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Abstract: In this paper, we introduce the concept of LR-log-h-convex interval-valued functions. Under the new concept, 
we present new versions of Hermite-Hadamard inequalities (i.e. LR-interval Hermite-Hadamard type inequalities) by 
means of pseudo order relation. This order relation is defined on interval space. Some Jensen type inequalities are also 
derived for LR-log-h-convex interval-valued functions. Moreover, we have shown that our results include a wide class of 
new and known inequalities for LR-log-h-convex interval-valued functions and their variant forms as special cases. Useful 
examples that verify the applicability of the theory developed in this study are presented. The concepts and techniques of 
this paper will be a starting point for further research in this area.  
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1 Introduction 

The concept of convexity is well-acknowledged in 
optimization concepts and plays a vital role in operation 
research, economics, decision making, and management 
sciences. Recently, many extensions and generalizations of 
convex functions have been established. For more useful 
details, see [1-5] and the references therein. In classical 
approach, a real valued function ℱ:𝐾 → ℝ is called convex 
if  

ℱ(𝜏𝑥 + (1 − 𝜏)𝑦	) ≤ 𝜏ℱ(𝑥) + (1 − 𝜏)ℱ(𝑦),																		(1) 

for all	𝑥, 𝑦 ∈ 𝐾, 𝜏 ∈ [0, 1]. 

The concept of convexity with integral problem is an 
interesting area for research. The integral inequalities are a 
useful technique for developing the qualitative and 
quantitative properties of convexity and nonconvexity. 
Because of diverse applications of these inequalities in 
different fields, there has been continuous growth of 
interest in such an area of research. Therefore, many 
inequalities have been introduced as applications of convex 
functions and generalized convex function, see [6-11] and 
the references therein. Among those, the following integral 

inequality is familiar in the literature as the Hermite-
Hadamard inequality (in shortly, 𝐻𝐻-inequality) [12, 13]: 

ℱ 8𝘶:;
<
= ≤ >

;?𝘶
	∫ ℱ(𝑥)𝑑𝑥;
𝘶 ≤ ℱ(𝘶)	:	ℱ(;)

<
,       (2)

   
where ℱ:𝐾 → ℝ is a convex function on the interval  𝐾 =
[𝘶, 𝜗] with 𝘶 < 𝜗. In 2007, Noor [14] presented the 
following 𝐻𝐻-inequality for preinvex function: 

ℱ 8<𝘶:E(;,𝘶)
<

= ≤ >
E(;,𝘶)

	∫ ℱ(𝑥)𝑑𝑥𝘶:E(;,𝘶)
𝘶 ≤ [ℱ(𝘶) +

	ℱ(𝜗)] ∫ 𝜏𝑑𝜏>
F ,                                  (3)  

where ℱ:𝐾 → ℝ is a preinvex function on the invex set  
𝐾 = [𝘶, 𝘶 + 𝜕(𝜗, 𝘶)] with 𝘶 < 𝘶 + 𝜕(𝜗, 𝘶).  

Furthermore, the concept of interval analysis was proposed 
and investigated by Moore [15]. It is a discipline in which 
an uncertain variable is represented by an interval of real 
numbers.  

Recently, several classical discrete and integral inequalities 
have been generalized not only to the environment of the 
IVF and fuzzy-IVFs by Costa [16], Costa and Roman-
Flores [17], Flores-Franulic et al. [18], Roman-Flores et al. 
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[19, 20], and Chalco-Cano  et al. [21], but also to more 
general set valued maps by Nikodem et al. [22], and 
Matkowski and Nikodem [23]. In particular, Zhang et al. 
[24] derived the new version of Jensen’s inequalities for 
set-valued and fuzzy set-valued functions by means of a 
pseudo order relation and proved that these Jensen’s 
inequalities generalized a form of Costa Jensen’s 
inequalities [16].  Inspired by the above literature, Zhao et 
al. [25] introduced 𝒽-convex interval-valued functions 
(IVFs, in short) in 2018 and proved that the 𝐻𝐻-inequality 
for convex IVFs, as a follows:  

Let  ℱ: [𝘶, 𝜗] ⊂ ℝ → ℝI
: be a convex IVF given by ℱ(𝑥) =

[ℱ∗(𝑥), ℱ∗(𝑥)] for all 𝑥 ∈ [𝘶, 𝜗], where ℱ∗(𝑥) is a convex 
function and 	ℱ∗(𝑥) is a concave  function. If ℱ is Riemann 
integrable, then 

ℱ 8𝘶:;
<
= ⊇ >

;?𝘶
	(𝐼𝑅) ∫ ℱ(𝑥)𝑑𝑥;

𝘶 ⊇ ℱ(𝘶):	ℱ(;)
<

. (4) 

It is a familiar fact that log-convex functions have serious 
importance in convex theory because using these functions, 
we can derive more accurate inequalities compared to 
convex functions. Recently, some authors have discussed 
different classes and related inequalities of log-convex and 
log-nonconvex functions. Inspired by the above literature, 
Guo et al. [26] introduced log-𝒽-convex-IVF in 2018 and 
proved the 𝐻𝐻-inequality for log-𝒽-convex IVFs, as 
follows:  

Let ℱ: [𝘶, 𝜗] ⊂ ℝ → ℝI
: be a log-𝒽-convex-IVF given by 

ℱ(𝑥) = [ℱ∗(𝑥), ℱ∗(𝑥)] for all 𝑥 ∈ [𝘶, 𝜗], where ℱ∗(𝑥) is a 
log-𝒽-convex function and	ℱ∗(𝑥) is a log-𝒽-concave 
function. If ℱ is Riemann integrable, then 

	ℱ 8𝘶:;
<
=

!

"𝒽$!"% ⊇ 𝑒𝑥𝑝 P >
;?𝘶

	∫ 𝑙𝑛ℱ(𝑥)𝑑𝑥;
𝘶 S ⊇

[ℱ(𝘶)ℱ(𝜗)]∫ 𝒽(T)UT!
& .                     (5) 

Inspired by Costa and Roman-Flores [10], and Zhang et al. 
[38], we present LR-interval Jensen inequality, 𝐻𝐻-
inequality and 𝐻𝐻-Fejer inequality for LR-log-𝒽-interval 
IVFs by means of pseudo order relation.  

We urge the readers for further analysis of literature on the 
applications and properties of generalized convex 
functions, Jensen and 𝐻𝐻-integral inequalities, see [27-48] 
and the references therein.  

This paper is organized, as follows: Section 2 presents 
preliminary and results in interval space and for Riemann 
integrals. Section 3 also introduces the new classes of log-
𝒽-convex functions and investigates its properties. Section 
4 obtains LR-interval Hermite-Hadamard inequalities via 
LR-log-𝒽-convex IVSs. In addition, some interesting 
examples are also presented to verify our results. Section 5 
is dedicated to conclusions and future works. 

 

2 Preliminaries 
 
In this section, we recall some basic preliminary notions, 
definitions and results. Based on these results, some new 
basic definitions and results are also discussed. 

We begin by recalling basic notations and definitions. We 
define interval, 

 [𝑟∗, 𝑟∗] = {𝑥 ∈ ℝ: 𝑟∗ ≤ 𝑥 ≤ 	𝑟∗	and	𝑟∗, 𝑟∗ ∈ ℝ		}, where 
𝑟∗ ≤ 	 𝑟∗. 

We write len[𝑟∗, 𝑟∗] = 𝑟∗ − 𝑟∗, If len [𝑟∗, 𝑟∗] = 0, then 
[𝑟∗, 𝑟∗] is called degenerate. In this paper, all intervals will 
be non-degenerate intervals. The collection of all closed 
and bounded intervals of  ℝ is defined as ℝI =
{[𝑟∗, 𝑟∗]: 𝑟∗, 𝑟∗ ∈ ℝ	and	𝑟∗ ≤ 	 𝑟∗}. If 𝑟∗ ≥ 0, then [𝑟∗, 𝑟∗] is 
called positive interval. The set of all positive interval is 
denoted by ℝI

: and defined as ℝI
: = {[𝑟∗, 𝑟∗]: [𝑟∗, 𝑟∗] ∈

ℝI	and	𝑟∗ ≥ 0}. 

