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inequality is familiar in the literature as the Hermite-
Hadamard inequality (in shortly, HH-inequality) [12, 13]:

1 Introduction

The concept of convexity is well-acknowledged in
optimization concepts and plays a vital role in operation
research, economics, decision making, and management
sciences. Recently, many extensions and generalizations of

+9 1 Fu) + F(9)
F(22) < 5= [V FGodx < T @)

2 2

where F: K — R is a convex function on the interval K =

convex functions have been established. For more useful
details, see [1-5] and the references therein. In classical
approach, a real valued function F: K — R is called convex
if

Fax+ (1A -1y)<tFx)+ A -)FQ), @)
forall x,y € K,7 € [0,1].

The concept of convexity with integral problem is an
interesting area for research. The integral inequalities are a
useful technique for developing the qualitative and
quantitative properties of convexity and nonconvexity.
Because of diverse applications of these inequalities in
different fields, there has been continuous growth of
interest in such an area of research. Therefore, many
inequalities have been introduced as applications of convex
functions and generalized convex function, see [6-11] and
the references therein. Among those, the following integral

[u,9] with u<d9. In 2007, Noor [14] presented the
following HH-inequality for preinvex function:

2u+0(9,u) 1 u+a,u)
F (T) < m fu T(x)dx < [T(U) +

FO)] [, tdz, 3)

where F: K — R is a preinvex function on the invex set
K=[uu+0@,u)] withu <u+ d@d,u).

Furthermore, the concept of interval analysis was proposed
and investigated by Moore [15]. It is a discipline in which
an uncertain variable is represented by an interval of real
numbers.

Recently, several classical discrete and integral inequalities
have been generalized not only to the environment of the
IVF and fuzzy-IVFs by Costa [16], Costa and Roman-
Flores [17], Flores-Franulic et al. [18], Roman-Flores et al.
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[19, 20], and Chalco-Cano et al. [21], but also to more
general set valued maps by Nikodem et al. [22], and
Matkowski and Nikodem [23]. In particular, Zhang et al.
[24] derived the new version of Jensen’s inequalities for
set-valued and fuzzy set-valued functions by means of a
pseudo order relation and proved that these Jensen’s
inequalities generalized a form of Costa Jensen’s
inequalities [16]. Inspired by the above literature, Zhao et
al. [25] introduced #-convex interval-valued functions
(IVFs, in short) in 2018 and proved that the HH-inequality
for convex IVFs, as a follows:

Let F:[u,9] € R - Rf be a convex IVF given by F(x) =
[F.(x), F*(x)] for all x € [u,9], where F.(x) is a convex
function and F*(x) is a concave function. If F is Riemann
integrable, then

F (=2 25= UR) [} Fodx 2 &)

F(u)+ F(9)
T2
It is a familiar fact that log-convex functions have serious
importance in convex theory because using these functions,
we can derive more accurate inequalities compared to
convex functions. Recently, some authors have discussed
different classes and related inequalities of log-convex and
log-nonconvex functions. Inspired by the above literature,
Guo et al. [26] introduced log-#-convex-IVF in 2018 and
proved the HH-inequality for log-£-convex IVFs, as
follows:

Let F:[u,9] € R -» R} be a log-£-convex-IVF given by
F(x) = [F.(x),F*(x)] for all x € [u, 9], where F,(x) is a
log-#-convex function and F*(x) is a log-£A-concave
function. If F is Riemann integrable, then

1

F (#)”@) 2 exp [ﬁ fuﬁ InF (x)dx] 2
[F (u)F (9)]o AT, 5)

Inspired by Costa and Roman-Flores [10], and Zhang et al.
[38], we present LR-interval Jensen inequality, HH-
inequality and HH-Fejer inequality for LR-log-#i-interval
IVFs by means of pseudo order relation.

We urge the readers for further analysis of literature on the
applications and properties of generalized convex
functions, Jensen and HH-integral inequalities, see [27-48]
and the references therein.

This paper is organized, as follows: Section 2 presents
preliminary and results in interval space and for Riemann
integrals. Section 3 also introduces the new classes of log-
#A-~convex functions and investigates its properties. Section
4 obtains LR-interval Hermite-Hadamard inequalities via
LR-log-#i-convex IVSs. In addition, some interesting
examples are also presented to verify our results. Section 5
is dedicated to conclusions and future works.

2 Preliminaries

In this section, we recall some basic preliminary notions,
definitions and results. Based on these results, some new
basic definitions and results are also discussed.

