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Abstract: In the spirit of Hasanov, Srivastava, and Turaev (2006), Ernst introduce new inverse operators together with a more general
operator and find a summation formula for the last one. Based these operators and the earlier known q-analogues of the Burchnall-
Chaundy operators. In section 1 some definitions and notations are introduce the inverse q-analogue operators for an arbitrary number
of three complex variables, also, we derive some computations formulas for HB Srivastava’s hypergeometric functions. Finally, in
section 2 we investigate some derivations of decomposition formulas for Srivastava’s qHB- hypergeometric functions of three complex
variables are given.
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1 Introduction

The major development of the theory of hypergeometric
function was carried out by Gauss. This work is also
noted as being the real beginning of in mathematics.
Some important results concerning the hypergeometric
functions have been developed earlier by Euler and
others, but it was Gauss who made the first systematic
study of the series that defines this function.
Hypergeometric series are very important in mathematics.
Almost all of the elementary functions of mathematics are
either hypergeometric, ratios of hypergeometric functions
or limiting cases of a hypergeometric series.
The study of hypergeometric series was essentially started
by Gauss when he considered the infinite series

1+
ab
1!c

z+
a(a+1)b(b+1)

2!c(c+1)
z2 +

a(a+1)(a+2)b(b+1)(b+2)
3!c(c+1)(c+2)

z3 + ....

as a function of a, b, c and z, where it is assumed that c
cannot be zero or a negative integer, so that no zero factor
appears in the denominators of the terms of the series.
By the above hypergeometric series, is meant the power
series

∞

∑
n=0

(a)n (b)n

n! (c)n
zn

where z is the complex variable, a, b and c are parameters
which can take arbitrary real or complex values (provided
that (c ̸= 0,−1,−2, ....), and the symbol (a)n denotes the
Pochhammer symbol or the shifted factorial defined as

(a)n =

{
1, n = 0
a(a+1)(a+2).....(a+n−1), n = 1,2,3, ...

The sum of this series is called the hypergeometric
function and denoted by (c.f. [1]) 2F1(a,b;c;z). One of
the most important properties of the hypergeometric
function is that terms of the series do not change if the
numerator parameters a and b are permuted, we obtain
symmetry property

2F1(a,b;c;z) = 2F1(b,a;c;z).

The concept of decomposition formulas for multiple
hypergeometric functions is well known from the articles
by Hasanov [2] and Bin-Saad [3].This paper follows the
first one by using q-analogues of 15 symbolic operator
formulas.
Also, we give the basic definitions and introduce a new
inverse q-analogue of the Burchnall-Chaundy [4,5]
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operators for an arbitrary number of variables, together
with an explicit summation formula for one of these; the
proof uses a q-Lauricella function summation formula.
Also, we express the three triple Srivastava’s
q-hypergeometric functions in terms of these operators
and q-hypergeometric and q-Appell’s functions.
We start by defining the umbral notation [6], a mixture of
Heine and [7].
Definition: The power function is defined by
qn = ea log(q). We always assume that 0 < q < 1. Let δ > 0
be an arbitrary small number. We will use the following
branch of the logarithm: −π + δ < Im(log q) ≤ π + δ ,
This defines a simply connected space in the complex
plane.
The variables a,b,c, ..... ∈ C denote certain parameters.
The variables i, j, k, l, m, n will denote natural numbers
except for certain cases where it will be clear from the
context that i will denote the imaginary unit. The
q-shifted factorial given as follows:

⟨a;q⟩n =
n−1

∏
m=0

(
1−qa+m) ; (a,q)n =

n−1

∏
m=0

(1−aqm) .

(1)

Since products of q-shifted factorials occur so often, to
simplify them, we will frequently use the more compact
notation:

⟨a1,a2,a3, ...,am;q⟩n =
m

∏
j=0

⟨
a j;q

⟩
n (2)

take

⟨a;q⟩n =
n−1

∏
m=0

(
1+qa+m) . (3)

Suppose that (m,l) = 1; that is, m and l relatively prime.
The operator

m̄
l

:
C
Z

→ C
Z

(4)

is defined by

a → a+
2π im
l logq

. (5)

Furthermore

(a;q)∞ =
∞

∏
m=0

(1−aqm) ; 0 < |q|< 1 (6)

(a;q)α =
(a,q)∞

(aqα ;q)∞
; α ̸= q−m−α , m = 0,1, ...

