories
including those who: abstain, vote for, refusal of the
voting or vote against [13,14]. One of the direct
expansions of the fuzzy set is PFS. In this paper, we
would like to discuss how picture fuzzy set theory can be
used for developing the calculations to take the suitable
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decision making and take the decision with degree and
suggested its application in the best research that deserves
the state award.

2 Concepts of PFS

Definition 2.1. [1]: Let A be a nonempty set. A fuzzy set A
drawn from X is defined as A = {(x, 4 (x)) : x € X } ,where
Ua(x) :X — [0,1] is the membership function of the fuzzy
set A.

Definition 2.2. [2]: Let X is a nonempty set. An
intuitionistic fuzzy set A in X is an object having the form
A = {(x,pa(x),va(x)) : x € X},Where the functions
Ua(x),va(x) : X—[0,1] define respectively, the degree of
membership and degree of non-membership of the
element x € X to the set A, which is a subset of X, and for
every elementx € X,0 < s (x) +va(x) < 1.

3 Basic Relations and Operation on PFS

IF A, B be PFS in X, then:

L[inclusion] A C B < pa(x) < up(x),ma(x) <
Np(x)andva(x) > vp(x)Vx € X

2.[equality] A = B <> ps(x) = pp(x),na(x)

\ ?B(?c)a]ndvA (x)=vp(x)Vxe X
AUB = {(xmax(a (x), tp(x)). min(1a (x), 15(x)),
min(v4(x),vp(x))) :x € X}

4.[intersection]
ANB = {<x’min(.uA(x)qu(x))»min(nA(x)vT’B(x))v
max(va(x),vp(x))) :x € X}

4 Archimedean t-Norm and t-Conorm in PFS

We use t-norm in the fuzzy set when we want to talk
about the minimum between two memberships in
intersection operation and use t-conorm to talk about the
minimum between two memberships in union operation.
Therefore, the t-norm and t-conorm [15,16,17,18,19] can
be utilized in PFS where it is useful to the intersection or
the union operations that we need the minimum and
maximum in the same operation in PFS
P = (x,u(x),n(x),v(x)) where the intersection operation,
the positive and neutral membership degrees can use
t-norm and the negative membership degree can use
t-conorm and where the union operation, the positive and
neutral membership degrees can use t-conorm and the
negative membership degree can use t-norm. Consider
that /is a t-norm and uis a t-conorm. When x € [0, 1] , the
following is defined:

() — i(x,..., x)= i(x("_l),x); n>2

xl ) 1 —
n—times
- ey
A = u(x ..., x)= u(x,(tn 1),x); n>2
n—times

Definition 4.1. Consider that i, uare a t-norm and a
t-conorm from [0, 1]"¢0 [0, 1] . Then:

(i) A t- norm iand a t-conorm u respectively is considered
to be continuing when it is continues to be a function on
the unit interval.

(i) A t-norm iand a t-conorm u respectively, of PFS
P = (x,u(x),n(x),v(x)) if we talk about intersection
operation: u,n tends to minimum, v tends to maximum
is considered as Archimedean whem
,}ijﬂl@(“l’ (X)) = O,I}iigo(ni(x))” = 0 and respectively

r}gn (vy(x))" =1 forany x € (0, 1).

(iii) A t-norm iand a t-conorm u respectively, of PFS
P = (x,u(x),n(x),v(x)) if we talk about union operation:

p tends to maximum, 0,7 tends to minimum is
considered as Archimedean when lim (u;(x))” = 1 and
n—soo

respectively lim (v,(x))" = 0, lim (1, (x))" = 0 for any
n—o0 n—yoo

xe (0, 1).
Proposition 4.1. Suppose that 0 is a set of all PFS,i, uare
a t-norm and a t-conorm [20,21]. Then:

1. In intersection operation. If iand u are Archimedean
[22] then
i(plx),u(x) < px),inx),n(x) < N and
u(v(x),v(x)) > v(x) for all

P = (x, 1(x),1(x), v(x))-

1.In union operation. If i and u are Archimedean then
u(p(x), p(x)) > p(x) and

i(0(x), v(x)) < V.M, ) <n()  for all
pP= (xnu(x)’n(x)vv(x))'

Proposition 4.2. In case of a continuing function
i,u: [0,1]> — [0, 1], the following statements are
considered to be equal for any picture fuzzy set:

1. i represents a continuing Archimedean t-norm and u
represents a continuous Archimedean t-conorm.