We begin by recalling basic notations and definitions. We
define interval,

[ror']={xeRnrn<x< r*andrn,r*€R }, where

< rh.

We write len[r,r*] =r*—r, If len [r,r*] =0, then
[1., 7] is called degenerate. In this paper, all intervals will
be non-degenerate intervals. The collection of all closed
and bounded intervals of R is defined as R, =
{[ror]:in,r* € Randr, < r*}. If r, =0, then [r,,r*] is
called positive interval. The set of all positive interval is
denoted by R} and defined as R} = {[r,,r*]:[r,r*] €
R, and r, > 0}.

Now we discuss some properties of intervals under the
arithmetic operations addition, multiplication and scalar
multiplication. If [r,r*], [5,,8"] ER; and p € R, then
arithmetic operations are defined by

[, 7] + [8., 8] = [n 48, 7"+8"] [n,77] X [8., 8] =
[min{r.s,,1r*8,,1.8", "8}, max{r.8,, r*s,,1.8",1v*8*}],

[pr., pr*]if p > 0,
p-lr.r’] =1 {0} ifp=0,
[or*, pr.] if p < 0.

For [r,,7*], [8.,8"] € R,, the inclusion " € " is defined by
[, 7] € [8., 8], ifand only if 8, <1,,1* < 8"

Remark 2.1. [24] (i) The relation " <, " defined on R, by

*

1, <, [8,,8" | ifand only if 1, < 8, r* < 87,
y

p

for all [r,,7*], [8.,8"] € R, it is a pseudo order relation.

For given [r,r*], [8.,8"]E€R,, we say that
[, 7] <p [8,,87] if and only if rn <5, r" <8 or
., <8, r"<s8". The relation [r,77]<,[s,,87] is

coincident to [r,, 7*] < [8,,8*] on R,.

(ii) It can be easily seen that " <, " looks like “left and
right” on the real line R, so we call " <, " is “left and right”
(or “LR” order, in short).

p

The concept of Riemann integral for IVF first introduced
by Moore [15] is defined, as follows:

Theorem 2.2. [15] If f: [u,9] € R —» R, is an IVF on such
that f(x) = [f., f*]. Then, f is Riemann integrable over
[u,9] if and only if f, and f* are Riemann integrable over
[u,I] such that
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UR) [ Fydx = [(R) J] f.(wdx, (R) [} f*(u)dx]:

The collection of all Riemann integrable real valued
functions and Riemann integrable IVF is denoted by Ry, o)

and IR, o), respectively.

Definition 2.3. [36] A function f: [, 9] - R* is said to be
log-convex function if

fOx+ @A =D < fFO' Yxy€e[wdlie
[0,1], (6)

where f(x) = 0. If (6) is reversed, then f is called log-
concave.

Definition 2.4. [34] A function f: [«,9] - R* is said to be
log-P-convex function if

f(lx—l— (1 —/1)}’) Sf(x)f(Y), Vx'y € [@L,ﬁ],ﬂ € [0,(%)]

If (7) is reversed, then f is called log-P-concave.

Definition 2.5. [39] A function f: K —» R* is said to be log-
s-convex function in the second sense if

fOx+ @A =Dy) < fFOFFON, vy € u,d],1€
[0, 1], (8)

where s € (0,1). If (8) is reversed, then f is called log-s-
concave.

Definition 2.6. [34] A function f: [, 9] - R* is said to be
log-#-convex function if for all x,y € [u,9],4 € [0,1],
we have

fQx + (1= Dy) < fFOMPFHMD, )

where £: L - R*. If (9) is reversed, then f is called log-#-
concave.

If inequality (9) is reversed, then f is said to be log-/-
concave on [u,d]. f is log-#-affine if and only if it is both
log-#i-convex and log-A-concave. The set of all log-/-
convex (log-fi-concave, log-#i-affine) functions is denoted
by

SX([u,9],R*, log — #)
SA([u,9], R, log — ).