Now we discuss some properties of intervals under the 
arithmetic operations addition, multiplication and scalar 
multiplication. If [𝑟∗, 𝑟∗], [𝓈∗, 𝓈∗] ∈ ℝI and 𝜌 ∈ ℝ, then 
arithmetic operations are defined by 

[𝑟∗, 𝑟∗] + [𝓈∗, 𝓈∗] 	= [𝑟∗ + 𝓈∗, 𝑟∗+𝓈∗], [𝑟∗, 𝑟∗] ×	[𝓈∗, 𝓈∗] =
[𝑚𝑖𝑛{𝑟∗𝓈∗, 𝑟∗𝓈∗, 𝑟∗𝓈∗, 𝑟∗𝓈∗},𝑚𝑎𝑥{𝑟∗𝓈∗, 𝑟∗𝓈∗, 𝑟∗𝓈∗, 𝑟∗𝓈∗}],   

𝜌. [𝑟∗, 𝑟∗]   = c

	
[𝜌𝑟∗, 𝜌𝑟∗]	if	𝜌 > 0,
{0}					if	𝜌 = 0,

[𝜌𝑟∗, 𝜌𝑟∗]		if	𝜌 < 0.
 

For [𝑟∗, 𝑟∗], [𝓈∗, 𝓈∗] ∈ ℝI, the inclusion " ⊆ " is defined by 

 [𝑟∗, 𝑟∗] ⊆ [𝓈∗, 𝓈∗], if and only if  𝓈∗ ≤ 𝑟∗, 𝑟∗ ≤ 𝓈∗. 

Remark 2.1. [24] (i) The relation " ≤i " defined on ℝI by 

[𝑟∗, 𝑟∗] ≤i [𝓈∗, 𝓈∗] if and only if 𝑟∗ ≤ 𝓈∗, 𝑟∗ ≤ 𝓈∗, 

for all [𝑟∗, 𝑟∗], [𝓈∗, 𝓈∗] ∈ ℝI, it is a pseudo order relation. 
For given [𝑟∗, 𝑟∗], [𝓈∗, 𝓈∗] ∈ ℝI, we say that 
[𝑟∗, 𝑟∗] ≤i [𝓈∗, 𝓈∗] if and only if 𝑟∗ ≤ 𝓈∗, 𝑟∗ ≤ 𝓈∗ or 
𝑟∗ ≤ 𝓈∗, 𝑟∗ < 𝓈∗. The relation [𝑟∗, 𝑟∗] ≤i [𝓈∗, 𝓈∗] is 
coincident to  [𝑟∗, 𝑟∗] ≤ [𝓈∗, 𝓈∗] on ℝI. 

(ii) It can be easily seen that " ≤i " looks like “left and 
right” on the real line ℝ, so we call " ≤i " is “left and right” 
(or “LR” order, in short).  

The concept of Riemann integral for IVF first introduced 
by Moore [15] is defined, as follows: 

Theorem 2.2. [15] If 𝑓: [𝘶, 𝜗] ⊂ ℝ → ℝI is an IVF on such 
that 𝑓(𝑥) = [𝑓∗, 𝑓∗]. Then, 𝑓 is Riemann integrable over 
[𝘶, 𝜗] if and only if 𝑓∗ and 𝑓∗ are Riemann integrable over 
[𝘶, 𝜗] such that 
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 (𝐼𝑅) ∫ 𝑓(𝑥)𝑑𝑥;
𝘶 = 	 P(𝑅)∫ 𝑓∗(𝘶)𝑑𝑥

;
𝘶 , (𝑅)∫ 𝑓∗(𝘶)𝑑𝑥;

𝘶 S. 

The collection of all Riemann integrable real valued 
functions and Riemann integrable IVF is denoted by ℛ[𝘶,;] 
and ℐℛ[𝘶,;], respectively.” 

Definition 2.3. [36] A function 𝑓: [𝓊, 𝜗] → ℝ: is said to be 
log-convex function if  

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝑓(𝑥)o𝑓(𝑦)>?o, ∀	𝑥, 𝑦 ∈ [𝓊, 𝜗], 𝜆 ∈
[0, 1],                      (6) 

where 𝑓(𝑥) ≥ 0. If (6) is reversed, then 𝑓 is called log-
concave. 

Definition 2.4. [34] A function 𝑓: [𝓊, 𝜗] → ℝ: is said to be 
log-𝑃-convex function if  

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝑓(𝑥)𝑓(𝑦), ∀	𝑥, 𝑦 ∈ [𝓊, 𝜗], 𝜆 ∈ [0, 1].
        (7) 

If (7) is reversed, then 𝑓 is called log-𝑃-concave. 

Definition 2.5. [39] A function 𝑓:𝐾 → ℝ: is said to be log-
𝑠-convex function in the second sense if  

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝑓(𝑥)o'𝑓(𝑦)(>?o)' , ∀	𝑥, 𝑦 ∈ [𝓊, 𝜗], 𝜆 ∈
[0, 1],                     (8) 

where 𝑠 ∈ (0, 1). If (8) is reversed, then 𝑓 is called log-𝑠-
concave. 

Definition 2.6. [34] A function 𝑓: [𝓊, 𝜗] → ℝ: is said to be 
log-𝒽-convex function if for all 	𝑥, 𝑦 ∈ [𝓊, 𝜗], 𝜆 ∈ [0, 1], 
we have 

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦	) ≤ 𝑓(𝑥)𝒽(o)𝑓(𝑦)𝒽(>?o),                  (9)
     

where 𝒽: 𝐿 → ℝ:. If (9) is reversed, then 𝑓 is called log-𝒽-
concave. 

If inequality (9) is reversed, then 𝑓 is said to be log-𝒽-
concave on [𝓊, 𝜗]. 𝑓 is log-𝒽-affine if and only if it is both 
log-𝒽-convex and log-𝒽-concave. The set of all log-𝒽-
convex (log-𝒽-concave, log-𝒽-affine) functions is denoted 
by 

  𝑆𝑋([𝓊, 𝜗], ℝ:, 𝑙𝑜𝑔 − 𝒽)      x𝑆𝑉([𝓊, 𝜗], ℝ:, 𝑙𝑜𝑔 − 𝒽),
𝑆𝐴([𝓊, 𝜗], ℝ:, 𝑙𝑜𝑔 − 𝒽){. 

A function 𝒽: 𝐿 → ℝ: is called super multiplicative if for 
all 𝑥, 𝑦 ∈ 𝐿, we have 

𝒽(𝑥𝑦) ≥ 𝒽(𝑥)𝒽(𝑦).                                            (10) 

If (10) is reversed then, 𝒽 is known as sub multiplicative. If 
the equality holds in (10) then, 𝒽 is called multiplicative 

Definition 2.7. Let 𝒽: 𝐿 → ℝ: such that 𝒽 ≢ 0.  Then, an 
IVF 𝑓: [𝓊, 𝜗] → ℝI

: is said to be LR-log-𝒽-convex if for all 
	𝑥, 𝑦 ∈ [𝓊, 𝜗], 𝜆 ∈ [0, 1], we have 

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦	) ≤i 𝑓(𝑥)𝒽(o)𝑓(𝑦)𝒽(>?o).	   (11) 

If inequality (11) is reversed, then 𝑓 is said to be LR-log-𝒽-
concave on [𝓊, 𝜗]. 𝑓 is LR-log-𝒽-affine if and only if it is 
both LR-log-𝒽-convex and LR-log-𝒽-concave. The set of 
all LR-log-𝒽-convex (LR-log-𝒽-concave, LR-log-𝒽-
affine) functions is denoted by 

   𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽)   x𝐿𝑅𝑆𝑉([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 −
𝒽), 𝐿𝑅𝑆𝐴([𝓊, 𝜗], 	ℝI

:, 𝑙𝑜𝑔 − 𝒽){. 

Remark 2.8. If 𝒽(𝜆) = 𝜆} with 𝑠 ∈ (0, 1), then LR-log-𝒽-
convex-IVF becomes LR-log-𝑠-convex-IVF in the second 
sense, i.e. 

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤i 𝑓(𝑥)o
'𝑓(𝑦)(>?o)' , ∀	𝑥, 𝑦 ∈ 𝐾, 𝜆 ∈

[0, 1].                                                 (12) 

If 𝒽(𝜆) = 𝜆, then LR-log-𝒽-convex-IVF becomes LR-log-
convex-IVF [30], i.e. 

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤i 𝑓(𝑥)o𝑓(𝑦)>?o, ∀	𝑥, 𝑦 ∈ 𝐾, 𝜆 ∈
[0, 1].                                        (13) 

If 𝒽(𝜆) ≡ 1, then LR-log-𝒽-convex-IVF becomes LR-log-
𝑃-convex-IVF. That is, 

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤i 𝑓(𝑥)𝑓(𝑦), ∀	𝑥, 𝑦 ∈ 𝐾, 𝜆 ∈ [0, 1]. 
                                   (14) 

Theorem 2.9. Let 𝑓: [𝓊, 𝜗] → ℝI
: be an IVF defined by 

𝑓(𝑥) = [𝑓∗(𝑥), 𝑓∗(𝑥)],	for all 𝑥 ∈ [𝓊, 𝜗]. Then, 𝑓 ∈
𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽) if and only if 	𝑓∗, 𝑓∗ ∈
𝑆𝑋([𝓊, 𝜗], ℝ:, 𝑙𝑜𝑔 − 𝒽). 