Suppose that a q-Appell’s hypergeometric function in the

form (c.f.[4,8,9])

F1(α;β ,β ′;γ |q;z1,z2) =
∞

∑
n1 ,n2=0

⟨α,q⟩n1+n2
⟨β ,q⟩n1

⟨β ′,q⟩n2
⟨1,q⟩n1

⟨1,q⟩n2
⟨γ,q⟩n1+n2

(z1)
n1 (z2)

n2

(7)

where
max(|z1| , |z2|)< 1

F2(α;β ,β ′;γ,γ ′|q;z1,z2) = ∑∞
n1,n2=0

⟨α ,q⟩n1+n2
⟨β ,q⟩n1⟨β ′,q⟩n2

⟨1,q⟩n1
⟨1,q⟩n2

⟨γ,q⟩n1
⟨γ ′,q⟩n2

(z1)
n1(z2)

n2

(8)
where
max(|z1| , |z2|)< 1

F3(α,α ′;β ,β ′;γ|q;z1,z2) = ∑∞
n1,n2=0

⟨α,q⟩n1⟨α ′,q⟩n2
⟨β ,q⟩n1⟨β ′,q⟩n2

⟨1,q⟩n1
⟨1,q⟩n2

⟨γ,q⟩n1+n2
(z1)

n1(z2)
n2

(9)

where
max(|z1| , |z2|)< 1

F4(α;β ;γ,γ ′|q;z1,z2)=
∞

∑
n1 ,n2=0

⟨α,q⟩n1+n2
⟨β ,q⟩n1+n2

⟨1,q⟩n1
⟨1,q⟩n2

⟨γ,q⟩n1
⟨γ ′,q⟩n2

(z1)
n1 (z2)

n2

(10)

where∣∣√z1
∣∣+ ∣∣√z2

∣∣< 1.

The q-analogues of the Srivastava triple hypergeometric
functions are (c.f. [10])

HB(α ;β ,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3) (11)

= ∑∞
n1,n2,n3=0

⟨α,q⟩n1+n3
⟨β ,q⟩n1+n2⟨β ′,q⟩n2+n3

⟨1,γ;q⟩n1
⟨1,γ ′;q⟩n2

⟨1,γ ′′;q⟩n3
(−z1)

n1(−z2)
n2(−z3)

n3

Now, we can write the following inverse pair of symbolic
operators (see [11,12]) as follows:

θq, j = z jDq,z j .

Then

∇z1,z2;q(h) = Γq

[
h,h+θq,1 +θq,2
h+θq,1,h+θq,2

]
;

∆z1,z2;q(h) = Γq

[
h+θq,1,h+θq,2
h+θq,1 +θq,2,h

]
We limit our considerations to the case h ̸=−n.

On the ring of polynomials C[x], we define the functions
ε1 : C[x]→C[x]by

[εi] f (xi)≡ f (qxi).

Then one has

∇z1,z2;q(h)⟨h,q⟩n1
⟨h,q⟩n2

(z1)
n1(z2)

n2 = ⟨h,q⟩n1+n2
(z1)

n1(z)n2

(12)
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∇z1,z2;q(h) =
∞

∑
r=0

⟨
−θq,1,−θq,2;q

⟩
r

⟨1,h;q⟩r
(q)r h ∈r

1
∈r

2
. (13)

Similarly, we obtain

∆z1,z2;q(h) =
∞

∑
r=0

⟨
−θq,1,−θq,2;q

⟩
r⟨

1,1−h−θq,1 −θq,2;q
⟩

r

(q)r, (14)

∆z1 ,z2;q(h) =
∞

∑
r=0

(−1)r ⟨−θq,1,−θq,2;q⟩r ⟨h;q⟩2r

⟨1,h+ r−1,h+θq,1,h+θq,2;q⟩r
q

(
r
2

)
+rh

∈r
1
∈r

2
. (15)

∇z1 ,z2;q(h)∆z1 ,z2;q(k) =
∞

∑
r=0

⟨−θq,1,−θq,2;q,k−h;q⟩2r

⟨1,h,k+ r−1,k+θq,1,k+θq,2;q⟩r
qrh ∈r

1
∈r

2
. (16)

Now, introduce the inverse pair of operators:

∆̃z1 ,z2 ,z3;q(h)
1

⟨h;q⟩n1
⟨h;q⟩n2+n3

zn1
1

zn2
2

zn3
3

=
1

⟨h;q⟩n1+n2+n3

zn1
1

zn2
2

zn3
3

(17)