(SV([/u, I],R*, log — A),

A function £:L — R* is called super multiplicative if for
all x,y € L, we have

#(xy) =2 A()A(Y). (10)

If (10) is reversed then, £ is known as sub multiplicative. If
the equality holds in (10) then, 4 is called multiplicative

Definition 2.7. Let A: L —» R* such that 4 # 0. Then, an
IVF f:[u,9] » R{ is said to be LR-log-#A-convex if for all
x,y € [u,9],A € [0,1], we have

fQx + (1= Dy) <, FEOPPf )P, (11)

If inequality (11) is reversed, then f is said to be LR-log-#-
concave on [u«,9]. f is LR-log-#-affine if and only if it is
both LR-log-#i-convex and LR-log-#i-concave. The set of
all LR-log-#i-convex (LR-log-£i-concave, LR-log-#-
affine) functions is denoted by

LRSX([u, 9], R}, log — #)
#), LRSA([u,9], R}, log — #)).

(LRSV([u,9], R}, log —

Remark 2.8. If (1) = A5 with s € (0,1), then LR-log-/-
convex-IVF becomes LR-log-s-convex-IVF in the second
sense, i.e.

fx+ @A =Dy) <, FOOXFO)TP vx,y€eK, A€
[0, 1]. (12)

If A(1) = A, then LR-log-#i-convex-IVF becomes LR-log-
convex-IVF [30], i.e.

fOx+ @ =Dy <, FOfON AV xy €K AE

[0, 1]. (13)

If A(1) = 1, then LR-log-#%-convex-IVF becomes LR-log-
P-convex-IVF. That is,

fAx+ (A —=Dy) <, fOfO),Vx,y EK,A€E[0,1].
(14)

Theorem 2.9. Let f:[«,9] » Rf be an IVF defined by

f) =[f.(x), f*(x)], for all x€[w,9]. Then, fE€
LRSX ([w,9],Rf,log —#) if and only if f,f*€
SX([u,9], R, log — #).

Proof. Assume that f,f* € SX([w,9],R", log — #).
Then, for all x,y € [u,9],1 € [0, 1], we have

£.Qx + (1= D) < [L@QPPILOICD,

and

frOx + (1= Dy) < [f@IMP[f ()],
From Definition 2.6 and order relation <, we have

[fiAx + (1 - Dy), f*(Ax

+ (1= D] <, [IEEOQIPD[EOIAAD, [ )1 MD[f ()] #A-D]

= [[£C*D, [F*@O1*D][[£.0)1*AD, [F*(n))*A-D],
1.e.

fOx+ Q= Dy) <, FEOPPODIMP, vy €
[«,9],1 € [0,1].

Hence, f € LRSX([u, 9], R}, log — A).

Conversely, let f € LRSX([w,9], R}, log — #). Then, for
all x,y € [u,9] and A € [0, 1], we have
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fOAx+ (1 -=Dy)
that is

[(x + (1= Dy), f*(Ax + (1 =
OV <, [LOPPLLOIED, [P ()],

It follows that

£.Qx + (1= DY) < [LEPPPLO)IEP,

<p [fFI*PIF*,

and

frAx+1=Dy) < [P ()],
Hence, the result follows.

Example 2.10. We consider A(4) =m(m = 1), for 1 €
[0,1] and the IVF f:[1,4] » R} defined by, f(x)=
[ex, exz]. Since end point functions f,(x) and f*(x) are
log-#i-convex functions, then by Theorem 2.9, f(x) is LR-
log-#A-convex-IVF.

Remark 2.11. If f,(u) = f*(9), then LR-log-£i-convex-
IVF becomes log-#£-convex function, see [34].

If f.(w)=f"@) with #(1) =A% with s € (0,1), then
LR-log-#-convex-IVF becomes log-s-convex function in
the second sense, see [39].

If f,(u) = f*(I9) with A(1) = A, then LR-log-#£i-convex-
IVF becomes log-convex function, see [36].

If f,(w) = f*(9) with A(1) =1, then LR-log-£-convex-
IVF reduces to the log-P-convex function, see [34].

Theorem 2.12. Let f:[«,9] » Rf be an IVF defined by

fx) =[f.(x), f*(x)], for all xe€[u,I9]. Then, fE€
LRSV([u,9],Rf,log —#) if and only if f,f*€
SV ([u, 9], R, log — A).
Proof. The proof is similar to that of Theorem 2.9.
Example 2.13. We consider the IVF f:[w,9] = [0,4] =
R defined by

f(X) = [—SX, —X],
where A(1) = A, since end point functions f,(x) = —5x,
f*(x) = —x are log-#£i-concave functions, then by Theorem

2.12, f(x) is LR-log-#i-concave-IVF.

3 Main Results

In this section, we establish interval HH-inequality,
interval HH-Fejer inequality and interval Jensen inequality,
and their variant forms for LR-log-£i-convex-IVF. We also
provide some nontrivial examples.