Proof. Assume that 𝑓∗, 𝑓∗ ∈ 𝑆𝑋([𝓊, 𝜗], ℝ:, 𝑙𝑜𝑔 − 𝒽). 
Then, for all	𝑥, 𝑦 ∈ [𝓊, 𝜗], 𝜆 ∈ [0, 1], we have   

𝑓∗(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ [𝑓∗(𝑥)]𝒽(o)[𝑓∗(𝑦)]𝒽(>?o)	, 

and 

𝑓∗(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ [𝑓∗(𝑥)]𝒽(o)[𝑓∗(𝑦)]𝒽(>?o). 

From Definition 2.6 and order relation ≤i, we have 

[𝑓∗(𝜆𝑥 + (1 − 𝜆)𝑦), 𝑓∗(𝜆𝑥
+ (1 − 𝜆)𝑦)] ≤) �[𝑓∗(𝑥)]𝒽(+)[𝑓∗(𝑦)]𝒽(-.+), 		[𝑓∗(𝑥)]𝒽(+)[𝑓∗(𝑦)]𝒽(-.+)�		 

						
= 1[𝑓∗(𝑥)]𝒽(+), 		[𝑓∗(𝑥)]𝒽(+)71[𝑓∗(𝑦)]𝒽(-.+), 		[𝑓∗(𝑦)]𝒽(-.+)7,						 

i.e. 

𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤i [𝑓(𝑥)]𝒽(o)[𝑓(𝑦)]𝒽(>?o), ∀	𝑥, 𝑦 ∈
[𝓊, 𝜗], 𝜆 ∈ [0, 1]. 

Hence, 𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽).   

Conversely, let 𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽). Then, for 

all 𝑥, 𝑦 ∈ [𝓊, 𝜗] and 𝜆 ∈ [0, 1], we have  
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						𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤i [𝑓(𝑥)]𝒽(o)[𝑓(𝑦)]𝒽(>?o),  

that is 

[𝑓∗(𝜆𝑥 + (1 − 𝜆)𝑦), 𝑓∗(𝜆𝑥 + (1 −
𝜆)𝑦)] ≤) 1[𝑓∗(𝑥)]𝒽(+)[𝑓∗(𝑦)]𝒽(-.+), 		[𝑓∗(𝑥)]𝒽(+)[𝑓∗(𝑦)]𝒽(-.+)7. 

It follows that 

𝑓∗(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ [𝑓∗(𝑥)]𝒽(o)[𝑓∗(𝑦)]𝒽(>?o), 

and 

𝑓∗(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 		[𝑓∗(𝑥)]𝒽(o)[𝑓∗(𝑦)]𝒽(>?o).  

Hence, the result follows. 

Example 2.10. We consider	𝒽(𝜆) ≡ 𝑚(𝑚 ≥ 1), for 𝜆 ∈
[0, 1] and the IVF 𝑓: [1, 4] → ℝI

: defined by, 𝑓(𝑥) =
�𝑒�, 𝑒�"�. Since end point functions 𝑓∗(𝑥) and 𝑓∗(𝑥) are 
log-𝒽-convex functions, then by Theorem 2.9,  𝑓(𝑥) is LR-
log-𝒽-convex-IVF. 

Remark 2.11.  If 𝑓∗(𝓊) = 𝑓∗(𝜗), then LR-log-𝒽-convex-
IVF becomes log-𝒽-convex function, see [34]. 

 If 𝑓∗(𝓊) = 𝑓∗(𝜗) with 𝒽(𝜆) = 𝜆} with 𝑠 ∈ (0, 1), then 
LR-log-𝒽-convex-IVF becomes log-𝑠-convex function in 
the second sense, see [39]. 

If 𝑓∗(𝓊) = 𝑓∗(𝜗) with 𝒽(𝜆) = 𝜆, then LR-log-𝒽-convex-
IVF becomes log-convex function, see [36]. 

If 𝑓∗(𝓊) = 𝑓∗(𝜗) with 𝒽(𝜆) ≡ 1,  then LR-log-𝒽-convex-
IVF reduces to the log-𝑃-convex function, see [34]. 

Theorem 2.12. Let 𝑓: [𝓊, 𝜗] → ℝI
: be an IVF defined by 

𝑓(𝑥) = [𝑓∗(𝑥), 𝑓∗(𝑥)],	for all 𝑥 ∈ [𝓊, 𝜗]. Then, 𝑓 ∈
𝐿𝑅𝑆𝑉([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽) if and only if 	𝑓∗, 𝑓∗ ∈
𝑆𝑉([𝓊, 𝜗], ℝ:, 𝑙𝑜𝑔 − 𝒽). 

Proof. The proof is similar to that of Theorem 2.9. 

Example 2.13. We consider the IVF 𝑓: [𝓊, 𝜗] = [0, 4] →
ℝI
: defined by 

𝑓(𝑥) = [−5𝑥,−𝑥], 

where 𝒽(𝜆) = 𝜆, since end point functions 𝑓∗(𝑥) = −5𝑥, 
𝑓∗(𝑥) = −𝑥 are log-𝒽-concave functions, then by Theorem 
2.12,	𝑓(𝑥) is LR-log-𝒽-concave-IVF. 

 

3 Main Results 

In this section, we establish interval 𝐻𝐻-inequality, 
interval 𝐻𝐻-Fejer inequality and interval Jensen inequality, 
and their variant forms for LR-log-𝒽-convex-IVF. We also 
provide some nontrivial examples. 

Theorem 3.1. (Interval 𝐻𝐻-inequality for LR-log-𝒽-
convex-IVF).  Let 𝑓: [𝓊, 𝜗] → ℝI

: be an IVF such that 
𝑓(𝑥) = [𝑓∗(𝑥), 𝑓∗(𝑥)] for all 𝑥 ∈ [𝓊, 𝜗] and 𝑓 ∈ ℐℛ([𝓊,;]). 
If 𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽), then 

𝑓 �
𝓊 + 𝜗
2 �

!

"𝒽$!"% ≤i 𝑒𝑥𝑝 �
1

𝜗 − 𝓊	
(𝐼𝑅)� 𝑙𝑛𝑓(𝑥)𝑑𝑥

;

𝓊
� 

≤i [𝑓(𝓊)𝑓(𝜗)]∫ 𝒽(o)Uo!
& .                                (15)                  

If 𝑓 ∈ 𝐿𝑅𝑆𝑉([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽), then 

𝑓 8𝓊?@
A
=

�
�𝒽8��= ≥) 𝑒𝑥𝑝 P

-
@.𝓊

	(𝐼𝑅) ∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥@
𝓊 S ≥) [𝑓(𝓊)	𝑓(𝜗)]∫ 𝒽(+)C+�

� .  

Proof. Let 𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽). Then, by 

hypothesis, we have 

𝑓 D
𝓊 + 𝜗
2 G ≤) [𝑓(𝜆𝓊 + (1 − 𝜆)𝜗)]

𝒽$!"%1𝑓H(1 − 𝜆)𝓊 + 𝜆𝜗I7
𝒽$!"%. 

Then, we have 

𝑓∗ $
𝓊?@
A
% ≤ [𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]

𝒽$!"%1𝑓∗H(1 − 𝜆)𝓊 + 𝜆𝜗I7
𝒽$!"%,

𝑓∗ $𝓊?@A % ≤ [𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒽$
!
"%1𝑓∗H(1 − 𝜆)𝓊 + 𝜆𝜗I7

𝒽$!"%.
           (16) 

Taking logarithms on both sides of (16), we obtain 
-

𝒽$!"%
	𝑙𝑛𝑓∗ $

𝓊?@
A
% ≤ 𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗) + 𝑙𝑛𝑓∗H(1 − 𝜆)𝓊 + 𝜆𝜗I	,

-
𝒽$!"%

	𝑙𝑛𝑓∗ $𝓊?@
A
% ≤ 𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗) + 𝑙𝑛𝑓∗H(1 − 𝜆)𝓊 + 𝜆𝜗I.

   

Then, 

>

𝒽8!"=
∫ 𝑙𝑛𝑓∗ 8

𝓊:;
<
=𝑑𝜆>

F ≤ ∫ 𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)𝑑𝜆
>
F

+∫ 𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{𝑑𝜆
>
F ,

>

𝒽8!"=
∫ 𝑙𝑛𝑓∗ 8𝓊:;

<
=𝑑𝜆>

F ≤ ∫ 𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)𝑑𝜆>
F

+∫ 𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{𝑑𝜆>
F .