∇̃z1 ,z2 ,z3;q(h)
1

⟨h;q⟩n1+n2+n3

zn1
1

zn2
2

zn3
3

=
1

⟨h;q⟩n1
⟨h;q⟩n2+n3

zn1
1

zn2
2

zn3
3
. (18)

Consider the q-analogues for the function
HB(α,β ,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3) as given in the
relation (11) by using the operators (12) to (18) as
follows:

HB(α ,β ,β ′;γ,γ ′,γ ′|q;−z1,−z2,−z3) (19)

= ∇z1,z3;q (α)∇z1,z2;q (β )∇z2,z3;q (γ ′)
. 2Φ1 (α,β ;γ|q;−z1)Φ1 (β ′,β ,α;γ ′|q;−z2,−z3)

HB(α,β ,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3) (20)

= ∇z1,z3;q (α)∇z1,z2;q (β )2Φ1 (α,β ;γ|q;−z1)
. Φ2 (β ′,β ,α;γ ′,γ ′′|q;−z2,−z3)

HB(α ,β ,β ′;γ,γ ′,γ ′|q;−z1,−z2,−z3) (21)

= ∇z1,z3;q (α)∇z1,z2;q (β )∇z2,z3;q (β ′)∇z2,z3;q (γ)
. 2Φ1 (α,β ;γ|q;−z1)Φ3 (β ′,α,β ,β ′;γ|q;−z2,−z3)

HB(α ,α,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3) (22)

= ∇z1,z3;q (α)∇z1,z2;q (α)∆z2,z3;q (α)2Φ1 (α ,α ;γ|q;−z1)
. Φ4 (α,β ′;γ ′,γ ′′|q;−z2,−z3)

HB(α,β ,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3) (23)

= ∇z1,z3;q (α)∇z1,z2;q (β )∇z2,z3;q (β ′)2Φ1 (α,β ;γ|q;−z1)
. 2Φ1 (β ,β ′;γ ′|q;−z2)2Φ1 (α,β ′;γ ′′|q;−z3)

2 Decompositions for Srivastava’s qHB
-hypergeometric functions

In this section, we will present a study of the
decompositions of qHB- hypergeometric functions using
the operators given in relationships (19) to (23) for the
HB- hypergeometric. This study is considered for
hypergeometric functions when the variables are complex
which as given in (11).
Now, we prove the following theorems:
Theorem (1): Suppose that the Srivastava qHB-
hypergeometric functions

HB(α;β ,β ′;γ ,γ ′,γ ′|q;−z1,−z2,−z3)

= ∑∞
n1 ,n2 ,n3=0

⟨α ,q⟩n1+n3
⟨β ,q⟩n1+n2 ⟨β ′ ,q⟩n2+n3

⟨1,γ;q⟩n1 ⟨1,γ ′ ;q⟩n2
⟨1,γ ′ ;q⟩n3

(−z1)
n1 (−z2)

n2 (−z3)
n3 .

Then by using the operator given in (19) the following
relation is true.

HB(α ,β ,β ′;γ,γ ′,γ ′|q;−z1,−z2,−z3) (24)

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6=0

⟨1,α ,β ;q⟩n1+n2
⟨
β ′ ;q

⟩
n1+n2+2n3

qn2(β+n2−1)

⟨1,1,1,β ;q⟩n2
⟨1,1,1,α ;q⟩n1

⟨1,1,1,γ;q⟩n3

.
(−z1)

n1+n2 (−z2)
n2+n3 (−z3)

n1+n3 qn1(α+n1−1)+n3(β
′+n3−1)⟨1,α ;q⟩n1+n3

⟨1,β ;q⟩n2+n3
⟨γ;q⟩n1+n2

⟨
γ ′ ;q

⟩
n1+n2+2n3

. 4Φ3

 1,α +n1 +n2 ,β +n1 +n2 ,1+n1 +n2

1+n2 ,γ +n1 +n2 ,1+n1

∣∣∣∣∣∣q;−z1



.Φ1

 β ′ +n1 +n2 +2n3 : 1,β +n2 +n3 ,1+n2 +n3;1,α +n1 +n3 ,1+n1 +n3

γ ′ +n1 +n2 +2n3 : 1+n3 ,1+n2;1+n3 ,1+n1

∣∣∣∣∣∣q;−z2 ,−z3

 .

