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Keywords: Difference sequence spaces, Generalized difference operators, Orlicz functions, Paranorm

1 Definitions and Preliminaries

This section is devoted to mention some definitions,
notations and preliminaries and to give a background
about our topic (for more details, one can refer to [1], [2],
[31, [4], and [5]). Assume that s is the space containing all
real-valued sequences, or all complex-valued sequences.
Every linear subspace X of s is said to be a space of
sequences (shortly, a sequence space). Suppose that {o is
the space of all bounded sequences x = (x;) with real
terms (or complex terms), ¢ is the space of all convergent
sequences x = (x;) with real terms (or complex terms),
and cq is the space of all sequences vanishing at infinity
x = (x;) with real terms (or complex terms). Each of them
is normed by ||x||c = supy |xx|, for k € N={1,2,3,...}. If
X is a sequence space, then the sequence space X ((px)) is
defined as

X((pr)) = {x = () €52 (|al*) € X},

where (p;) is a bounded sequence of positive real
numbers.

Definition 1.1. Based on a real number m, assume that the
Gamma function is I"(m) for m # 0,—1,—2,.... Then,
I'(m) may be expressed in terms of an improper integral
as follows:

I(m) :/0 e s,

Suppose that Ny = {0,1,2,...} is the set of nonnegative
integers. We can list some properties of Gamma functions

as follows I'(m + 1) = m! if m € Ny, and
I'm+1)=mIl'(m) if m € R and m # 0,—1,-2,.... In
addition, we have some particular cases as follows
r()y=r2)=1,rG)=2,r4)=3,---.
Definition 1.2. Assume that any function
¢ : [0,00) — [0,00) is satisfying non-decreasing property,
continuity property and convexity property along with
¢(0) =0, ¢(x) > 0 when x > 0 and ¢(x) — o when
x — oo, then one can call it an Orlicz function.

For instance, in all the following definitions, we
assume that X and Y are sequence linear spaces.

Definition 1.3. Let g be a function which is real
subadditive on X. If g(x) > 0 for all x € X, but for the
zero vector 0 in X, we have g(6) = 0. In addition, if we
have g(—x) = g(x) for all x € X and the scalar
multiplication is satisfying continuity property, i.e.,

V (xp) € X: glxn—x) > 0asn— o and V (n,) € R:
[N, —1n|— 0asn— oo, we get g(N,x, —Nx) —0asn— oo,

Then, one can call X = (X, g) a paranormed space if it
is a topological linear space in which the paranorm g itself
defines the topology.

Definition 1.4. One can write, for X,Y C s, the following:

M(X,Y)= ﬂxil*Y:{zEs:zxerorallxeX}.
xeX

X% = #(X,,) is said to be Kithe — Toeplitz dual of X.
In case that X C Y, then we have Y% c X%, Note that X C
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(Xx%)% = X% 1In particular, if X = X%9, then we can call
X a perfect sequence space (or a Kdthe space).

Definition 1.5. X is said to be normal (or solid), if the
following condition is satisfied:

if |yn| < |x4], for all n € N, for some x = (x,) € X, then
we have y = (y,) € X.

The condition of normality (or solidity) property of X
is also equivalent to:

If x = (x,) € X, forall B = (B,) € R along with | 3,| <
L, for all n € N, then (B,x,) € X.
Definition 1.6. X is said to be sequence algebra, if we have
x=(x,) € X and y = (y») € X implies (x,y,) € X.
Definition 1.7. X is said to be symmetric, if x = (x,) € X
implicates (xz(,)) € X, for any permutation 7(n) of N.

The following inequality is very important to be used
throughout the paper:

Lemma 1.1. Suppose that (p,) is a positive real-numbers
sequence satisfying

0<h=infp, < p, <supp, = H < oo, (D)
n n

then we get that
|an + b|"" < D{[an|"" + [ba|""}, 2

where a,,b, € C and D = max{1,27-1}.

Lemma 1.2. Let (¢) be a sequence of Orlicz functions.
The case of sup;, ¢(z) < o0, z > 0 is satisfied if and only if
there is a point zg > 0 such that sup;, ¢ (z0) < .

Lemma 1.3. Let (¢) be a sequence of Orlicz functions.
The case of infy ¢ (z) > 0, z > 0 is satisfied if and only if
there is a point zg > 0 such that inf; ¢ (z9) > 0.

2 Motivation and Introduction

First, Kizmaz [6] introduced, for Ax = (x; — x;.1) and
X € {lw,c,co}, the difference sequence spaces X (A) by
the following formula:

X(4)=

Note that those spaces are Banach spaces along with the
induced norm |[x||a = |x1| + ||Ax||~. After that, many
results were established by a lot of researchers satisfying
various extensions of difference sequence spaces initiated
by Kizmaz. Later, Colak and Et [7] used

S0 (7 ) e

where m € N, A% = (x;), Ax = (xx — xx11), and
A"x = (A" 'x; — A" x, ) to define new sequence
spaces X (A™) as follows:

{x=(x) €s: (Ax) € X}.