Theorem 3.1. (Interval HH-inequality for LR-log-#-
convex-IVF). Let f:[«,9] » R} be an IVF such that
f(x) =[f.(x), f*(x)] for all x € [u,9] and f € IR (w07
If f € LRSX([u, 9], Rf,log — #), then

(CORE

p €XD [— (IR)f lnf(x)dx]

<, [F(w)F(9)])o #Da2
If f € LRSV ([u,9], R}
(2

Proof. Let f € LRSX([u,9],Rf,log —#). Then, by
hypothesis, we have

(15)
,log — #), then

>, exp 5= UR) [ Inf ()dx]| =, [F (w) F(9)}o D,

f (“ ;r 19) [F @+ (1 — DN E[F((1 - D + /w)]

Then, we have

£ (50 < [fOu+ (1= 29)]"
(50 < 1fF Qu+ - D9))*

[f (A-Du+ ;119)]
[f (A-Du+ /119)]

(16)
Taking logarithms on both sides of (16), we obtain

1

()

()l £ (50) < inf* Qe+ (1= )9) + Inf (1 — Du + 49).

) Inf. (“*’9) < Inf.(dw + (1 — 0)9) + Inf.((1 — D + 19),

Then,
ok nf (“2)da < f; inf.Gae + (1~ 2)9)dA
+ [} Infu((1 = Du + 29)dA,
@fol Inf* (22)dA < [} Inf* (e + (1 — D)9)dA
+ [, Inf*((1 = Du + 19)dA.

It follows that

g () <
71@ Inf* () <

which implies that

%u fj Inf.(x)dx,
1 9,
— J, Inf*(x)dx,

1

0 5 e

1

()

p (52 [ nf.(odx),

IA

exp (ﬁ fj lnf*(x)dx) .
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That is,

1 9
ez . o] | e (5 Ll i Godx),
[f*( Jr () ]Sp pr(ﬁ 12 nf o) |

f (ﬂ)T@) <, exp [ﬁ (IR) fj lnf(x)dx]-

(17)

Similarly, we have

exp [ﬁ (IR) fj Inf (x)dx] <, [f()f ()] Iy Aaza.
(18)
Combining (17) and (18), we have

1

N AT 1 i
f(% ) ) <, exp [ﬂ (IR) L lnf(x)dx]

<, [F(w)f ()] #Da2,

the required result.

Remark 3.2. If A£(4) = A° with s € (0,1), then Theorem
3.1 reduces to the result for LR-log-s-convex-IVF in the
second sense:

FEE) <, exp [ GR) [ Inf ] <, [FGOF @)

If A(A) = A, then Theorem 3.1 reduces to the result for LR-
log-convex-IVF:

F(557) sp exp [ UR) [ Inf ()dx] <, VFC) 7).

If A(A) = 1, then Theorem 3.1 reduces to the result for LR-
log-P-convex-IVF;

1

£ (2 <, exp [ (R) [ Inf ()dx] <, Fl) ).

If f.(u) = f*(9), then Theorem 3.1 reduces to the result
for log-A-convex function, see [34]:

F (A28 < exp 7 () J7 nf ()] <

2

[f () f )] "D,

If f,(w)=f*@) and A(1) =A%, then Theorem 3.1
reduces to the result for log-s-convex function, see [34]:

f (M)z < e[z R [ Inf ()] <

2

[f () £ (9)]5F.

If f,(u) = f*(¥) and A(1) = A, then Theorem 3.1 reduces
to the result for log-convex function, see [31]:

f (442;19) < exp [ﬁ (R) fj lnf(x)dx] < V) f ().

If f,(u) = f*(¥) and £(A) = 1, then Theorem 3.1 reduces
to the result for log-P-convex function, see [34]:
1

u+9\2
r(5) =
1 9
exp [ (R) [ Inf (x)dx| < f()f (9).
Example 3.3. We consider £(1) = A, for A € [0, 1], and
the IVF f:[u,9]=[1,4] > R} defined by, f(x)=
[e2%, e**], then f(x) is LR-log-A-convex-IVF. Since
fi(x) =e*and f*(x) = e*” then we have
1

) = [0 -

2

exp (ﬁ fj lnf*(x)dx) = exp(%ff ln(ex)dx) =e>,

1
[e2.e8]z = e>,

[f. () .(9) 1o PO =
1.e.
e’ <ed<ed.