Proof:
By the relation (19), the computation goes as follows:

HB(α ,β ,β ′;γ,γ ′,γ ′|q;−z1,−z2,−z3)

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6=0

⟨
−n4 ,−n6;q

⟩
n1

qn1
(
α+n4+n6

)⟨
−n4 ,−n5;q

⟩
n2

qn2
(
β+n4+n5

)⟨
−n5 ,−n6;q

⟩
n3

⟨1,α ;q⟩n1
⟨1,β ;q⟩n2

⟨
1,γ ′ ;q

⟩
n3

. ZM
qn3

(
γ ′+n5+n6

)
⟨α ,β ;q⟩n4

⟨
β ′ ;q

⟩
n5+n6

⟨β ;q⟩n5
⟨α ;q⟩n6

⟨1,γ ;q⟩n4
⟨
γ ′ ;q

⟩
n5+n6

⟨1;q⟩n5
⟨1;q⟩n6

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5=0

qn1
(
α+n1−1

)
+n2

(
β+n2−1

)
+n3

(
γ ′+n3−1

)
⟨1;q⟩n4−n1

⟨1,α ;q⟩n1
⟨1;q⟩n4−n2

⟨1;q⟩n6−n1
⟨1;q⟩n6−n3

⟨1,β ;q⟩n2
⟨
1,γ ′ ;q

⟩
n3

. ZM
⟨1,α,β ;q⟩n4

⟨
β ′ ;q

⟩
n5+n6

⟨1,β ;q⟩n5
⟨1,α ;q⟩n6

⟨1;q⟩n5−n2
⟨1;q⟩n5−n3

⟨γ ;q⟩n4
⟨
γ ′ ;q

⟩
n5+n6

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5=0

⟨1,α,β ;q⟩n1+n2+n4
⟨1,α;q⟩n1+n3+n6

⟨1,β ;q⟩n2+n3+n5
⟨1;q⟩n4+n2

⟨1;q⟩n4+n1
⟨1;q⟩n3+n6

⟨1;q⟩n1+n6

.

⟨
β ′ ;q

⟩
n1+n2+2n3+n5+n6

⟨1,α ;q⟩n1
⟨1,β ;q⟩n2

⟨
1,γ ′ ;q

⟩
n3

⟨1;q⟩n2+n5

.
(−z1)

n1+n2+n4 (−z2)
n2+n5+n3 (−z3)

n1+n3+n6 qn1
(
α+n1−1

)
+n2

(
β+n2−1

)
+n3

(
γ ′+n3−1

)
⟨1;q⟩n3+n5

⟨
γ ′ ;q

⟩
n1+n2+2n3+n5+n6

⟨γ;q⟩n1+n2+n4
= RHS

i.e. the relation (24) is true, since
ZM = (−z1)

n4(−z2)
n5(−z3)

n6 .
Theorem (2):
Let the Srivastava qHB- hypergeometric functions

HB(α;β ,β ′;γ ,γ ′,γ ′′|q;−z1,−z2,−z3)

= ∑∞
n1 ,n2 ,n3=0

⟨α ,q⟩n1+n3
⟨β ,q⟩n1+n2 ⟨β ′ ,q⟩n2+n3

⟨1,γ ;q⟩n1 ⟨1,γ ′ ;q⟩n2
⟨1,γ ′′ ;q⟩n3

(−z1)
n1 (−z2)

n2 (−z3)
n3
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Then by using the operator given in (20) the following
relation is true.

HB(α,β ,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3) (25)

= ∑∞
n1,n2,n3,n4,n5=0

⟨1,α,β ,β ′;q⟩n1+n2
⟨1,1,γ ′′;q⟩n1

⟨γ ;q⟩n1+n2
⟨1,1,γ ′;q⟩n2

.(−z1)
n1+n2(−z2)

n2(−z3)
n1 qn1(α+n1−1)+n2(β+n2−1)

. 4Φ3

 α +n1 +n2,β +n1 +n2,1+n1 +n2,1

1+n1,1+n2,γ +n1 +n2

∣∣∣∣∣∣q;−z1


.Φ2

[
β ′+n1 +n2 : 1,β +n2,∞;α +n1,∞

∞ : γ ′+n2;γ ′′+n1

∣∣∣∣q;−z2,−z3

]
Proof:
By the relation (20), the computation goes as follows:

HB(α,β ,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3)

= ∑∞
n1,n2,n3,n4,n5=0

⟨−n3,−n5;q⟩n1
qn1(α+n3+n5)⟨−n3,−n4;q⟩n2

qn2(β+n3+n4)

