J. Ana. Num. Theor. 6, No. 1, 27-32 (2018)

%N = =) 27

Journal of Analysis & Number Theory

An International Journal

http://dx.doi.org/10.18576/jant/060105

Decomposition Formulas for Srivastava’s
Hypergeometric Functions of Three Complex

Variables |

Mosaed M. Makky

Departement of Mathematics, Faculty of Science, South Valley University, Qena, Egypt.

Received: 23 Nov. 2017, Revised: 21 Dec. 2017, Accepted: 27 Dec. 2017

Published online: 1 Jan. 2018

Abstract: In the spirit of Hasanov, Srivastava, and Turaev (2006), Ernst intro
operator and find a summation formula for the last one. Based these operat
Chaundy operators. In section 1 some definitions and notations are introduc
of three complex variables, also, we derive some computations formulas fi
section 2 we investigate some derivations of decomposition formulas for Sriva

variables are given.
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1 Introduction

The major development of th
function was carried out
noted as being the real

dered the infinite series

ala+1)(a+2)b(b+1)(b+2) 5
(e +1)(c+2) ce

as a functionof a, b, ¢ and z, where it is assumed that c
cannot be zero or a negative integer, so that no zero factor
appears in the denominators of the terms of the series.

By the above hypergeometric series, is meant the power
series

where z is the complex variable, a, b and ¢ are parameters
which can take arbitrary real or complex values (provided
that (c # 0,—1,-2,....), and the symbol (a), denotes the
Pochhammer symbol or the shifted factorial defined as

1, n=0
(a)"{a(a+1)(a+2) ..... (a+n—1), n=1,2,3,...

The sum of this series is called the hypergeometric
function and denoted by (c.f. [1]) 2Fi(a,b;c;z). One of
the most important properties of the hypergeometric
function is that terms of the series do not change if the
numerator parameters a and b are permuted, we obtain
symmetry property

2F1(a,byc;z) = 2Fi(b,a;c;2).

The concept of decomposition formulas for multiple
hypergeometric functions is well known from the articles
by Hasanov [2] and Bin-Saad [3].This paper follows the
first one by using g-analogues of 15 symbolic operator
formulas.

Also, we give the basic definitions and introduce a new
inverse g-analogue of the Burchnall-Chaundy [4,5]

* Corresponding author e-mail: mosaed_makky 11 @yahoo.com, mosaed_makky @sci.svu.edu.eg

© 2018 NSP
Natural Sciences Publishing Cor.



3 Fu=n\

Mosaed M. Makky: Decomposition formulas for Srivastava’s ...

operators for an arbitrary number of variables, together
with an explicit summation formula for one of these; the
proof uses a g-Lauricella function summation formula.
Also, we express the three triple Srivastava’s
g-hypergeometric functions in terms of these operators
and g-hypergeometric and q-Appell’s functions.

We start by defining the umbral notation [6], a mixture of
Heine and [7].

Definition: The power function is defined by
q" = e"1¢(9) We always assume that 0 < ¢ < 1. Let § >0
be an arbitrary small number. We will use the following
branch of the logarithm: —m 4+ 6 < Im(log ¢) < 7w+,
This defines a simply connected space in the complex
plane.

The variables a,b,c,..... € C denote certain parameters.
The variables 1i, j, k, 1, m, n will denote natural numbers
except for certain cases where it will be clear from the
context that i will denote the imaginary unit. The
g-shifted factorial given as follows:

n—1 n—1

(@a), =] (-4 : (a,9),=]]0—aqg™).

m=0 m=0
()

Since products of g-shifted factorials occur so
simplify them, we will frequently use the more
notation:

take
3)

1 relatively prime.

“

)

Fu ore

(@9)..=]](0—ag") : 0<lgl<1 (6)

m=0

(@) = il @t g™, m=0,1,..