2.There exists a continuing additive generator for any
PFSP = (x,u(x),v(x)) if we talk about intersection
operation (,m tends to minimum, U tends to
maximum, that’s to say that there exists a continuing
strictly  decreasing i(u(x)) : [0, 1] — [0,ed],
i(1) = 0, which can be defined uniquely up to a
multiplicative constant such that for allx, y € [0, 1],we
have:

i(n(x), p(y)) =i (min{i(p(x)) +i(R0)), i(0)}),

i(n(x), n(y)) =i (min{i(n(x) +i(n()), i(0)})

and strictly increasing u(v(x)) : [0, 1] — [0,ed],
u(0) = 0, which is uniquely determined up to a
multiplicative constant such that for all x, y € [0, 1], we
have:

u(v(x), v(y)) = (max{u(v(x)) +u(v(y)), u(0)}).
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1. There are a continuous additive generator for any
picture fuzzy set (PFS)P = (x,u(x),v(x)) if we talk
about union operationyt tends to maximum, v, 7 tends
to minimum i.e., there are a continuous strictly
decreasing [23]
i) : [0, 1] = [0,0eLi(v(x): [0, 1] — [0, ],
i(1) = 0, which is defined uniquely up to a
multiplicative constant such that for all x, y € [0, 1],
we will have:

i(v(x), v(y)) =i~ (min{i(v(x) +i(v(y), i(0)}),

im(x), n() = i '(min{i(n(x)) + i(n(y)), i(0)})and
strictly increasing u((x)) : [0, 1] — [0, o], u(0) = 0,
which is defined uniquely up to a multiplicative constant
such that for all x, y € [0, 1],we have:

u(p(x), p(y)) = u" (max{u(p(x)) +u(p(y)), u(0)}).

Proof. Let i(x,y) = i '(min{i(x) + i(y), i(0)})and
u(x,y) = u '(max{u(x) + u(y), u(0)}). We have to
prove that they are a continuous Archimedean t-norm and
t-conorm [24,25,26,27].

(Boundary)
I: To prove that i is increasing we consider v(x) < v(w)
and v(y) < v(z). Then i(v(x)) > i(v(w)) and i(v(y)) >

i(v(z)) and i(v(x)) +i(v(y)) > i(v(w)) +i(v(z)). Since

i~ is decreasing we obtain:

H(min{i(v(x)) +

—i (
< i H(min{i(v(w)) +
<i

(v(w),0(2))

i(v(y)),i(0)})
i(v(2)),i(0)})

For proving that i is increasing, we suppose that
nkx) < nw) and n(y) < n(z). As a result,
(M(x) > im(w)) and i(n(y) > i(n(z)) and
(M(x) +iM(y)) > i(n(w)) + i(n(z)).

i
i Since i~ is
decreasing we obtain:

=i (min{i(n(x)) +i(n(»)),i(0)})
< i (min{i(n(w)) +i(n(2)),i(0)})
<i(m(w),n())

And

For proving that i is increasing, we suppose that
ux) < uwandu(y) < u(z). As  result,
u(p(x)) > u(u(w)) and u(p(y)) > u(p(z)) and

u(u() + u(n(y) > u(n(w) + u(n(z)). Since u~" is
increasing we obtain:

=" (max{u(u(x)) +u(u(y)),u(0)})
< u ! (max{u(p(w)) +u(p(z)),u(0)})
<u(p(w), 1(z))

is obvious
is obvious

is obvious

(Commutative). I4: We have:

i(i(

c

(X)7v(y)7v(2)))
( (min{u( ( ))+u(v(y))»u(0) v(2)}
0

i(v(x) +i(v(y)) <i(0).

Since i ! is strictly decreasing. We obtain:
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~i(m(y)) +i(n(z)) < i(0). Since i~ is strictly

increasing. We obtain:

=i (min{i(1 (1)) + () +i(1(2)).i(0)}),(0) = 1

=i ' (M) +imO))+i(n2)))

And

And we have:

= i~ (min{i(u(x)) +i(i~' (min{i(u(y))

+i(u(z)),i(0)}))),i(0)}

~i(v(y) +i(v(z) <i(0).