⟨1,α;q⟩n1
⟨1,β ;q⟩n2

.ZM ⟨α,β ;q⟩n3
⟨β ′;q⟩n4+n5

⟨β ;q⟩n4
⟨α;q⟩n5

⟨1,γ;q⟩n3
⟨1,γ ′;q⟩n4

⟨1,γ ′′;q⟩n5

= ∑∞
n1,n2,n3,n4,n5=0

⟨1,α,β ;q⟩n3
⟨β ′;q⟩n4+n5

⟨β ;q⟩n4
⟨α;q⟩n5

⟨1;q⟩n3−n1
⟨1,α;q⟩n1

⟨1;q⟩n3−n2
⟨1;q⟩n5−n1

⟨1,β ;q⟩n2

. ZM qn1(α+n1−1)+n2(β+n2−1)

⟨1;q⟩n4−n2
⟨γ ;q⟩n3

⟨γ ′;q⟩n4
⟨γ ′′;q⟩n5

= ∑∞
n1,n2,n3,n4,n5=0

⟨1,α,β ;q⟩n3+n1+n2
⟨α;q⟩n1+n5

⟨β ;q⟩n2+n4
⟨β ′;q⟩n1+n2+n4+n5

⟨1;q⟩n3+n1
⟨1;q⟩n3+n2

⟨1;q⟩n5
⟨1,α;q⟩n1

⟨1,β ;q⟩n2
⟨1;q⟩n4

.
(−z1)

n3+n1+n2 (−z2)
n2+n4 (−z3)

n1+n5 qn1(α+n1−1)+n2(β+n2−1)

⟨γ;q⟩n3+n1+n2
⟨γ ′;q⟩n4+n2

⟨γ ′′;q⟩n5+n1
= RHS

i.e. the relation (25) is true.
Theorem (3):
Let the Srivastava qHB- hypergeometric functions

HB(α;β ,β ′;γ,γ ′,γ ′|q;−z1,−z2,−z3)

= ∑∞
n1 ,n2 ,n3=0

⟨α ,q⟩n1+n3
⟨β ,q⟩n1+n2 ⟨β ′ ,q⟩n2+n3

⟨1,γ;q⟩n1 ⟨1,γ ′ ;q⟩n2
⟨1,γ ′ ;q⟩n3

(−z1)
n1 (−z2)

n2 (−z3)
n3

Then by using the operator given in (21) the following
relation is true:

HB(α ,β ,β ′;γ,γ ′,γ ′|q;−z1,−z2,−z3) (26)

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6 ,n7=0

⟨1,α ,β ;q⟩n1+n2
qn2(β+n2−1)+n4(γ

′+n4−1)qn1(α+n1−1)+n3(β
′+n3−1)

⟨1,1;q⟩n3+n4
⟨1;q⟩n1+n4

⟨1;q⟩n2+n4
⟨1;q⟩n2+n3

⟨1;q⟩n1+n3 ⟨1,γ ′ ;q⟩n4

.
(−z1)

n1+n2 (−z2)
n2+n3+n4 (−z3)

n1+n3+n4 ⟨1,1,α,β ′ ;q⟩n1+n3+n4
⟨1,1,β ,β ′ ;q⟩n2+n3+n4

⟨1,1,β ;q⟩n2
⟨1,1,α ;q⟩n1 ⟨1,β ′ ;q⟩n3

⟨γ;q⟩n1+n2 ⟨γ ′ ;q⟩n1+n2+2n3+2n4

. 4Φ3

[
1,α +n1 +n2,β +n1 +n2,1+n1 +n2

1+n2,γ +n1 +n2,1+n1

∣∣∣∣q;−z1

]

.Φ3

[
∞ : a

γ ′+n1 +n2 +2n3 +2n4 : b

∣∣∣∣q;−z2,−z3

]

where

a = (1,1+n2 +n3 +n4,1+n2 +n3 +n4,β +n2 +n3 +n4,β ′+n2 +n3 +n4) ;

(1,1+n1 +n3 +n4,1+n1 +n3 +n4,α +n1 +n3 +n4,β ′+n1 +n3 +n4)

b=(1+n2 +n3,1+n3 +n4,1+n2 +n4,∞) ;(1+n3 +n4,1+n1 +n4,1+n1 +n3,∞)

Proof:
By the relation (21), the computation goes as follows:

HB(α,β ,β ′;γ,γ ′,γ ′|q;−z1,−z2,−z3)