Suppose that a q-Appell’s hypergeometric function in the

form (c.f.[4,8,9])

e o (@), (Ba), (B,
Fi(o:B, B vg:21,22) _"1%:0 ), L)y V- omy

(21)" (z2)"
(@]
where
max (|z1], [z2]) <1

BB, B 7Y la321,22) = Loy PR

where
max (|z1], |z2]) <

<(XV‘I>nl+n2 <ﬁ»q>nl+n2

Fy(a; 857, Y g:21,22) =
sk lean) = G g, W o,

(21)" (22)"
(10)

The g-analogues of the Srivastava triple hypergeometric
gons are (c.f. [10])

HB(a;ﬁ7ﬁ/;%’)/a’)//|q;_zla_ZZa_23) (11)

(@@, 43 By -y (B4) s ) . .
<1~,}1:q>31<1<7’;<;>n22<1,7”:q>:; (=) ()™ (—a)"

e
T &nynpn3=0

Now, we can write the following inverse pair of symbolic
operators (see [11,12]) as follows:

84.j = 2jDq.z;-

Then

)

. h,h+ 9(1,1 + 9,1,2
Vaza(h) =1 [h+ 81,1+ 6y

[ A+ 051,k + 6,
Az ziq(h) =14 {h—k 6,1+ 6,2,k
We limit our considerations to the case & # —n.

On the ring of polynomials C[x], we define the functions
€ : Clx] — Clx]by

(&] f(xi) = flgxi)-

Then one has

Verag(h) (@), (1 q), (20)"(22)" = (B, @)y, 4y (21)™(2)™
(12)
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- <—6q71,—0q,2;q>r

V. .o(h) = rherer (13
21’22,11() };) <1,h;q>, (9) 1S (13)
Similarly, we obtain

- —6g,1,— 9Q72;q>r r

z1,zz,q Z : (61) ,  (14)
r—0<1 1_h 9[171_9472"1%
r

> 1,=60239), (a)y, (2 )7, .

Acy g Z h+r—1qh+931,h+9qz o q( ) ee. (15)
- =641, —652:9,k—h; r rh ~r ~r

Vi q(h)Azl-,zz:q<k):;<17hfk+q:7I,Ziqeq.l’kJrqe);z;@ q" SHSA (16)

Now, introduce the inverse pair of operators:

A l n s n
Az 2z (h) { 12223 (17)

[ L Y P -
B ), B @yiny + 23

<h;q>nl+n2+n3

- 1 1

Vi 2 23a(h) B3 = M. (18)
1:22:333¢ By g 1253

1), B @)y iy 17273

Consider the qg-analogues for the  function
HB(O‘»ﬁ»ﬁ/U’»VJMC];—Zl»—Zz»—Z3) as giVCl’l in the
relation (11) by using the operators (12) to (18) as
follows:

B(aaﬁaﬁ/;%

=V 230 (@) V2 204 (B) sz,ziz;q
2Py (0, B ¥lgs—z1) P (B

q;—21, 22

2y

@3 (ﬁlvavﬁaﬁ ;Y|q;7z27723)

Bv.Y.Y gy —21,—22,—23) (22)

=V (@ V/Zlyzz;ql(a)Azzyza;q (@)2®1 (a,as7|q;—21)
. ¢4 <a’ﬁ ’7/7’)/ ‘6]3 _Z27_Z3)

Hp(a,B,B"7.Y.Y la:—21,—22,—23) (23)

21723,11 (OC) Vzl,zz,q (ﬁ) sz,z3;q (ﬁ/) 2P (a7ﬁ27|£]; —Zl)
D1 (B,B":Y g:—22)2P1 (0, B3 7" |q: —23)

2 Decompositions for Srivastava’s gHp
-hypergeometric functions

In this section, we will present a study of the
decompositions of gHp- hypergeometric functions using
the operators given in relationships (19) to (23)
Hp- hypergeometric. This study is consjg
hypergeometric functions when the variablegff
which as given in (11).

Now, we prove the following theoremg:
Theorem (1): Suppose that
hypergeometric functions

Hg(o: B.B"s 7.7 7 |95 —21,—22,—23)
=X nyn3=0

Then by using t
relation is true.

