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Abstract: The aim of this note is to clearly expose the erroneous isaticerning the backward bifurcation and stability in #weent
literature of mathematical biology. Correct value of theibaeproduction number ir2] is also provided.
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1 Introduction 2 Falseness of the above statements

The example occurs in the proof of the following theorems
Stability analysis of a mathematical model describing P P g

the dynamics of a problem in biology requires a

knowledge of the eigenvalues of the Jacobian matrix

associated with the matrix1]. The Routh-Hurwitz 1. The DFE about Eof the system (1) forX< 1, stable

criteria give necessary and sufficient conditions for the  locally asymptotically , i > ﬁg{l‘% and (o + ay) >

eigenvalues to lie in the left half of the complex plane. S o4 e nwise unstable

However recent literature in mathematical biology hilols ' .

contains instances of authors establishing stability ef th 2 For Ro > 1, the EEE around Eof the system (1) is

Jacobian matrix by using erroneous results concerning 'ocally asymptotically stable if the following

eigenvalues of a matrix. Moreover, consequences of inequalities are satisfied. o > Tf%j%s and

erroneously proving backward bifurcation and the global 5,5 - __&Banke _ giherwise unstable.

asymptotic stability are also highlighted. Some of the TiTaTs(Ho+a1)

results are stated below. In order to prove these results they performed
elementary row operation for the Jacobian maix10)

1. Eigenvalues of a matrix are invariant under (by elementary row operation for the Jacobian madkix .
example, Altaf et al.Z]. obtained after elementary row transformation from (10)

2. Moreover, the value of the basic reproduction numberand (11) to show that all its eigenvalues are negative from
Ro in [2] is not correct and the main theorems Which they conclude the above assertions of their

presented in Section 4 of] are also incorrectly ~theorems. This reasoning would have been valid if
proved. elementary row transformation preserved eigenvalues,
which however, it does not as the following example

of Altaf et al. [2]. The Theorem states:

The purpose of the present note is to caution against sucﬁhows'

pitfalls into which an unwary researcher unintentional 1 -1 1-1

may fall. We will point out technical problems ir2][and A= (_1 2 > , B= <O 1 > .

correct some of them. Moreover, we provide the true

value of the basic reproduction number as well as theMatrix B has been obtained fromby adding the first row
corrected coefficients of the quadratic equation (9RIn[ to the second. This is elementary row transformation.
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Now eigenvalues ofA are A; = %(3+ Vv5) and free equilibrium is globally asymptotically stable as

Ay = %(3 — /5) whereasB has a repeated eigenvalue shown in Section 4 inZ], then the backward bifurcation
A2 = 1. This example shows that the eigenvalues mayphenomenon can not occur. Therefore, it is instructive to
ch’ange after an elementary row transformation. But th@mention here this incorrect use of mathematics, that could

determinant remains invariant. Here the determinant of€ the result of simple ignorance or unintentional errors,

each ofA andB is unity. so that in future young researchers should be aware of the
. . . harms of these wrong results.
The eigenvalues for the matrix (10) and of the matrix Since, the basic reproduction number, dendRgdis

obtained after elementary row transformation (similarly the expected number of secondary cases produced. in a
of matrix (11) and of the matrix obtained after elementary xp umb aary produced, 1
completely susceptible population, by a typical infective

row transformation inZ%] are not the same as they violate individual [6]. If Ry < 1. then on aver N infected
the well known criteria of the eigenvalues, that the sum of. _~.°. ual [6]. < -, then on average an ntecte
ndividual produces less than one new infected individual

the eigenvalues is equal to the trace of the matrix. Clearl)) ver the course of its infectious period. and in this case

the eigenvalues may change after an elementary ro he di di t IRy 1pth n, h infected

transformation. The above statement may hold in speci ¢ disease dies out > % then eac ecte
Individual produces, on average, more than one new