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6 ,n7=0

⟨−n5 ,−n7;q⟩n1
qn1(α+n5+n7)⟨−n5 ,−n6;q⟩n2

qn2(β+n5+n6)⟨−n6 ,−n7;q⟩n3
⟨1,α ;q⟩n1

⟨1,β ;q⟩n2 ⟨1,β ′ ;q⟩n3
⟨1,γ ′ ;q⟩n4

.
⟨α ,β ;q⟩n5 ⟨β ,β ′ ;q⟩n6

⟨α,β ′ ;q⟩n7
⟨−n6 ,−n7;q⟩n4

(−z1)
n5 (−z2)

n6 (−z3)
n7 qn3(β ′+n6+n7)+n4(γ ′+n6+n7)

⟨1,γ;q⟩n5 ⟨γ ′ ;q⟩n6+n7
⟨1;q⟩n6

⟨1;q⟩n7

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6 ,n7=0

⟨1,α ,β ;q⟩n5
qn1(α+n1−1)+n2(β+n2−1)+n3(β ′+n3−1)+n4(γ ′+n4−1)

⟨1;q⟩n5−n1
⟨1,α ;q⟩n1

⟨1;q⟩n5−n2
⟨1;q⟩n7−n1

⟨1;q⟩n7−n3
⟨1,β ;q⟩n2 ⟨1,β ′ ;q⟩n3

.
(−z1)

n5 (−z2)
n6 (−z3)

n7 ⟨1,1,β ,β ′ ;q⟩n6
⟨1,1,α ,β ′ ;q⟩n7

⟨1;q⟩n6−n2
⟨1;q⟩n6−n3

⟨1;q⟩n6−n4
⟨1;q⟩n7−n4

⟨γ;q⟩n5 ⟨γ ′ ;q⟩n6+n7
⟨1,γ ′ ;q⟩n4

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6 ,n7=0

⟨1,α ,β ;q⟩n1+n2+n5 ⟨1,1,α ,β ′ ;q⟩n1+n3+n4+n7
⟨1;q⟩n5+n2

⟨1;q⟩n5+n1
⟨1;q⟩n3+n4+n7

⟨1;q⟩n1+n4+n7
⟨1;q⟩n1+n3+n7

.
⟨1,1,β ,β ′ ;q⟩n2+n3+n4+n6

(−z1)
n1+n2+n5 (−z2)

n2+n3+n4+n6 (−z3)
n1+n3+n4+n7

⟨1,α ;q⟩n1
⟨1,β ;q⟩n2 ⟨1,β ′ ;q⟩n3

⟨1;q⟩n2+n3+n6
⟨1;q⟩n3+n4+n6

. qn1(α+n1−1)+n2(β+n2−1)+n3(β ′+n3−1)+n4(γ ′+n4−1)

⟨γ;q⟩n1+n2+n5 ⟨γ ′ ;q⟩n1+n2+2n3+2n4+n6+n7
⟨1,γ ′ ;q⟩n1

⟨1;q⟩n2+n4+n6
= RHS.

Therefore the relation (26) is true.

Theorem (4):
HB(α;α,β ′;γ ,γ ′,γ ′′|q;−z1,−z2,−z3)

= ∑∞
n1 ,n2 ,n3=0

⟨α,q⟩n1+n3
⟨α,q⟩n1+n2 ⟨β ′ ,q⟩n2+n3

⟨1,γ;q⟩n1 ⟨1,γ ′ ;q⟩n2
⟨1,γ ′′ ;q⟩n3

(−z1)
n1 (−z2)

n2 (−z3)
n3

Then by using the operator given in (22) the following
relation is true:

HB(α,α,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3) (27)

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6=0

.
qn1(α+n1−1)+n2(α+n2−1)q

(
3
2

) (
(n3)

2−n3
)
+n3α

⟨1,α ,α;q⟩n1+n2
(−z1)

n1+n2 (−z2)
n3+n2 (−z3)

n1+n3

⟨α+n3;q⟩n2+n3
⟨α+n3;q⟩n1+n3

⟨γ ′ ;q⟩n2+n3
⟨γ ′′ ;q⟩n1+n3

.
⟨1,α ;q⟩n3+n2 ⟨α ,β ′ ;q⟩n1+n2+2n3

(−1)n3 ⟨α ;q⟩2n3
⟨1,α;q⟩n1+n3 ⟨1+n1+n3 ,α+n1+n3;q⟩n3

⟨1,1,1,α ;q⟩n1
⟨1,1,1,α ;q⟩n2

⟨γ ;q⟩n1+n2 ⟨1,1,α+n3−1,α ,α ;q⟩n3

. 4Φ3

[
1,1+n1 +n2,α +n1 +n2,α +n1 +n2

1+n1,1+n2,γ +n1 +n2

∣∣∣∣q;−z1

]