(LoBiahny 4y (B's)n, 1y nzq”Z(BJr"Tl)
(I,L.LBq), l.l.l,a:q)nl(l,l.l.y;q),,3

415,16 =0

— ! fna—
)2t (773)n1+n3 1(atny—1)+n3 (B +n3 l)<1v0‘1‘1>nl+n3 <1vﬁ3‘l>n2+n3

21,8 +ng +n3,14ny +n331,a+np +n3,1+n +n3

41:*22,7:3} .

e relation (19), the computation goes as follows:

s(a,B. B,V Y |gs—z21,—22,—23)

(=na i)y "1 H6) (g nsig) o2 PH1405) (s i),
(Lasa)yy (1.Bs)n, <1»}/;q>n3

=L iy ng g ns g =0

305 496) (0,500, (B0} g g Bt @it

.M
(154, (V’lq>n5 g T (T:dng
. qnl(a+n1—1)+n2(ﬁ+:zz—1)+n3(;/+n3—l)
X3 41520 Tl T gy Gy gy (0B hy (L7 00

M <1-,mﬁ:q>n4(ﬁ’:q>,,5+n6 (LBshng (1. 0q)n
B~y (Gong -y Vg (Vi) g

(LB ny+ny (LD, +n3+ng (LB ny 4n3+ns
T ngtny Tdhng+ny Cingtng Td)ny +ng

=) ny 3.y 5 =0

T r—
© (L)) (LBsa)ny (1754) (5ddmy g

) g (o, sy (st gy (@+ny—1)+ny (B+ny—1)+n3 (Y +n3-1)

(5@)ny4ns <7/3‘1>nl by +2n3+ng+ng (Fd)ny +ny-+ny =RHS
i.e. the relation 24) is true, since
ZM = (—z1)"(~z2)" (—z3)".
Theorem (2):

Let the Srivastava gHp- hypergeometric functions
Hy(o: B, 7,7 V' |4 —21,—22,—23)

(@a)ny +ny BDny +ny <B,'q>n2 +n3

(U rahn <|_7,r;q>"2 (M/';q) (—z1)m (—zz)ﬂz (—z3)™

=X myny=0
713
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Then by using the operator given in (20) the following
relation is true.

HB(avﬁvﬁl;%')/a}//m; —Zl,—ZZ,_ZS) (25)
) <1’a’ﬁ’ﬁ,;q>nl+n2
LR Y T K o v e A W B
.(7Z1)n1+n2(7Z2)n2(7Z3)n1qnl(a+n171)+n2([5+n271)

a+ny+ny,B4n+ny, 140 +na, 1
.4Ds q;—21
l+ny,14+ny,¥+n1+ny
B'+ni+ny:1,B+ny,0,00+ny,0 |
D 00:7/_’_”2;7//_’_”1 q;,—322,—23
Proof:

By the relation (20), the computation goes as follows:
HB(avﬁvﬁl; Ys 7/7 7//|q; —21, 722, 7Z3)

(=n3,=n5iq), "1 (“T5) (—ny,—nasg),,, g2 (P He)
(1,050),,, (1,8:a),,,

yo
ny,ng,n3,na,ns=0

(B30 (B'30) 1, g (B30, (050D

M
(LY@, (LY@, (1Y"30)
_ye (1,0B3a) (B30 s B3, (04D
T &ny g,z ng ns=0 (1;61>n3 - <1105;6]>n1(1;51>n §q>n5—n1<17ﬁ;‘1
. ZM qnl(a+n|—l)+nz(l}+n2

(), —ny (V2 (V'

. ’.
R s iy B Dy 1y in,g tns

L s s ma,ms=0 ()1, (i) g (150),

ny (B+ny—1)

=RHS

ny+ny <B"q>nz +n3

(=21)" (—22)"2(~23)"

HB(a7B7ﬁ/;Ya7/7}/|q;_Z17_Z27_Z3) (26)

(LB, +nzqn2(ﬁ+n271)+n4()/+n4—l)qnl (o+ny =1)+n3 (B'+n3—1)