=" (u ! (max{u(p(x)) +u(p(y),u(0)})), 1(z))
=" (max{u(u " (max{u(p(x)) +u(u(y)),u(0)}))

Since i~! is strictly increasing. We obtain:

+u(p(z)),u(0)})
“u(p(x) +u(u(y)) > u(0). Since u~! is strictly

decreasing. We obtain:

i (min{i(v(x)) +i(i~ ({(v(y)) +i(v(2))))),i(0)})}

=i~ (min{i(v(x)) +i(0(y)) +i(v(2)), i(0)}), i(0) =1

=i (i(v(x) +i(v(y) +i(0(z)))

v

u !t (max{ (u(p(x)) + u(u(y))

We have:

+u(p(z)),u(0))}),u(0) =1

=u " (u(p(x) +u(u(y) +u(p(z))

=i ' (i (min{u(n (x)) +u(n(y)),u(0)}),n(2))
=i Y(min{i(i ' (min{u(n(x)) +u(n()), u(0)})))

+u(n(2)),u(0)})}

And

u(p(x), u(pt(y), 1(2)))

= ((x),u " (max{u(u(y) +u(p(z),u(0)}))

u ! (max{u(p(x)) +u(u™" (max{u(p(y)

~i(n(x)) +i(n(y)) < i(0). Since i~' is strictly

decreasing. We obtain:

)

)
0

+u(i(z)),u(0)})),u(

Since u~! is strictly decreasing. We obtain:

(e (y) +u(p(z) > u(0).

=i '(min{i(i "' (i(n(x)) +i(n()))) +i(n(2)),i(0)})

=i~ (min{(i(n(x)) +i(n () +i(n(2)),i(0)}),i(0) = 1

(i () +i(n ) +i(n(2)))

And

w (u(p(y)

~—

u !t (max{u(u(x)) +u

1£(2))))),u(0)})

— ~—

+u

+u(p(z)))

= (u(p(x) +u(n(y)

="' (), (min{i(n()) +i(n(2)),i(0)})))

=i~ (min{i(n (x)) +i(i~ (min{i(n(y))
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u(u(px), p(y), pz) = u(p(x), u(pn(y), p(z))

[28,29,30]. (Associative).

Definition 4.2. [31]: The Normalized Hamming distance
dy—(A,B) between two PFS A and B is defined
asidy—p(A,B) = 5 X0 Ha(xi) — pel)|+|va(x) —
V(X)) |+ma(xi) — mp(x)| X = {x1,x2,....,x,} for
i=1,2,..,n

5 Application of PFS in selecting the best
research that deserves the state award

We will apply PFS to can select the best research that
deserves the state award which has uncertainty. Let
S = {81,5,53,54} be the set of researches,
X ={language accuracy, modernity of references, safety
results, scientific secretariat, innovation} be the set of
selection criteria. The table 1 shows selection criteria.

Table 1: The selection criteria

Language accuracy 0.8,0.05,0.05)
Modernity of references (0.7,0.2,0.05)
Safety results (0.9,0.05,0.0)
Scientific secretariat (0.9,0.05,0.0)
Innovation 0.6,0.3,0.1)

Using three numbers including negative membership,
positive membership, and neural membership degrees,
each performance can be described. The researches
revealed the following findings as depicted in the Table 2.

Using Def. 4.2. of the distance ‘s normalized Hamming
law for calculating the distance between the researchers
and the selection criteria, we get the Table 3.

Based on the Table 3 above, the best is given by the
shortest distance. We can but that the result less than 0.5,
it is the best and deserves the state award. So, S3 and S4
are the best and deserves the state award.

6 Conclusion

We deduce that this case study presented in this mark can
be applied in many real life applications, for example:
medical, political and social case [32,33,34,35,36,37,
38].
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Table 2: Researches V.S The selection criteria

s Language accuracy (0.9,0.1,0.0)
1 Modernity of references (0.9,0.1,0.0)
Safety results (0.6,0.2,0.2)
Scientific secretariat (0.9,0.1,0.0)
Innovation (0.5,0.5,0.0)
s Language accuracy (0.5,0.3,0.2)
2 Modernity of references (0.6,0.2,0.2)
Safety results (0.5,0.3,0.2)
Scientific secretariat (0.7,0.2,0.1)
Innovation (0.5,0.5,0.0)
s Language accuracy (0.7,0.1,0.2)
3 Modernity of references (0.6,0.3,0.1)
Safety results (0.7,0.1,0.2)
Scientific secretariat (0.5,0.4,0.1)
Innovation (0.4,0.5,0.1)
s Language accuracy (0.6,0.4,0.0)
4 Modernity of references (0.8,0.1,0.1)
Safety results (0.6,0.0,0.4)
Scientific secretariat (0.6,0.3,0.1)
Innovation (0.5,0.3,0.2)
Table 3: The results
Si The result
S1 0.51
S» 0.61
S3 0.45
M 0.49
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