  

It follows that 

                                
>

<𝒽8!"=
𝑙𝑛𝑓∗ 8

𝓊:;
<
= ≤ >

;?𝓊
	∫ 𝑙𝑛𝑓∗(𝑥)𝑑𝑥
;
𝓊 ,

>

<𝒽8!"=
	𝑙𝑛𝑓∗ 8𝓊:;

<
= ≤ >

;?𝓊
	∫ 𝑙𝑛𝑓∗(𝑥)𝑑𝑥;
𝓊 ,

  

which implies that 

𝑓∗ 8
𝓊:;
<
=

!

"𝒽$!"% ≤ 𝑒𝑥𝑝 8 >
;?𝓊

	∫ 𝑙𝑛𝑓∗(𝑥)𝑑𝑥
;
𝓊 = ,

	𝑓∗ 8𝓊:;
<
=

!
"𝒽$!"% ≤ 𝑒𝑥𝑝 8 >

;?𝓊
	∫ 𝑙𝑛𝑓∗(𝑥)𝑑𝑥;
𝓊 = .
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That is, 

M𝑓∗ $
𝓊?@
A
%

!
"𝒽$!"% , 𝑓∗ $𝓊?@

A
%

!
"𝒽$!"%N ≤) O

𝑒𝑥𝑝 $ -
@.𝓊

	∫ 𝑙𝑛𝑓∗(𝑥)𝑑𝑥
@
𝓊 % ,

	𝑒𝑥𝑝 $ -
@.𝓊

	∫ 𝑙𝑛𝑓∗(𝑥)𝑑𝑥@
𝓊 %

S.   

Thus, 

	𝑓 8𝓊:;
<
=

!

"𝒽$!"% ≤i 𝑒𝑥𝑝 P
>

;?𝓊
	(𝐼𝑅)∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥;

𝓊 S.  
   

(17) 

Similarly, we have 

𝑒𝑥𝑝 P >
;?𝓊

	(𝐼𝑅) ∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥;
𝓊 S ≤i [𝑓(𝓊)𝑓(𝜗)]∫ 𝒽(o)Uo!

& . 
                                   (18) 

Combining (17) and (18), we have 

	𝑓 �
𝓊 + 𝜗
2 �

!

"𝒽$!"% ≤i 𝑒𝑥𝑝 �
1

𝜗 − 𝓊	
(𝐼𝑅)� 𝑙𝑛𝑓(𝑥)𝑑𝑥

;

𝓊
� 

≤i [𝑓(𝓊)𝑓(𝜗)]∫ 𝒽(o)Uo!
& ,  

the required result. 

Remark 3.2. If 𝒽(𝜆) = 𝜆} with 𝑠 ∈ (0, 1),  then Theorem 
3.1 reduces to the result for LR-log-𝑠-convex-IVF in the 
second sense: 

	𝑓 $𝓊?@
A
%
A'T!

≤) 𝑒𝑥𝑝 U
-

@.𝓊
	(𝐼𝑅) ∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥@

𝓊 X ≤) [𝑓(𝓊)𝑓(𝜗)]
!
'Y!.  

If 𝒽(𝜆) = 𝜆, then Theorem 3.1 reduces to the result for LR-
log-convex-IVF: 

𝑓 8𝓊:;
<
= ≤i 𝑒𝑥𝑝 P

>
;?𝓊

	(𝐼𝑅)∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥;
𝓊 S ≤i �𝑓(𝓊)	𝑓(𝜗).   

If 𝒽(𝜆) ≡ 1, then Theorem 3.1 reduces to the result for LR-
log-𝑃-convex-IVF; 

𝑓 8𝓊:;
<
=
!
" ≤i 𝑒𝑥𝑝 P

>
;?𝓊

	(𝐼𝑅) ∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥;
𝓊 S ≤i 𝑓(𝓊)	𝑓(𝜗).  

If 𝑓∗(𝓊) = 𝑓∗(𝜗), then Theorem 3.1 reduces to the result 
for log-𝒽-convex function, see [34]: 

	𝑓 8𝓊:;
<
=

!

"𝒽$!"% ≤ 𝑒𝑥𝑝 P >
;?𝓊

	(𝑅)∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥;
𝓊 S ≤

[𝑓(𝓊)𝑓(𝜗)]∫ 𝒽(o)Uo!
& .  

If 𝑓∗(𝓊) = 𝑓∗(𝜗) and 𝒽(𝜆) = 𝜆}, then Theorem 3.1 
reduces to the result for log-𝑠-convex function, see [34]: 

	𝑓 8𝓊:;
<
=
<'T!

≤ 𝑒𝑥𝑝 P >
;?𝓊

	(𝑅)∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥;
𝓊 S ≤

[𝑓(𝓊)𝑓(𝜗)]
!
'Y!.  

If 𝑓∗(𝓊) = 𝑓∗(𝜗) and 𝒽(𝜆) = 𝜆, then Theorem 3.1 reduces 
to the result for log-convex function, see [31]: 

𝑓 8𝓊:;
<
= ≤ 𝑒𝑥𝑝 P >

;?𝓊
	(𝑅)∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥;

𝓊 S ≤ �𝑓(𝓊)𝑓(𝜗).   

If 𝑓∗(𝓊) = 𝑓∗(𝜗) and 𝒽(𝜆) ≡ 1, then Theorem 3.1 reduces 
to the result for log-𝑃-convex function, see [34]: 

   𝑓 8𝓊:;
<
=
!
" ≤

𝑒𝑥𝑝 P >
;?𝓊

	(𝑅)∫ 𝑙𝑛𝑓(𝑥)𝑑𝑥;
𝓊 S ≤ 𝑓(𝓊)𝑓(𝜗). 

Example 3.3. We consider 𝒽(𝜆) = 𝜆, for 𝜆 ∈ [0, 1], and 
the IVF 𝑓: [𝓊, 𝜗] = [1, 4] → ℝI

: defined by, 𝑓(𝑥) =
�𝑒<�, 𝑒�"�, then 𝑓(𝑥) is LR-log-𝒽-convex-IVF. Since 
𝑓∗(𝑥) = 𝑒� and 𝑓∗(𝑥) = 𝑒�" then we have  

	𝑓∗ 8
𝓊:;
<
=

!

"𝒽$!"% = P𝑒
Z
"S

!
"𝒽$!"% = 𝑒�, 

𝑒𝑥𝑝 8 >
;?𝓊

	∫ 𝑙𝑛𝑓∗(𝑥)𝑑𝑥
;
𝓊 = = 𝑒𝑥𝑝 8	>

� ∫ 𝑙𝑛(𝑒�)𝑑𝑥�
> = = 𝑒�,	  

[𝑓∗(𝓊)𝑓∗(𝜗)]∫ 𝒽(o)Uo!
& =	 [𝑒<. 𝑒�]

!
" =	𝑒�,  

i.e. 

𝑒� ≤ 𝑒� ≤ 𝑒�. 

Similarly, it can be easily shown that  

	𝑓∗ 8𝓊:;
<
=

!

"𝒽$!"% ≤ 𝑒𝑥𝑝 P >
;?𝓊

	∫ 𝑙𝑛𝑓∗(𝑥)𝑑𝑥;
𝓊 S ≤ [𝑓∗(𝓊) +

	𝑓∗(𝜗)]∫ 𝒽(o)Uo!
& .  

Now,  

𝑓∗ 8𝓊:;
<
=

!

"𝒽$!"% = �𝑒8
Z
"=
"

�

!

"𝒽$!"% = 𝑒
"Z
[ ,  

𝑒𝑥𝑝 8 >
;?𝓊

	∫ 𝑙𝑛𝑓∗(𝑥)𝑑𝑥;
𝓊 = = 𝑒𝑥𝑝 8	>

� ∫ 𝑙𝑛x𝑒�"{𝑑𝑥�
> = = 𝑒�,	  

[𝑓∗(𝓊)𝑓∗(𝜗)]∫ 𝒽(o)Uo!
& =	 [𝑒. 𝑒>�]

!
" = 𝑒

!\
" .   

From which, it follows that 

𝑒
"Z
[ ≤ 𝑒� ≤ 𝑒

!\
" .  

That is, 

P𝑒�, 𝑒
"Z
[ S ≤i [𝑒�, 	𝑒�] ≤i �𝑒�, 𝑒

	
!\
" �. 

Hence, 

 𝑓 8𝓊:;
<
=

!