. Φ4

 α +n1 +n2 +2n3,β ′+n1 +n2 +2n3;a

∞,∞,b

∣∣∣∣∣∣q;−z2,−z3


where

a = (1,1+n3 +n2,α +n3 +n2,∞,∞) ; (1,1+n1 +n3,α +n1 +n3,∞,∞)

b=(α +n2 +2n3,γ ′+n2 +n3,1+n3,1+n2) ; (α +n1 +2n3,γ ′′+n1 +n3,1+n1,1+n3)
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Proof:
By the relation (22), the computation goes as follows:

HB(α ,α,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3)

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6=0

⟨−n4 ,−n6;q⟩n1
qn1(α+n4+n6)⟨−n4 ,−n5;q⟩n2

qn2(α+n4+n5)(−1)n3

⟨1,α ;q⟩n1
⟨1,α ;q⟩n2

. ZM
⟨−n5 ,−n6;q⟩n3

⟨α;q⟩2n3
⟨1,α+n3−1,α+n5 ,α+n6;q⟩n3

⟨α ,α;q⟩n4 ⟨α ,β ′ ;q⟩n5+n6
⟨1,γ;q⟩n4 ⟨1,γ ′ ;q⟩n5

⟨1,γ ′′ ;q⟩n6

q

(
n3
2

)
+n3(α+n5+n6)

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6=0

⟨1,α,α ;q⟩n4
qn1(α+n1−1)+n2(α+n2−1)⟨1,α;q⟩n6

(−1)n3 ⟨α ;q⟩2n3
⟨γ ′ ;q⟩n5

⟨γ ′′ ;q⟩n6
⟨1;q⟩n4−n1

⟨1;q⟩n4−n2
⟨1,α;q⟩n1

⟨1,α ;q⟩n2
⟨1;q⟩n6−n1

. ZM
⟨α,β ′ ;q⟩n5+n6

⟨α ,1;q⟩n5
q

(
3
2

) (
(n3)

2−n3
)
+n3α

⟨1;q⟩n5−n2
⟨1;q⟩n5−n3

⟨γ;q⟩n4 ⟨α+n3;q⟩n5
⟨α+n3;q⟩n6

⟨1;q⟩n6−n3 ⟨1,α+n3−1,α ,α ;q⟩n3

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6=0

qn1(α+n1−1)+n2(α+n2−1)⟨1,α ,α ;q⟩n4+n1+n2
q

(
3
2

) (
(n3)

2−n3
)
+n3α

⟨α+n3 ,γ ′ ;q⟩n5+n2+n3
⟨α+n3 ,γ ′′ ;q⟩n6+n1+n3

⟨1,α;q⟩n1
⟨1,α ;q⟩n2

. (−z1)
n4+n1+n2 (−z2)

n5+n3+n2 (−z3)
n6+n1+n3

⟨α,β ′ ;q⟩n5+n6+n1+n2+2n3
(−1)n3 ⟨α ;q⟩2n3

⟨1,α+n3−1,α,α ;q⟩n3

.
⟨1,α ;q⟩n5+n3+n2

⟨1,α;q⟩n6+n3+n1
⟨1;q⟩n4+n2

⟨1;q⟩n4+n1
⟨1;q⟩n6+n3

⟨1;q⟩n6+n1
⟨1;q⟩n5+n3

⟨1;q⟩n5+n2
⟨γ;q⟩n4+n1+n2

= RHS

Therefore the relation (27) is true.
Theorem (5):
Let the Srivastava qHB- hypergeometric functions

HB(α;β ,β ′;γ ,γ ′,γ ′′|q;−z1,−z2,−z3)

= ∑∞
n1 ,n2 ,n3=0

⟨α,q⟩n1+n3
⟨β ,q⟩n1+n2 ⟨β ′ ,q⟩n2+n3

⟨1,γ;q⟩n1 ⟨1,γ ′ ;q⟩n2
⟨1,γ ′′ ;q⟩n3

(−z1)
n1 (−z2)

n2 (−z3)
n3

Then by using the operator given in (22) the following
relation is true:

HB(α,β ,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3) (28)