Similarly, it can be easily shown that

1

£ (040 < exp [ f) inf (dx] < [ @) +
fr @) A,

Now,

— 5\2 j(l) 25

(00 =[O = o5,

exp (ﬁ fj lnf*(x)dx) = exp(%fl“ ln(exz)dx) =7,
[F* Q) *@))o A4 = [, 16z = ez,
From which, it follows that

2

3

ﬂ
<e’<ez.

»

e

That is,

Hence,

2

(220 5, e am 1 o]

<p [f(u)f(ﬁ)]f(fﬁu)da.
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Theorem 3.4. (Second HH-Fejer inequality for LR-log-#i-
convex-IVF) Let f:[w,9] » Rf be an IVF with « < 9,
such that f(x) = [f.(x), f*(x)] for all x € [«,9] and f €
7171([%19]). If f € LRSX([’LL, 19], ]R;—, lOg - /L), then

W:[u,9] » R, W(x) = 0, symmetric with respect to %Tw,
then

= (R [[inf (OIW () dx
<p Inlf (W) f O] f; ADW((1 = D + A9)dA. (19)

If f € LRSV([w,9], R}, log — 4), then inequality (19)
is reversed.

Proof. Let
have

[Inf. (b + (1 — D)W + (1 — 1))
< () Inf. () + A(1 — 2) Inf. (9))W (

[Inf* Qe + (1 — D)W + (1 — 1))
< (AQ) Inf* () + A(1 — 1) Inf* () )W (

f € LRSX([u,9],Rf,log — #). Then, we

+(1Afb ,1)19)'

Au
+(1 - /1)19)'
(20)
and

[inf.((1 = Du + 29)[W((1 - Du + 19)
< (A(1 = 2) Inf.(w) + AQ) Inf,(8))W ((1+_£9)“)
[inf*((1 — Du + 29)[W((1 - Du + 29)

< (A(1 = ) Inf*(w) + AQ) Inf* (9))W ((1;Af9)“) .
(21)
Adding (19) and (20), and integrating over [0, 1], we
get
Jy Tinf(ue + (1 — D)W (A + (1 — 2)9) dA
+[) Infi(1 = Du+ 20)W((1 - Du + 19) dA
AW A + (1= 1)9)
Inf.(w) {+ AQ-DW(A - Du+ ,119)}
AL = DWQAu + (1 -9 |
+nf.(9) { + A W((L = D + 29) }
o Tinf (@ = D+ 29)[W((1 — Du + 19) dA
+ [ InfrQu + (1 — DOW (A + (1 — D)9) dA
) AW Au + (1 = D)D)
Inf"(w) {+ AL - DW((L - Du+ w)}
(RO =W (u + (1 - D)D) da
+nf"(©) { + A W((L - D + 29) }

1
</,

1
</,

= 2Inf.(w) [} AW + (1 — 1)9) dA
+2Inf.(9) f; A W((1 — Du + 19) da,
= 2Inf*(w) [, AW (Au + (1 — D)9) dA
+2inf* () f; AW W((1 — Du + 19) dA.
Since W is symmetric, then
= 2ln[ £, (W £.(D] [, AW W((L — Du + 19) dA,

(22
=2In[ f*(w)f*(9)] folh(/l)w((l — Du + A9) dA. :

Since

[inf. (e + (1 — DO W (e + (1 — 2)9) dA
= [ [nfi((@ = Du + 29)|W((1 — Du + 19) dA
= [PInf.(0IW(x)dx,

Sy Tinf (@ = D+ 20)]W((1 — Du + 19) dA
= [Minf* (e + (1 — DOIW e + (1 — 2)9) dA

= [7[inf* )W (x)dx.
From (22) and (23), we have

(23)

= [7[inf. ()W (x)dx
< In[fi(w)f.(9)] fol A W((1 = Du+219) da,
L [Plinfr (OIW () dx

< In[f*(Wf @] f, ADW(A - D+ 19) dA.
That is,

[ Punf.comweodx, 72— [2linf (01w (0dx]

<, [In[f.(W)£.9)],

inlf* () f* 1] 3 ayw (4 - D

Y )d,1.

Hence,

L (R) [ [Inf @)W (x)dx
<, [FOf@®)] f; AW W((L - Du + 19)dA.

This concludes the proof.