"𝒽$!"% ≤i 𝑒𝑥𝑝 P
>

;?𝓊
	(𝐼𝑅) ∫ 𝑓(𝑥)𝑑𝑥;

𝓊 S 

≤i [𝑓(𝓊)𝑓(𝜗)]∫ 𝒽(o)Uo!
& .   
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Theorem 3.4. (Second 𝐻𝐻-Fejer inequality for LR-log-𝒽-
convex-IVF) Let 𝑓: [𝓊, 𝜗] → ℝI

: be an IVF with 𝓊 < 	𝜗,  
such that 𝑓(𝑥) = [𝑓∗(𝑥), 𝑓∗(𝑥)] for all 𝑥 ∈ [𝓊, 𝜗] and 𝑓 ∈
ℐℛ([𝓊,;]). If 𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽), then 
𝒲: [𝓊, 𝜗] → ℝ,𝒲(𝑥) ≥ 0, symmetric with respect to 𝓊:;

<
, 

then 

  >
;?𝓊

	(𝐼𝑅)∫ [𝑙𝑛𝑓(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊  

    ≤i 𝑙𝑛[𝑓(𝓊)𝑓(𝜗)] ∫ 𝒽(𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{𝑑𝜆>
F .   (19) 

If 𝑓 ∈ 𝐿𝑅𝑆𝑉([𝓊, 𝜗], ℝ𝐼
+, 𝑙𝑜𝑔 − 𝒽), then inequality (19) 

is reversed. 
 

Proof. Let  𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽). Then, we 

have 		
[𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)																																	

≤ x𝒽(𝜆) 𝑙𝑛𝑓∗(𝓊) + 𝒽(1 − 𝜆) 𝑙𝑛𝑓∗(𝜗){𝒲 � 𝜆𝓊
+(1 − 𝜆)𝜗� ,

[𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)																																

≤ x𝒽(𝜆) 𝑙𝑛𝑓∗(𝓊) + 𝒽(1 − 𝜆) 𝑙𝑛𝑓∗(𝜗){𝒲� 𝜆𝓊
+(1 − 𝜆)𝜗� ,

         (20) 
and  
 
�𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{�𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{																													

			≤ x𝒽(1 − 𝜆) 𝑙𝑛𝑓∗(𝓊) + 𝒽(𝜆) 𝑙𝑛𝑓∗(𝜗){𝒲8(1 − 𝜆)𝓊+𝜆𝜗 =

�𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{�𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{																												

					≤ x𝒽(1 − 𝜆) 𝑙𝑛𝑓∗(𝓊) + 𝒽(𝜆) 𝑙𝑛𝑓∗(𝜗){𝒲8(1 − 𝜆)𝓊+𝜆𝜗 = .

         (21) 
Adding (19) and (20), and integrating over [0, 1], we 
get 		
	∫ [𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)>
F 𝑑𝜆																	

+ ∫ 𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆		

≤ ∫

⎣
⎢
⎢
⎢
⎡𝑙𝑛𝑓∗(𝓊) �

𝒽(𝜆)𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)
+𝒽(1 − 𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{�

+𝑙𝑛𝑓∗(𝜗) �
𝒽(1 − 𝜆)𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)
+𝒽(𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{ � ⎦

⎥
⎥
⎥
⎤

>
F 𝑑𝜆,

∫ �𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{�𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆																	

+ ∫ 𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)>
F 𝑑𝜆	

		≤ ∫

⎣
⎢
⎢
⎢
⎡𝑙𝑛𝑓∗(𝓊) �

𝒽(𝜆)𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)
+𝒽(1 − 𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{�

+𝑙𝑛𝑓∗(𝜗) �
𝒽(1 − 𝜆)𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)
+𝒽(𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{ � ⎦

⎥
⎥
⎥
⎤

>
F 𝑑𝜆.

   

     

		
= 2𝑙𝑛𝑓∗(𝓊)∫ 𝒽(𝜆)𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)>

F 𝑑𝜆

				+2𝑙𝑛𝑓∗(𝜗) ∫ 𝒽(𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆,

= 2𝑙𝑛𝑓∗(𝓊) ∫ 𝒽(𝜆)𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)>
F 𝑑𝜆

				+2𝑙𝑛𝑓∗(𝜗)∫ 𝒽(𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆.

  

Since 𝒲 is symmetric, then 		
= 2𝑙𝑛[	𝑓∗(𝓊)𝑓∗(𝜗)] ∫ 𝒽(𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>

F 𝑑𝜆,			

= 2𝑙𝑛[	𝑓∗(𝓊)𝑓∗(𝜗)] ∫ 𝒽(𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆.

  (22) 

Since  		
∫ [𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)>
F 𝑑𝜆												

						= ∫ �𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{�𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆

= >
;?𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 ,																																				

∫ �𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{�𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆										

						= ∫ [𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)>
F 𝑑𝜆

= >
;?𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 .																																				

(23) 

From (22) and (23), we have 
 
>

;?𝓊
	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 																																																											

												≤ 𝑙𝑛[𝑓∗(𝓊)𝑓∗(𝜗)] ∫ 𝒽(𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆,

>
;?𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 																																																									

											≤ 𝑙𝑛[𝑓∗(𝓊)𝑓∗(𝜗)] ∫ 𝒽(𝜆)𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆.

  

That is, 

P >
;?𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 , >

;?	𝓊
	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥

	
;
𝓊 S  

≤i �𝑙𝑛[𝑓∗(𝓊)𝑓∗(𝜗)],

𝑙𝑛[𝑓∗(𝓊)𝑓∗(𝜗)]� ∫ 𝒽(𝜆)𝒲8(1 − 𝜆)𝓊+𝜆𝜗 =>
F 𝑑𝜆. 

Hence,  

 -
@.𝓊

	(𝐼𝑅) ∫ [𝑙𝑛𝑓(𝑥)]𝒲(𝑥)𝑑𝑥@
𝓊    

    ≤) 𝑙𝑛[𝑓(𝓊)𝑓(𝜗)] ∫ 𝒽(𝜆)𝒲H(1 − 𝜆)𝓊 + 𝜆𝜗I𝑑𝜆-
^ . 

This concludes the proof. 

Theorem 3.5. (First 𝐻𝐻-Fejer inequality for LR-log-𝒽-
convex-IVF) Let 𝑓: [𝓊, 𝜗] → ℝI

: be an IVF with  𝓊 < 	𝜗,  
such that 𝑓(𝑥) = [𝑓∗(𝑥), 𝑓∗(𝑥)] for all 𝑥 ∈ [𝓊, 𝜗] and 𝑓 ∈
ℐℛ([𝓊,;]). If 𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽) and 
𝒲: [𝓊, 𝜗] → ℝ,𝒲(𝑥) ≥ 0, symmetric with respect to 𝓊:;

<
, 

and ∫ 𝒲(𝑥)𝑑𝑥 > 0;
𝓊 , then 
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𝑙𝑛𝑓 8𝓊:;
<
= ≤i

<𝒽(!")

∫ 𝒲(�)U�_
𝓊

	(𝐼𝑅) ∫ [𝑙𝑛𝑓(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 .  

                                                (24) 

If 𝑓 ∈ 𝐿𝑅𝑆𝑉([𝓊, 𝜗], ℝ𝐼
+, 𝑙𝑜𝑔 − 𝒽), then inequality (24) is 

reversed. 

Proof. Since 𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽),  then for 

𝓊, 𝜗 ∈ [𝓊, 𝜗], 𝜆 ∈ [0, 1], we have   

>

𝒽8!"=
	𝑙𝑛𝑓∗ 8

𝓊:;
<
=																																																																			

				≤ 𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗) + 𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{	,
>

𝒽8!"=
	𝑙𝑛𝑓∗ 8𝓊:;

<
=																																																																		

				≤ 𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗) + 𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{,

  (25) 

Multiplying (25) by 𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{ = 𝒲(𝜆𝓊 +
(1 − 𝜆)𝜗) and integrating it by 𝜆 over [0, 1], we obtain  

		
	 >

𝒽8!"=
P𝑙𝑛𝑓∗ 8

𝓊:;
<
=S ∫ 𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{𝑑𝜆>

F 																							

							≤ ∫ [𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)𝑑𝜆>
F

+∫ �𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{�𝒲8(1 − 𝜆)𝓊+𝜆𝜗 =𝑑𝜆>
F ,

>

𝒽8!"=
P𝑙𝑛𝑓∗ 8𝓊:;

<
=S ∫ 𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{𝑑𝜆>

F 																						

								≤ ∫ [𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)𝑑𝜆>
F

	+∫ �𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{�𝒲 8(1 − 𝜆)𝓊+𝜆𝜗 =𝑑𝜆>
F ,

                                                              (26) 

Since  
		

∫ [𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)>
F 𝑑𝜆																

		= ∫ �𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{�𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆

= >
;?𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 ,

∫ [𝑙𝑛𝑓∗(𝜆𝓊 + (1 − 𝜆)𝜗)]𝒲(𝜆𝓊 + (1 − 𝜆)𝜗)>
F 𝑑𝜆															

= ∫ �𝑙𝑛𝑓∗x(1 − 𝜆)𝓊 + 𝜆𝜗{�𝒲x(1 − 𝜆)𝓊 + 𝜆𝜗{>
F 𝑑𝜆

	= >
;?𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 .