cases butarefalse in generd [ infected individual, and hence the disease can invade the
Over the last decade, a number of authors have,,nyjation. However, in theorem in Section 4, it is proved
studied the phenomenon of backward bifurcation (whergyp 5t i Ro > 1, (with some other conditions) than the
the locally-asymptotically stable disease-free equiilior  gisease free equilibrium is globally asymptotically seabl
co-exists with a locally-asymptotically stable endemic ynfortunately, that result is against the classical reisult
equilibrium whenRy < 1) (see e.g.q] and the references athematical biology that iRy > 1, then each infected
therein). The epidemiological importance of the jhgividual produces, on average, more than one new
backward bifurcation phenomenon arising in epidemicinfected individual. In that scenario, the disease free
modelling is that the classical requirementRf < 1is,  gquilibrium can never be globally asymptotically stable.
although necessary, no longer sufficient for diseaserpe gisease free equilibrium being both locally and
elimination. Lashari and Zaman8][ also carried out  giopally asymptotically stable (provided there is no
analysis of the backward bifurcation of their model. In gcanario of backward bifurcation) wheRo < 1, and
fact, the occurrence of the phenomenon of backwardoeing unstable wheRy > 1 [4,6]. -
bifurcation in their model discussed in Section 4 is not  |tis also worthy to point out that the proof of the global
true becaus® in [8] is the sum of two E%smve terms  stanility of the endemic equilibrium is also wrong as well
and the fact thaRy < 1 implies bOth“O'h736117({’2(’3323%34 and  since ifS; = 1, thenl’ = 0, it is not negative as stated in
anbiB1 516 less than unity. Frorﬁthbig]é <1, it can easily [2]. Furthermore, the largest compact invariant subset of

HnQLQ2 . the set whert’ = 0, is clearly not the singleton s&b (the
be seen that > 0. Thusa>0,b>0andc > 0if Ry < 1. endemic equilibrium).

As b > 0, whenRy < 1, therefore case (iii) of Theorem
4.1 of [8] does not indicate the possibility of a backward

bifurcation. . - 3 Correction
The phenomenon of backward bifurcation of the

model discussed in Section 3.2 may also be not true. InMThe coefficients of the equation (9) i@][are also wrong,
fact, Castillo-Chavez et al3] use a comparison theorem the true values of the coefficiends B, andC are given by
to derive sufficient conditions for the global stability

asymptotically of the disease free equilibrium of a general® = Ah%n(Ana1B2TaTs + a2anavfiBz)

disease transmission model wheg < 1. Clearly, in the —TiToTs[TaTs(Ho + a1) B2 + @200 Bufo]

case of a backward bifurcation the disease free

equilibrium can not be globally asymptotically stabile B = @173(ana1f214Ts + a2ahavB12) + Andnana1doTaTs

wheneverRy < 1 [3,4]. In most models, however, one —%(Ho + a1)TiT2T3T4Ts,

expects a second threshold for global stabilily [f there

are multiple equilibria, then no equilibrium can attradt al € = @10h@100T3TaTs.

solutions. (For example, the disease-free equilibriunsdoe o )
not attract the other equilibria.) Thus, no equilibrium is Now, we will find the correct value of the reproduction
globally asymptotically stable on the full space. numberRy. The matricesF (for the new infection terms)

Sometime when there are two equilibria (one andV (of the transition terms) are given, respectively, by

disease-free and one endemic) the endemic equilibrium 0 0 Bira1

can be shown to be globally asymptotically stabig A 0 Lo+ a1
more precise statement would be that the endemic 0 00 O
equilibrium is globally asymptotically stable amongst F= Boay ’
solutions for which the disease is present. (This way, the 0 iy 0 0
disease-free states are excluded.) Therefore, if thes#isea 0 0 O 0
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4 Conclusion

This comment has pointed out technical problems in
the main results in Ref.2] and has presented the - AU
corrected results. Studies of mathematical models of the B §
spread of Leptospirosis have great impact on health Pakistan. His work is focused
authorities planning and allocation of funds to control the - & on using mathematical
spread of infectious diseases. The effective control approaches to provide some
decisions of the disease have an important role in thensight into real life phenomena associated with the
combat of the disease and will be very useful for the mathematical modeling of infectious disease. He is
public as well as the funding agencies. However suchmainly working in the field of mathematical modeling of
resources are likely to go waste if scientific studies whichinfectious disease such as models of vector borne disease,
purport to guide them are based on faulty theoreticalpopulation dynamics, epidemics dynamics and infectious
basis. The conclusion based on the model propose byiseases with optimal control. He has published research
Altaf et al. [2] may not be valid and Leptospirosis may papers in international peer reviewed journals of
still be far from reaching its equilibrium from the mathematical sciences. Currently, he is employed at
community. Department of Mathematics, Stockholm University,
Stockholm, Sweden. He is working with Pieter Trapman
on a project entitled "stochastic models for infectious
disease dynamics”.
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