Theorem 3.5. (First HH-Fejer inequality for LR-log-#i-
convex-IVF) Let f:[«,9] » Rf be an IVF with « < 9,
such that f(x) = [f.(x), f*(x)] for all x € [«,9] and f €
7171([%19]). If f € LRSX([/I/L,‘L?], R}F, lOg - h) and

W:[u,9] » R, W(x) = 0, symmetric with respect to %Tw,
and [ W(x)dx > 0, then

© 2021 NSP
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= = P

I f(/u+19) <, m (IR)f [Inf ()W (x)dx.
(24)

If f € LRSV([u,9], R}, log — #), then inequality (24) is
reversed.

Proof. Since f € LRSX([u,9], R}, log — #A),
u,9 € [u,9],1€[0,1

()

< Inf.(Au + (1 = DY) + Info((1 — Du + 19),

()

<inf*(u+ (1 —D9) + Inf*((1 — Du + 29),

then for
], we have

(25)

Multiplying  (25) by W((1 —Du+19) = WA +
(1 — A)¥) and integrating it by A over [0, 1], we obtain

[l nf. (“2)] Jy w((1 = D + 29)da
< fyInfi(u + (1 = D)W (A + (1 — 1)9)dA
+ [ mf( - Du+ a9)w (¢ _/1’}9)“
@ g (2)] f; w((1 = u + 19)da

< [inf* (e + (1 = DOIW e + (1 — D9)dA

+ [ (= Dy + 29)]w ((1;1119%

)d/l,

) da,
(26)

Since

L Tinf.Que + (1 = D)W + (1 — 2)9) dA
= Jylinf.((1 - Dt 20)[W((1 = Du + A9) dA
== [lnf )W (x)dx,
Tinf* Qe+ (1 = DOIW A + (1 — 2)9) dA
= [, [inf*((1 - A)u +29)[w((1 — Du + 19) dA

=L [Plinf 1w,

(27)
Then, from (27), we have

() sl

Inf" (uz;ﬂ) G

ff W(x)dx
From which, we have

f [Inf.(x)]W(x)dx,

Ll @)W (x)dx.

[inf. (457), tnf (“”)]

f [Inf.() W (x)dx,

pf W(X)dx lnf )W (x)dx
That is,
u+9 ( )
lf( )_pf o (UR) [ [inf (COIW (x)dx.

Then, we complete the proof.

Remark 3.6. If A1) =2A° with s€(0,1), then
inequalities in Theorem 3.4 and Theorem 3.5 reduce for
LR-log-s-convex-IVFs in the second sense.

If 2(1) = A, then inequalities in Theorem 3.4 and Theorem
3.5 reduce for LR-log-convex-IVFs.

If f,(u)=f*(u), then Theorem 3.4 and Theorem 3.5
reduce to classical first and second HH-Fejer inequality for
log-A-convex function, see [26].

If f,(w) = f*(u) and A(1) = A%, then Theorem 3.4 and
Theorem 3.5 reduce to classical second HH-Fejer inequality
for log-s-convex function, see [38].

Example 3.7. We consider A(A) = 4, for A € [0, 1]and the
IVF f:[u,9] =[1,8] - ]R}" defined by,
f(X) — [eZX’eXZ].

Since end point functions f,(x) = e?* and f*(x) = e*” are
log-#-convex functions, then by Theorem 2.9, f(x) is LR-
log-#i-convex-IVF. If
x—1, o€ [1,2]
W(x) = 0 2
8—x, g€ (—,8],

2

then we have

— [lnf W (x)dx = —f [Inf. (X)W (x)dx
= —fz Inf.(x)]W(x)dx + —fg Inf,(x)W(x)dx,
— [lnf W (x)dx = —f [Inf*(x)]W (x)dx

= ;ff[lnf*(x)]W(x)dx + ;f; [Inf*(x)]W (x)dx,

= 2 [2[@]Cx - Dax + 2 FG@®-xdx =,

= %f?(xz)(x —1)dx + ; o (x?)(8 — x)dx ~ 39,
2 (28)

and
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I[f.()f. ()] J; A W(u +20(9,w)) dA

In[f*(W)f* O] [, AQ W(u +29(9, 1)) dA

= (66) [fé 72dx + ff,l(7 - 7/1)d/1] ==

= (65) [ J27A%dx + ﬁ A(7 - 7/1)d/1] 8
(29)
Then, from (29), we have

63 63 455
[ 39] <[5 %,
Hence, Theorem 3.4 is verified.