                                                              (27) 

Then, from (27), we have 
		

𝑙𝑛𝑓∗ 8
𝓊:;
<
= 	≤

<𝒽8!"=

∫ 𝒲(�)U�_
𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 ,

𝑙𝑛𝑓∗ 8𝓊:;
<
= 	≤

<𝒽8!"=

∫ 𝒲(�)U�_
𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 .

														

  

From which, we have 

		
U𝑙𝑛𝑓∗ $

𝓊?@
A % , 𝑙𝑛𝑓∗ $𝓊?@A %X																																																

																												≤)
A𝒽$'(%

∫ 𝒲(`)C`)
𝓊

a
	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥@
𝓊 ,			

∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥@
𝓊

b .

														

  

That is, 

𝑙𝑛𝑓 8𝓊:;
<
= ≤i

<𝒽8!"=

∫ 𝒲(�)U�_
𝓊

	(𝐼𝑅) ∫ [𝑙𝑛𝑓(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 .  

Then, we complete the proof. 

Remark 3.6.  If 𝒽(𝜆) = 𝜆} with 𝑠 ∈ (0, 1), then 
inequalities in Theorem 3.4 and Theorem 3.5 reduce for 
LR-log-s-convex-IVFs in the second sense. 

If 𝒽(𝜆) = 𝜆, then inequalities in Theorem 3.4 and Theorem 
3.5 reduce for LR-log-convex-IVFs. 

If 𝑓∗(𝓊) = 𝑓∗(𝓊), then Theorem 3.4 and Theorem 3.5 
reduce to classical first and second 𝐻𝐻-Fejer inequality for 
log-𝒽-convex function, see [26]. 

If 𝑓∗(𝓊) = 𝑓∗(𝓊) and 𝒽(𝜆) = 𝜆}, then Theorem 3.4 and 
Theorem 3.5 reduce to classical second 𝐻𝐻-Fejer inequality 
for log-𝑠-convex function, see [38]. 

Example 3.7. We consider 𝒽(𝜆) = 𝜆, for 𝜆 ∈ [0, 1]and the 
IVF 𝑓: [𝓊, 𝜗] = [1, 8] → ℝ𝐼+ defined by, 

𝑓(𝑥) = �𝑒<�, 𝑒�"�. 

Since end point functions 𝑓∗(𝑥) = 𝑒<�	and 𝑓∗(𝑥) = 𝑒�" are 
log-𝒽-convex functions, then by Theorem 2.9, 𝑓(𝑥) is LR-
log-𝒽-convex-IVF. If 

			𝒲(𝑥) = c
𝑥 − 1,						𝜎 ∈ P1, ¡

<
S

8 − 𝑥,			𝜎 ∈ 8¡
<
, 8S ,

    

then we have 

 

		
>

;?𝓊 ∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 = >

� ∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥�
> 									

= >
� ∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥

c
"
> + >

� ∫ 𝑙𝑛𝑓∗(𝑥)𝒲(𝑥)𝑑𝑥�
c
"

,
>

;?𝓊 ∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 = >

� ∫ [𝑙𝑛𝑓
∗(𝑥)]𝒲(𝑥)𝑑𝑥�

> 						

= >
� ∫ [𝑙𝑛𝑓

∗(𝑥)]𝒲(𝑥)𝑑𝑥
c
"
> + >

� ∫ [𝑙𝑛𝑓
∗(𝑥)]𝒲(𝑥)𝑑𝑥,�

c
"

 

	= <
� ∫ [(𝑥)](𝑥 − 1)𝑑𝑥

c
"
> + <

� ∫ (𝑥)(8 − 𝑥)𝑑𝑥
�
c
"

= ��
�
,

= >
� ∫ (𝑥

<)(𝑥 − 1)𝑑𝑥
c
"
> + >

� ∫ (𝑥<)(8 − 𝑥)𝑑𝑥�
c
"

≈ 39,
 

                                               (28) 

and 
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𝑙𝑛[𝑓∗(𝓊)𝑓∗(𝜗)] ∫ 𝒽(𝜆)𝒲x𝓊 + 𝜆𝜕(𝜗,𝓊){>

F 𝑑𝜆		
	

𝑙𝑛[𝑓∗(𝓊)𝑓∗(𝜗)] ∫ 𝒽(𝜆)𝒲x𝓊 + 𝜆𝜕(𝜗,𝓊){>
F 𝑑𝜆

  

    

= (66)	�∫ 7𝜆<𝑑𝑥
!
"
F + ∫ 𝜆(7 − 7𝜆)𝑑𝜆>

!
"

� = ��
�
.

	
= (65) �∫ 7𝜆<𝑑𝑥

!
"
F + ∫ 𝜆(7 − 7𝜆)𝑑𝜆>

!
"

� = ���
�
.
 

                                              (29)  

Then, from (29), we have 

P��
�
, 39S 	≤i P

��
�
, ���

�
S. 

Hence, Theorem 3.4 is verified. 

For Theorem 3.5, we have  

     
𝑙𝑛𝑓∗ 8

𝓊:;
<
= = 9	,

𝑙𝑛𝑓∗ 8𝓊:;
<
= = �>

�
	 ,

														

                                  (30) 

∫ 𝒲(𝑥)𝑑𝑥;
𝓊 = ∫ (𝑥 − 1)𝑑𝑥

c
"
> + ∫ (8 − 𝑥)𝑑𝑥�

c
"

= �¡
�
, 

  
		

<𝒽8!"=

∫ 𝒲(�)U�_
𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 = 9,

<𝒽8!"=

∫ 𝒲(�)U�_
𝓊

	∫ [𝑙𝑛𝑓∗(𝑥)]𝒲(𝑥)𝑑𝑥;
𝓊 ≈ >��

�
.

														

   

    (31) 

From (30) and (31), we have 

�9,
81
4 � 	≤i �9,

156
7 �. 

Hence, Theorem 3.5 is verified. 

Theorem 3.8. (Jensen inequality for LR-log-𝒽-convex-
IVF) Let	𝓌¨ ∈ ℝ:, 𝓊¨ ∈ [𝓊, 𝜗], (𝑗 =
1, 2, 3, …………𝑘, 𝑘 ≥ 2) and let 𝑓: [𝓊, 𝜗] → ℝI

: be an IVF 
such that 𝑓(𝑥) = [𝑓∗(𝑥), 	𝑓∗(𝑥)] for all 𝑥 ∈ [𝓊, 𝜗]. If 𝑓 ∈
𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽) and 𝒽 is a nonnegative 
supermultiplicative function then 

𝑓 8 >
¬d
∑ 𝓌¨
®
¨¯> 𝓊¨= ≤i ∏ �𝑓x𝓊¨{�

𝒽�
𝓌f
gd

�®
¨¯> ,   (32) 

where 𝑊® = ∑ 𝓌¨
®
¨¯> . I 𝒽 is a nonnegative 

submultiplicative function f 𝑓 ∈ 𝐿𝑅𝑆𝑉([𝓊, 𝜗], ℝ𝐼
+, 𝑙𝑜𝑔 −

𝒽), Then Eq. (32) is reversed. 

Proof. If 𝑘 = 2,  Then Eq. (32) is true. Consider Eq. (11) is 
true for 𝑘 = 𝑛 − 1, then 

𝑓 8 >
¬hT!

∑ 𝓌¨
²?>
¨¯> 𝓊¨= ≤i ∏ �𝑓x𝓊¨{�

𝒽8
𝓌f

ghT!
=²?>

¨¯> ,     

Now, let us prove that Eq. (32) holds for 𝑘 = 𝑛, such that 

 𝑓 8 >
¬h
∑ 𝓌¨
²
¨¯> 𝓊¨=     		=

𝑓 ³ >
¬hT"

∑ 𝓌¨
²?<
¨¯> 𝓊¨ +

𝓌hT!:𝓌h
¬h

´

𝓌hT!
𝓌hT!:𝓌h

𝓊²?>

+ 𝓌h
𝓌hT!:𝓌h

𝓊²
µ¶.  