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6 ,n7=0

⟨1,α,β ;q⟩n1+n2
qn2(β+n2−1)⟨1,α,β ′ ;q⟩n1+n3

qn1(α+n1−1)+n3(β+n3−1)

⟨1,1,1,β ;q⟩n2
⟨1,1,1,α ;q⟩n1 ⟨1,1,1,β ′ ;q⟩n3

.
⟨1,β ,β ′ ;q⟩n2+n3

(−z1)
n1+n2 (−z2)

n2+n3 (−z3)
n1+n3

⟨γ ;q⟩n1+n2 ⟨γ ′ ;q⟩n2+n3
⟨γ ′′ ;q⟩n1+n3

. 4Φ3

[
1,α +n1 +n2,β +n1 +n2,1+n1 +n2

1+n2,γ +n1 +n2,1+n1

∣∣∣∣q;−z1

]
Φ0:4

0:3

[
− : a
− : b

∣∣∣∣q;−z2,−z3

]
where

a=(1,β +n2 +n3,1+n2 +n3,β ′+n2 +n3) ;(1,α +n1 +n3,1+n1 +n3,β ′+n1 +n3)

b = (1+n3,1+n2,γ ′+n2 +n3) ; (1+n3,1+n1,γ ′′+n1 +n3)

Proof:
By the relation (23), the computation goes as follows:

HB(α ,β ,β ′;γ,γ ′,γ ′′|q;−z1,−z2,−z3) =

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6=0

⟨−n4 ,−n6;q⟩n1
qn1(α+n4+n6)⟨−n4 ,−n5;q⟩n2

qn2(β+n4+n5)⟨−n5 ,−n6;q⟩n3
qn3(β ′+n5+n6)

⟨1,α;q⟩n1
⟨1,β ;q⟩n2 ⟨1,β ′ ;q⟩n3

.
(−z1)

n4 (−z2)
n5 (−z3)

n6 ⟨α,β ;q⟩n4 ⟨β ,β ′ ;q⟩n5
⟨α ,β ′ ;q⟩n6

⟨1,γ;q⟩n4 ⟨1,γ ′ ;q⟩n5
⟨1,γ ′′ ;q⟩n6

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6=0

qn1(α+n1−1)+n2(β+n2−1)+n3(β ′+n3−1)

⟨1;q⟩n4−n1
⟨1,α;q⟩n1

⟨1;q⟩n4−n2
⟨1;q⟩n6−n1

⟨1;q⟩n6−n3
⟨1,β ;q⟩n2 ⟨1,β ′ ;q⟩n3

.
(−z1)

n4 (−z2)
n5 (−z3)

n6 ⟨1,α,β ;q⟩n4 ⟨1,β ,β ′ ;q⟩n5
⟨1,α ,β ′ ;q⟩n6

⟨1;q⟩n5−n2
⟨1;q⟩n5−n3

⟨γ;q⟩n4 ⟨γ ′ ;q⟩n5
⟨γ ′′ ;q⟩n6

= ∑∞
n1 ,n2 ,n3 ,n4 ,n5 ,n6=0

⟨1,α ,β ;q⟩n1+n2+n4 ⟨1,α ,β ′ ;q⟩n1+n3+n6
⟨1,β ,β ′ ;q⟩n2+n3+n5

⟨1;q⟩n4+n2
⟨1;q⟩n4+n1

⟨1;q⟩n3+n6
⟨1;q⟩n1+n6

⟨1,α ;q⟩n1
⟨1,β ;q⟩n2 ⟨1,β ′ ;q⟩n3

.
(−z1)

n1+n2+n4 (−z2)
n2+n5+n3 (−z3)

n1+n3+n6 qn1(α+n1−1)+n2(β+n2−1)+n3(β ′+n3−1)

⟨1;q⟩n2+n5
⟨1;q⟩n3+n5

⟨γ;q⟩n1+n2+n4 ⟨γ ′ ;q⟩n5+n2+n3
⟨γ ′′ ;q⟩n6+n1+n3

= RHS.

Therefore the relation (28) is true.

3 Conclusion

The expansion formulas often have a symmetric form. If
a number of ∞ appear up or down in the first place of the
Φ-function, an equal number of ∞ always appear opposite
in the two second places of the Φ-function. The sum of
the number of indices of q-shifted factorials in numerator
and denominator is always the same for every step in the
proofs. The number of variables in the exponent in this
case is equal to the number of ∆z1,z2;q- operators.
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