For Theorem 3.5, we have

Inf, (““9) 9,

Inf* (u+19) % ’ (30)

wa(x)dx = f?(x — Ddx + f28(8 —x)dx = ‘:—9‘

24(3)
_[;9 W(x)dx

Linf.ow@dx = 9,

—MG) f [Inf*(x)]W(x)dx ~E

2 wx)ax
(€2))
From (30) and (31), we have
81 156
0.2 <, [5.259]
4 7
Hence, Theorem 3.5 is verified.

Theorem 3.8. (Jensen inequality for LR-log-£i-convex-
IVF) Letw; € R*, u; € [u,9], G=
1,2,3, e ek, k = 2) and let f: [u, 9] » Rf be an IVF
such that f(x) = [f.(x), f*(x)] for all x € [w,I]. If f €
LRSX([u,9],Rf,log—#) and 4 is a nonnegative
supermultiplicative function then

L (W )
f (g Zer wyg) <p Tiaalf ()] "7 (32)
where W, = Z;?:l/wj. I A is a nonnegative
submultiplicative function f f € LRSV([w, 9], R}, log —
#), Then Eq. (32) is reversed.

Proof. If k = 2, Then Eq. (32) is true. Consider Eq. (11) is
true for k = n — 1, then

_ w2
f(W:—l j= 1 Lw; ’LL) < H;l:ll[f(uj)] (Wn—l)’
Now, let us prove that Eq. (32) holds for k = n, such that

f (T wy ) B

Wn—1
1 Wn—1+wn | wn—1+wn n—-1
f ] i w u; +———— w,
Wn—2 Wn +—u
wp1twy
Therefore, we have
1 yn
1. (i B )
* 1 n
f (Wn Lo wj U,
yn-2_ . . | Wnatwn Wn—1 Wn
< f* (W Zj:l /Ll)’] /LL] + Wn Wn—1+Wn n-1 Wn—1+Wn n)
1 Wn1tWn . Wn_1 Wn
Sf ( ] 1’10’ /LL + Wn Wn—1+wWn n-1 Wn—1+wn ")
AL

(w”’l Uy +—21 un)]

[n ()]0 (o
2l ()]0 [ (e )]
,L(M)

Wn

wn—1 +wn)
Wn—1

Up—1 +

Wn—1+wWn Wn—1+wn

< T80 ()] ) [ 1t 2550 1, a0 50

(o)

= T2 ()] ) [ir ) i) U*(un)]ﬁ(ﬁ)]
20 (o)) 59 1, a5 11, a1,
<WW(HWU%M()W%Mﬁ
wi
= [T [, (uj)]ﬁ(wn)
malr ()" )

From which, we have

I (- Ty ). f (Winz;-;lw,- )]

el Gl O T ()60

Sp
That is,
f (S wy ) <p T (e 1)
and the result follows.
If Wy =Wy = W3 = v = Wy = 1, then
Theorem 3.10 reduces to the followmg result:
Corollary 3.9. Let u; € [1,9], (=123, ...k, k =

2) and let f:[u,9] » Rf be an IVF such that f(x) =
[f.(x), f*(x)] for all x€[wd]. If f€
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LRSX([u,9],Rf,log —#A) and 4 is
supermultiplicative function, then

£ (A5 a) <, T[] 6

If f€LRSV([w, 9], R}, log—+4),
reversed.

a nonnegative

(33)

then Eq. (33) is

To obtain a refinement of Jensen inequality for LR-log-/-
convex-IVFs, we prove the following the result:

Theorem 3.10. Let A:L—> RY be a nonnegative
supermultiplicative function and f: [«,9] - R} be an IVF
such that f(x) = [f.(x), f*(x)] for all x € [w,9]. If f €

LRSX ([u, 9], Rf,log — #), then for wq,u,, 1z € [u,9],
wy < Uy < ug suchthat uz —uq, Uz —uy, Uy — Uy €L,
we have
flug) <p flu) P74 f(uy) Mz, (34)
If f€LRSV([w,9],Rf,log—#), then Eq. (34) is
reversed.
Proof. Let 1w, 1, u; € [w,9] and Alu; —u,) > 0.
Then, by hypothesis, we have

wuz—uz\ _ Aluz—uz) wz—uq\ _ Aluz—uq)
A (u3—u1) - A(uz—uq) and £ (u3—u1) - Alug—uq)
Consider 1 = — = 2, then 2, = Ay + (1 — A)ugy. Since