Therefore, we have 

𝑓∗ 8
>
¬h
∑ 𝓌¨
²
¨¯> 𝓊¨=

𝑓∗ 8 >
¬h
∑ 𝓌¨
²
¨¯> 𝓊¨=

   

≤ 𝑓∗ 8
-
i·
∑ 𝓌j
k.A
jl- 𝓊j +

𝓌·¸�?𝓌·
i·

( 𝓌·¸�
𝓌·¸�?𝓌·

𝓊k.- +
𝓌·

𝓌·¸�?𝓌·
𝓊k= ,

≤ 𝑓∗ 8 -
i·
∑ 𝓌j
k.A
jl- 𝓊j +

𝓌·¸�?𝓌·

i·
( 𝓌·¸�

𝓌·¸�?𝓌·
𝓊k.- +

𝓌·

𝓌·¸�?𝓌·
𝓊k= ,

  

≤ �∏ �𝑓∗x𝓊j{�
𝒽$

𝓌¹
º·

%k.A
jl- 𝑓∗ 8

𝓌·¸�
𝓌·¸�?𝓌·

𝓊k.- +
𝓌·

𝓌·¸�?𝓌·
𝓊k=�

𝒽$𝓌·¸�»𝓌·
º·

%

,			

≤ ∏ �𝑓∗x𝓊j{�
𝒽$

𝓌¹
º·

%k.A
jl- P𝑓∗ 8 𝓌·¸�

𝓌·¸�?𝓌·
𝓊k.- +

𝓌·
𝓌·¸�?𝓌·

𝓊k=S
𝒽$𝓌·¸�»𝓌·

º·
%
,

  

≤ ∏ �𝑓∗x𝓊-{�
𝒽/

𝓌"
#$

0123
-45 	�	[𝑓∗(𝓊125)]

𝒽/ 𝓌$%&
𝓌$%&'𝓌$

0	[𝑓∗(𝓊1)]
𝒽/ 𝓌$

𝓌$%&'𝓌$
0�
𝒽/𝓌$%&'𝓌$

#$
0

,			

≤ ∏ �𝑓∗x𝓊-{�
𝒽/

𝓌"
#$

0123
-45 �	[𝑓∗(𝓊125)]

𝒽/ 𝓌$%&
𝓌$%&'𝓌$

0	[𝑓∗(𝓊1)]
𝒽/ 𝓌$

𝓌$%&'𝓌$
0�
𝒽/𝓌$%&'𝓌$

#$
0

,

  

≤ ∏ 1𝑓∗H𝓊jI7
𝒽$

𝓌7
89

%k.A
jl- [𝑓∗(𝓊k.-)]

𝒽$𝓌9:'
89

%	[𝑓∗(𝓊k)]
𝒽$𝓌989

%,			

≤ ∏ 1𝑓∗H𝓊jI7
𝒽$

𝓌7
89

%k.A
jl- [𝑓∗(𝓊k.-)]

𝒽$𝓌9:'
89

%	[𝑓∗(𝓊k)]
𝒽$𝓌989

%,
  

= ∏ �𝑓∗x𝓊¨{�
𝒽8

𝓌f
gh

=²
¨¯> ,			

= ∏ �𝑓∗x𝓊¨{�
𝒽8

𝓌f
gh

=²
¨¯> .

  

From which, we have 

P𝑓∗ 8
>
¬h
∑ 𝓌¨
²
¨¯> 𝓊¨= , 𝑓∗ 8

>
¬h
∑ 𝓌¨
²
¨¯> 𝓊¨=S  

                   ≤i �∏ �𝑓∗x𝓊¨{�
𝒽8

𝓌f
gh

=²
¨¯> ,∏ �𝑓∗x𝓊¨{�

𝒽8
𝓌f
gh

=²
¨¯> �.  

That is,  

𝑓 8 >
¬h
∑ 𝓌¨
²
¨¯> 𝓊¨= ≤i ∏ �𝑓x𝓊¨{�

𝒽8
𝓌f
gh

=²
¨¯> ,  

and the result follows. 

If 𝓌> = 𝓌< = 𝓌� =	…………… = 𝓌® = 1, then 
Theorem 3.10 reduces to the following result:  

Corollary 3.9. Let 𝓊¨ ∈ [𝓊, 𝜗], (𝑗 = 1, 2, 3, …………𝑘, 𝑘 ≥
2) and let 𝑓: [𝓊, 𝜗] → ℝI

: be an IVF such that 𝑓(𝑥) =
[𝑓∗(𝑥), 	𝑓∗(𝑥)] for all 𝑥 ∈ [𝓊, 𝜗]. If 𝑓 ∈
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𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽) and 𝒽 is a nonnegative 

supermultiplicative function, then 

𝑓 8>
®
∑ 𝓊¨®
¨¯> = ≤i ∏ �𝑓x𝓊¨{�

𝒽8!d=®
¨¯> .    (33)

    

If 𝑓 ∈ 𝐿𝑅𝑆𝑉([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽), then Eq. (33) is 

reversed. 

To obtain a refinement of Jensen inequality for LR-log-𝒽-
convex-IVFs, we prove the following the result: 

Theorem 3.10.  Let 𝒽: 𝐿 → ℝ: be a nonnegative 
supermultiplicative function and 𝑓: [𝓊, 𝜗] → ℝI

: be an IVF 
such that 𝑓(𝑥) = [𝑓∗(𝑥), 	𝑓∗(𝑥)] for all 𝑥 ∈ [𝓊, 𝜗]. If 𝑓 ∈
𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽), then for 𝓊>,𝓊<, 𝓊� ∈ [𝓊, 𝜗], 
𝓊> <	𝓊< < 𝓊� such that 𝓊� − 𝓊>, 𝓊� − 𝓊<, 𝓊< − 𝓊> ∈ 𝐿, 
we have  

𝑓(𝓊<	) ≤i 𝑓(𝓊>)𝒽(𝓊n?𝓊")𝑓(𝓊�)𝒽(𝓊"?𝓊!).                  (34) 

If 𝑓 ∈ 𝐿𝑅𝑆𝑉([𝓊, 𝜗], ℝI
:, 𝑙𝑜𝑔 − 𝒽), then Eq. (34) is 

reversed. 

Proof. Let 𝓊>,𝓊<, 𝓊� ∈ [𝓊, 𝜗] and 𝒽(𝓊� − 𝓊<) > 0. 
Then, by hypothesis, we have 

𝒽8𝓊n?𝓊"
𝓊n?𝓊!

= = 𝒽(𝓊n?𝓊")
𝒽(𝓊n?𝓊!)

  and 𝒽 8𝓊"?𝓊!
𝓊n?𝓊!

= = 𝒽(𝓊"?𝓊!)
𝒽(𝓊n?𝓊!)

. 

Consider	𝜆 = 𝓊n?𝓊"
𝓊n?𝓊!

, then 𝓊< = 𝜆𝓊> +	(1 − 𝜆)𝓊�. Since 
𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽), then by hypothesis, we 
have 

𝑓∗(𝓊<) ≤ [𝑓∗(𝓊>)]
𝒽8𝓊nT𝓊"𝓊nT𝓊!

=[𝑓∗(𝓊�)]
𝒽8𝓊"T𝓊!𝓊nT𝓊!

=,

𝑓∗(𝓊<) ≤ [𝑓∗(𝓊>)]
𝒽8𝓊nT𝓊"𝓊nT𝓊!

=[𝑓∗(𝓊�)]
𝒽8𝓊"T𝓊!𝓊nT𝓊!

=,
  

                                   (35) 

= [𝑓∗(𝓊>)]
𝒽(𝓊nT𝓊")
𝒽(𝓊nT𝓊!)[𝑓∗(𝓊�)]

𝒽(𝓊"T𝓊!)
𝒽(𝓊nT𝓊!),			

= [𝑓∗(𝓊>)]
𝒽(𝓊nT𝓊")
𝒽(𝓊nT𝓊!)[𝑓∗(𝓊�)]

𝒽(𝓊"T𝓊!)
𝒽(𝓊nT𝓊!).

  

                                              (36) 

From (36), we have 

𝑓∗(𝓊<) ≤ [𝑓∗(𝓊>)]𝒽(𝓊n?𝓊")[𝑓∗(𝓊�)]𝒽(𝓊"?𝓊!),
𝑓∗(𝓊<) ≤ [𝑓∗(𝓊>)]𝒽(𝓊n?𝓊")[𝑓∗(𝓊�)]𝒽(𝓊"?𝓊!).

 

That is 

[𝑓∗(𝓊A), 𝑓∗(𝓊A)] ≤) M
[𝑓∗(𝓊-)]𝒽(𝓊;.𝓊()[𝑓∗(𝓊o)]𝒽(𝓊(.𝓊')

, 	[𝑓∗(𝓊-)]𝒽(𝓊;.𝓊()[𝑓∗(𝓊o)]𝒽(𝓊(.𝓊')
N.  

Hence, 

𝑓(𝓊<	) ≤i 𝑓(𝓊>)𝒽(𝓊n?𝓊")𝑓(𝓊�)𝒽(𝓊"?𝓊!). 
Now, we obtain a refinement of Jensen inequality for LR-
log-𝒽-convex-IVF which is given in the following results. 