= Zn]

PN IANS 6T =0 L Tiq) oy )y g 5y g Ty s (g g (7500

LA (i tng g \npn3En, . 3
(=212 (—2)"2 134 ()1 T34 (11,08 ’q>n1+n3+n4<l’l'ﬁ"5 ’q>nz+n3+n4

(1B g (L L)y (LB%0),0 Vg ny (Vi) ) oy 423 12m,

@ Lo +ny+ny, B+n+ny,1+n +ny -
493 L4, y+n +n,14n 4=
@ ca L
P Y b b 2ny 2y b [T

where
a=(1,1+ny+n3+ng, 1 +n+ns+ns,B+n+ns+ns, B’ +ny+n3+nq);

(L, 140y +n3+na, L +ny +n3+na, 0 +ny +n3+na, ' +ny+n3+na)

b=(1+n+n3,1+n3+ns,14+n,+ns,);

Proof:

) (ng-n7ia),.

Nz

7 qn3 (ﬁ/+n§ +nq )+n4 (1/+r16 +n7)

M (o-tny —19ny (B+my—1)+n3 (B +n3—1)+ng (¥ +ng—1)

:q>'15
(1.50)ny (50)ns —ny ()ng —ny (F0ng —ny (1Biadny (1.B%50),, 0

(=21)"5 (=22)""6 (~3)

" (L@hng—ny (134)ng—ng (Ltng—n

ﬁﬁ’;q)nﬁ (1-,1-,1143’:4)"7
Dz —ng Gl (Vi) 1y (1750,

. /.
- (LB +ny+ns (11,08 ’q>n1+n3+n4+n7
11,110 13,114,115 1

=0 by g+ @ ny-+ng-+n7 5Dny +ng+ng Gdn) +n3+ny

p _ytnatng o \nptnztngtng _ynptnztngtn
'n2+n3+n4+n6( )t ns oy bngtngtng oy iy tng

(Lasahny (1Bialny (187}, (ahny n3 tng Bty gy g

ny (atng—1)+n (B+ny—1)4n3 (B +n3—1)4ny (¥ +n4—1
1 (ot =)+ (Bmy—1)+n3 (B3 —1)-+n4 (¥ +n4 1) RS,

" Ty g tns (Vi) iy 12y 120y g (Y @) ny Gy g ong
Therefore the relation (26) is true.
Theorem (4):

Hp(a; 0, B'57,Y, Y a5 —21,—22, —23)

(90, 4y (%20, 4y <‘BI"7>n2+n3

(L1, (1750}, (L7}, (—z1)" (—z2)"2 (—z3)™

= Zn] 3 =0

Then by using the operator given in (22) the following
relation is true:

Hp(o, o, B"7,7,Y" s —21,—22,—23) (27)

=X s =0
3 2
— . = +n3a
@ty 1) oty 1)q(7) ((”3) ns) n3 (L) +ny

R (=) I C ) I 22 I

(721 )nl +ny (712)713#»”2 (713 )nl +n3

. /. . . .
(16 my (o ‘q>nl+n2+2ﬂ}( 1)"3 (@:q)apy (106a)n, 1ny <l+n1+n3.a+n1+n3,q>n3
(UL L@y (L1 1030)ny (g iy (113 T otiq)

@ 1L, 1+n +m,0+n +ny,x+n; +n, -
43 Lnp, L, y4n +m ¢
a+ny+ny+2n3, B +n +ny+2n3;a
. Dy 4 —22,—23
00,00, b

where

a=(1,1+n3+ny,0+n3+nz,00,0); (1,14n1 +n3,0+n; +n3,00,00)

b=(0+ny+2n3,Y +ny+n3, 1 +n3, 1 +m); («+n +2n3,Y +ny +n3,1+ny, 1 +n3)
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Proof:
By the relation (22), the computation goes as follows:

HB((X, aaﬁ/;,}/y ,)/7 ,)/llq’ —Z1, X2, _Z3)

ny (a-+ng+ng) (~nyns :q>n2‘1

(Lotg)n ) (1.0:4)n,

<—n4,—n6;q)“] 4 nz(a+n4+n5)(7l)n3

= Zn] 19 13141516 =0

n3
(=n5:-1634) 1, (5025 (at.ctq)y (o >"5+"f, 2

(o.8'sq
<1=7;4l>114<1v7,1‘7>,‘ (1’ q)

. ) +n3 (atns-+ng)

(Latny—1 zx+ns atngs q>”3

(a+n1—l)+nz(a+n2—l)<],a;q>"6(71>n3 (@a)

Gy —ny (@) ny—ny (105a0n ) (1.:0:0)ny (Ld)ng —n,

(Laaq)n, g

an,nz.n3.n4,n5.nG—0 <7,J q> <,/ q)

2n3

ng

<0"ﬁl3">n5 " (@Tighng [I(%> (("3)2,n3>+n3a

(g —my 5l g (P (1336) 5 (0013:0) (g s (L ctn3 —Tococa)

zM

S (ony=1)+my (a-+ny—1) (Loaa) (%) ((113)27n3)+n3a

— ):w ing+ny+np 4
- g n3ny ns g =0 ) 7. ) N
ny .y .n3.ng.n5.n <a+n3,)/‘q>n5 A (a+n3.7 .q>n(‘ by b (Lag)y (1.0t4)n,

3
L (—zy YAt (—gy stz b (— gy Ynetn (o’ q>"5+”6+"1+”2+2”3( " (@)

<la+nq laaq>n3
) (LD tng+ny (104 ngn3 4y — RHS
<]3‘1>n4+nz {1 ;‘/>n4+n| (]3‘1>716+n3 {1 ;‘/>n6+n| (]3‘1>n5 +n3 {1 ;‘/>n5+n2 (Vvq>n4+nl +ny

Therefore the relation (27) is true.
Theorem (5):
Let the Srivastava gHp- hypergeometric functions

Hp(o; B, 87,77 45 —21,—22,—23)

(a,q)nl +n3 <ﬁv‘l>n1 +ny <B,"’)n2 3 U
- o VU (—n Y12 (— 2 )13
Z,,] nyn3=0 (L1, <|_7/;q>n2 (1,}//;.;)nq (=z1)" (—22)" (~z3)

Then by using the operator given in (22,
relation is true:

B(a’ﬁ7ﬁ/;’}/7’)/7,)/l q

(10Bia)n, 10" P g

= an 12,113,014 115 1 17 =0

a= (1, , P, o4y +n3,1+ny +n3, B +ny +n3)

2 +n3); (1+n3,14+ny,7Y +ny +n3)

3), the computation goes as follows:

Hg(o,B.B" 7. Y. Y la:—21,—22,—23) =

S,
<—n4 ""6:");11 ! (atngtng) <—n4 s 3">n2 P (B+nq-+ns) <

(L) (1.Big)ny (1.B0)

5. =163a) 1, 13 (B nsng)

n3

(—21)" (—22)"5 (~23)"6 (. B; Ay (B.8"a),, (a B':q)
(Lyghn, (1Y), (17" q)

ne

ns

= qnl(mnl 1)+ny (B+np—1)+n3(B'+n3-1)
T3 a6 =0 (lig)y yy (1osa)ny (g —ny g —ny (g —ny (1Bsahny (187),,

(=21)"™ (-2)"5 (-23)"6 (1.0Biah, (1.BB"s0),, (1.B"sq)
(5t —ny (Bahng —ny (), <VI‘?>,,5 (7”;4>n6

ne

. /.
(L.aBit)ny +ny-ny (1.0B 'q>"1+"3+"6

/.
—y= . "’>n2+n3 +ng
M2 MINANS MO (Lig) iy (g 4y (@) ng+ng (L +n 0N g

= 2Ry (s .‘n1+n;+n6qnl(&+

(1 q)n2+n5 (L) ny +ns (Fny +ny+ng 7
=RHS.

Therefore the relation (28)4
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