3~ U1

f € LRSX(Ju,9],Rf,log — #), then by hypothesis, we
have

1) < [ G =D £ a1 6550,
Uz—uy uz—“1)

£ () < [ )] D g

(35)
Aluz—uz) Alug—u1)
= [f. (uy)] M= [f, (u3) A a4,
Aluz—uz) Aluz—u1)
= [f" (u) [P~ [f* (mg) ] A us =4,
(36)

From (36), we have
foluy) < [f(u) 037 42) [, ()] A2 740),
£ (u2) < [f ()] M2 [ (1) P20,
That is

Az —uy) A(uy—1q)
[folup), fr(u)] <, [fe(u)] [f.(us3)] ]

[ () =) [ £ (1) ] M2 |
Hence,
fluy)

Now, we obtain a refinement of Jensen inequality for LR-
log-#-convex-IVF which is given in the following results.

<p flu) M7 f ) M),

Theorem 3.11. Let w;€ R*, w; € [w,9], (=
1,2,3, ek, k=2), £ Dbe an  nonnegative
supermultiplicative function, and let f: [«,9] - R be an
IVF such that f(x) = [f.(x), f*(x)] for all x € [w,?I]. If
f € LRSX(Ju,9],Rf,log — #) and (L, U) S [u,¥], then

[ e <

o (rn T oy G

where Wy, = ¥¥_, w;. If f € LRSV([u,9], R}, log — A),
then Eq. (37) is reversed.

(37

Proof. Consider =uy,u; =1y, (G=1,2,3, .o k),

U = u;. Then, by hypothesis and Eq. (35), we have

fulw) < [£.L)] (”L>[f(U)] (uj_L)
fr(w) < If* W] (”L)[f (U)]( D),

The above inequality can be written as

ﬁ(“j)ﬁ(‘% = M(L)]n(%)ﬁ(WJ [f.(D)] (uj_L)”(;{vr’,;)
()" < @ T e oy ).

(38)

Taking multiplication of all inequalities (38) for j =
1,2,3,........k, wehave

k W

ﬂﬂ)w [ (1ron o GE6),

)]

ﬂf( ) Sﬁ(f@)]

j=1

That is,

o f ()" () [H] Lfi(u )(Vw
o () )|

< [ (e n R oy G,
([f " T ) (“j_L)ﬁ(»“v’i))]
([[f(L) o))
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U*([,ﬂ”(%ﬁ(%)]) T, ([M(U)]ﬁ(%)h(%),
[f* ()] (uj_L)’L(:vyi)D

= i o) ). o)),

Thus,

ﬂ[f( ) <, T (ran

j=1

)[f(y)] (=3 z)"(%))

This completes the proof.

Now, we consider some special cases of Theorem 3.8 and
3.11.

If f,(x) = f.(x), then Theorem 3.8 and 3.11 reduce to :

Corollary 3.12. [26] (Jensen inequality for log-#£i-convex
function) Letw; € R*, u; € [u,9], (=
1,2,3, ek, k = 2) and let f: [u,9] » R be a non-
negative real-valued function. If f € SX([«, 9], Rf, log —
#) and £ is a nonnegative supermultiplicative function,
then

f (7 Zhmamwy4) < Tl f ()] ), (39)
Where W, =X w;. If f €SV([w,9],RY,log — 4),
then Eq. (39) is reversed.

Corollary 3.13. [26] Let w; €R*, «; € [, 9], (j =
1,23,k k= 2), A be a  nonnegative
supermultiplicative function and let f:[u«,9] - Rt be an

non-negative real-valued function. If fe
SX([u,9],Rf,log — #) and (L, U) S [u,9], then

bl ()] ) < -

fa <[f )" ) ) oy >h(wi>> (40)

where W, = ¥¥_; w;. If f € SV ([w, 9], RY, log — 4), then
Eq. (40) is reversed.

Note that, if 4 is a nonnegative multiplicative function ,
then results 3.8-3.13 reduce to new ones.

5 Conclusion and Future Plan

We have proposed a new class of log-convex-IVFs, which
is called LR-log-#-convex-IVFs. We have derived several
new types of HH- and Jensen inequalities for this class. The
examples helped show that our results include a wide class
of new and known inequalities for LR-log-£-convex-IVFs
and their variant forms as special cases. In the future, we
will attemt to explore this concept for fuzzy-interval-valued

functions. We hope that the concepts and techniques of this
paper will be starting point for further research in this area.
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