Theorem 3.11. Let 𝓌¨ ∈ ℝ:, 𝓊¨ ∈ [𝓊, 𝜗], (𝑗 =
1, 2, 3, …………𝑘, 𝑘 ≥ 2), 𝒽 be an nonnegative 
supermultiplicative function, and let 𝑓: [𝓊, 𝜗] → ℝI

: be an 
IVF such that 𝑓(𝑥) = [𝑓∗(𝑥), 	𝑓∗(𝑥)] for all 𝑥 ∈ [𝓊, 𝜗]. If 
𝑓 ∈ 𝐿𝑅𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽) and (𝐿, 𝑈) ⊆ [𝓊, 𝜗], then 

½�𝑓x𝓊¨{�
𝒽�

𝓌f
gd

�
®

¨¯>

≤i 

∏ ¾[𝑓(𝐿)]
𝒽�

pT𝓊f
pTq �𝒽�

𝓌f
gd

�[𝑓(𝑈)]𝒽�
𝓊fTq
rTq�𝒽�

𝓌f
gd

�
¿®

¨¯> ,          (37) 

where 𝑊® = ∑ 𝓌¨
®
¨¯> . If 𝑓 ∈ 𝐿𝑅𝑆𝑉([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽), 
then Eq. (37) is reversed. 

Proof. Consider = 𝓊>,𝓊¨ = 𝓊<, (𝑗 = 1, 2, 3, …………𝑘), 
𝑈 = 𝓊�. Then, by hypothesis and Eq. (35), we have 

𝑓∗x𝓊¨{ ≤ [𝑓∗(𝐿)]
𝒽�

pT𝓊f
pTq �[𝑓∗(𝑈)]

𝒽�
𝓊fTq
rTq�,

𝑓∗x𝓊¨{ ≤ [𝑓∗(𝐿)]𝒽�
pT𝓊f
pTq �[𝑓∗(𝑈)]𝒽�

𝓊fTq
rTq�.

  

The above inequality can be written as 

𝑓∗x𝓊¨{
𝒽�

𝓌f
gd

� ≤ [𝑓∗(𝐿)]
𝒽�

pT𝓊f
pTq �𝒽�

𝓌f
gd

�[𝑓∗(𝑈)]
𝒽�

𝓊fTq
rTq�𝒽�

𝓌f
gd

�,

𝑓∗x𝓊¨{
𝒽�

𝓌f
gd

� ≤ [𝑓∗(𝐿)]𝒽�
pT𝓊f
pTq �𝒽�

𝓌f
gd

�[𝑓∗(𝑈)]𝒽�
𝓊fTq
rTq�𝒽�

𝓌f
gd

�.
   (38) 

Taking multiplication of all inequalities (38) for 𝑗 =
1, 2, 3, …………𝑘, we have 

½𝑓∗x𝓊j{
𝒽D

𝓌¹
ºÀ

G
s

jl-

≤½¾[𝑓∗(𝐿)]
𝒽D

Á¸𝓊¹
Á¸Â G𝒽D

𝓌¹
ºÀ

G[𝑓∗(𝑈)]
𝒽D

𝓊¹¸Â
Ã¸ÂG𝒽D

𝓌¹
ºÀ

G¿
s

jl-

,

½𝑓∗x𝓊j{
𝒽D

𝓌¹
ºÀ

G
s

jl-

≤½¾[𝑓∗(𝐿)]𝒽D
Á¸𝓊¹
Á¸Â G𝒽D

𝓌¹
ºÀ

G[𝑓∗(𝑈)]𝒽D
𝓊¹¸Â
Ã¸ÂG𝒽D

𝓌¹
ºÀ

G¿
s

jl-

.

 

That is, 

∏ 𝑓x𝓊¨{

	
𝒽�

𝓌f
gd

�®
¨¯> = �∏ 𝑓∗x𝓊¨{

𝒽�
𝓌f
gd

�,®
¨¯>

∏ 𝑓∗x𝓊¨{
𝒽�

𝓌f
gd

�®
¨¯> �  

 ≤i �∏ ¾[𝑓∗(𝐿)]
𝒽�

pT𝓊f
pTq �𝒽�

𝓌f
gd

�[𝑓∗(𝑈)]
𝒽�

𝓊fTq
rTq�𝒽�

𝓌f
gd

�
¿®

¨¯> ,

∏ ¾[𝑓∗(𝐿)]
𝒽�

pT𝓊f
pTq �𝒽�

𝓌f
gd

�[𝑓∗(𝑈)]𝒽�
𝓊fTq
rTq�𝒽�

𝓌f
gd

�
¿®

¨¯> �, 

≤i ∏ ¾�[𝑓∗(𝐿)]
𝒽�

pT𝓊f
pTq �𝒽�

𝓌f
gd

�,®
¨¯>
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[𝑓∗(𝐿)]𝒽�
pT𝓊f
pTq �𝒽�

𝓌f
gd

�
�¿ .∏ ¾�[𝑓∗(𝑈)]

𝒽�
𝓊fTq
rTq�𝒽�

𝓌f
gd

�,®
¨¯>

[𝑓∗(𝑈)]𝒽�
𝓊fTq
rTq�𝒽�

𝓌f
gd

�
�¿, 

= ∏ [𝑓(𝐿)]𝒽�
pT𝓊f
pTq �𝒽�

𝓌f
gd

�®
¨¯> .∏ [𝑓(𝑈)]𝒽�

𝓊fTq
rTq�𝒽�

𝓌f
gd

�®
¨¯> .  

Thus, 

½�𝑓x𝓊j{�
𝒽D

𝓌¹
ºÀ

G
s

jl-

≤) ½¾[𝑓(𝐿)]𝒽D
Á¸𝓊¹
Á¸Â G𝒽D

𝓌¹
ºÀ

G[𝑓(𝑈)]𝒽D
𝓊¹¸Â
Ã¸ÂG𝒽D

𝓌¹
ºÀ

G¿ .
s

jl-

 

This completes the proof. 

Now, we consider some special cases of Theorem 3.8 and 
3.11. 

If 𝑓∗(𝑥) = 𝑓∗(𝑥), then Theorem 3.8 and 3.11 reduce to : 

Corollary 3.12. [26] (Jensen inequality for log-𝒽-convex 
function) Let	𝓌¨ ∈ ℝ:, 𝓊¨ ∈ [𝓊, 𝜗], (𝑗 =
1, 2, 3, …………𝑘, 𝑘 ≥ 2) and let 𝑓: [𝓊, 𝜗] → ℝ: be a non-
negative real-valued function. If 𝑓 ∈ 𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 −
𝒽) and 𝒽 is a nonnegative supermultiplicative function, 
then 

𝑓 8 >
¬d
∑ 𝓌¨
®
¨¯> 𝓊¨= ≤ ∏ �𝑓x𝓊¨{�

𝒽�
𝓌f
gd

�®
¨¯> ,                   (39) 

where 𝑊® = ∑ 𝓌¨
®
¨¯> . If 𝑓 ∈ 𝑆𝑉([𝓊, 𝜗], ℝ+, 𝑙𝑜𝑔 − 𝒽), 

then Eq. (39) is reversed. 

Corollary 3.13. [26] Let 𝓌¨ ∈ ℝ:, 𝓊¨ ∈ [𝓊, 𝜗], (𝑗 =
1, 2, 3, …………𝑘, 𝑘 ≥ 2), 𝒽 be a nonnegative 
supermultiplicative function and let 𝑓: [𝓊, 𝜗] → ℝ: be an 
non-negative real-valued function. If 𝑓 ∈
𝑆𝑋([𝓊, 𝜗], ℝI

:, 𝑙𝑜𝑔 − 𝒽) and (𝐿, 𝑈) ⊆ [𝓊, 𝜗], then 

∏ �𝑓x𝓊¨{�
𝒽�

𝓌f
gd

�®
¨¯> ≤

∏ ¾[𝑓(𝐿)]
𝒽�

pT𝓊f
pTq �𝒽�

𝓌f
gd

�[𝑓(𝑈)]𝒽�
𝓊fTq
rTq�𝒽�

𝓌f
gd

�
¿®

¨¯> ,     (40) 

where 𝑊® = ∑ 𝓌¨
®
¨¯> . If 𝑓 ∈ 𝑆𝑉([𝓊, 𝜗], ℝ:, 𝑙𝑜𝑔 − 𝒽), then 

Eq. (40) is reversed. 
Note that, if 𝒽 is a nonnegative multiplicative function , 
then results 3.8-3.13 reduce to new ones.  

5 Conclusion and Future Plan 
 
We have proposed a new class of log-convex-IVFs, which 
is called LR-log-𝒽-convex-IVFs. We have derived several 
new types of 𝐻𝐻- and Jensen inequalities for this class. The 
examples helped show that our results include a wide class 
of new and known inequalities for LR-log-𝒽-convex-IVFs 
and their variant forms as special cases. In the future, we 
will attemt to explore this concept for fuzzy-interval-valued 

functions. We hope that the concepts and techniques of this 
paper will be starting point for further research in this area. 
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