X(A™)={x=(x) €s:(A"x) € X},

for X € {lw,c,co}. In addition, these spaces are Banach
spaces along with the induced norm

m

[xllam =Y il + A" x]|eo-

i=1

After that, Et and Esi [8] utilized

m
Z(—l ) (lm) Vi4iXk+is

for a fixed non-zero complex-numbers sequence v = (Vy),
where m € N is a fixed number, Ax; = (vixy),
Avxk = (kak — Vk+1xk+1) and

= (A" 'x; — A" x;,1) to introduce the sequence
spaces X (A m by the following formula:

m
Av X =

X(AM) ={x=(x) €s:(A)xx) €X}.
Recently, Dutta and Baliarsingh [2] defined a
generalization of all difference sequence spaces

introduced earlier by extending those results to the
fractional case. They investigated new difference
sequence spaces of fractional-order X (A%, (px)) as
follows:

X(A%, (pr) ={x= () €5: (A%x) € X((w))},

where (py) is a bounded sequence of positive real numbers
and o is a positive proper fraction. For instance, A% is
said to be the difference operator of fractional-order and is
introduced by the following formula:

d . I'(oe+1)
A%, = ) .
Xk ,;()( ) i!r(a_i+])xk+t

To construct a new sequence space £y, Lindenstrauss and
Tzafriri applied the idea of Orlicz function [4] and defined
it as follows:

by ={x=(x)€Es: i (P(%) < oo for some p > 0}.
=1

Note that £y along with the induced Luxemburg norm
ol = ntp >0: 3 o2y <1y
k=1

is a Banach space, named an Orlicz sequence space. In
addition, we have that £ is closely related to £, which is
an Orlicz sequence space along with ¢(x) = x”, for 1 <
p < oo. Parashar and Choudhary [9] gave an extension of
this sequence space which is

x<¢,<pk»{x(xoes:w(';'))exa ),

for X € {{,lw,c,co}. After then, Tripathy and Sarma [10]
introduced, for X € {lw,c,co}, the sequence spaces

X(‘Pv(pk)aA) as:
X(‘Pv(pk)aA) = {x: (xk) €5 (Axk) eX(¢a(pk))}'
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Recently, Bektas [11] extended these sequence spaces by
using an Orlicz-functions sequence (@) and A™ to

X((0r); (pi),A™) ={x=(xx) €s: (A"xx) € X (), (px))}

for X € {lw,c,co}. On the other hand, many researchers
used the modulus function and the fractional-order
difference operator to construct new spaces and studied
their properties, and to make the picture complete, we can
say that many others studied the fractional-order
difference operator itself and its applications (for more
details, one can refer to [12], [13], [14], [15], [16], [17],
[18], [19], [20] and [21]).

In this work, we combine the generalized
fractional-order  difference = operator ~ with  an
Orlicz-functions sequence to define a new type of
sequence spaces. The rest of the paper introduces the
main new results and is organized as the following.
Section (3) is devoted to introduce the definition of the
generalized fractional-order difference sequence spaces
defined on an Orlicz-functions sequence. Moreover, in
section (3), we obtain some algebraic and topological
properties of those new-defined spaces. The aim of
section (4) is to establish some inclusion relations
involving those new spaces. Finally, section (5)
introduces conclusions about our work.

3 Algebraic and Topological Properties

The aim of this section is to define a new type of
sequence spaces using an Orlicz-functions sequence and
the generalized difference operator of fractional-order
combined together. Furthermore, many algebraic and
topological characteristics of those spaces are investigated
in this section.

Throughout the rest of the paper, we suppose that (¢ )
is an Orlicz-functions sequence, (p;) is a bounded
sequence and 1 < p; < oo. For X € {lw,c,co}, the
following spaces can be defined:

X((¢k)a (pk)aA\(lx) = {x: (xk) €s: (A\(Ixx) EX((¢I<)) (pk))}a

in which

d - I'(a+1)
o 1 . .
Ayx = 12:0(*1) i ; I)Vk+zxk+z, 3)

for any non-zero fixed complex-numbers sequence
v = (), and for a proper fraction o.. We call these new
spaces the generalized fractional-order difference
sequence spaces defined on an Orlicz-functions sequence.
Definition 3.1. Let ¢ be an Orlicz function. If 3 a constant
K > 0 such that ¢(2u) < K¢ (u), then one can say that ¢
satisfies Ay — condition for all values of u > 0.

Remark 3.1. The A, — condition stated in Definition (3.1)
implies that ¢ (Iu) < K(1°220+1¢ (u), for all values of u and
forl > 1.

Proof. In fact, since for all / € R, we have:
2"l <1 <2™ meN, )
then by hypothesis, we have:
9 (lu) < (2"u) <K"9(u), )
By taking log, to all sides of Inequality (4), we have:
m—1<log,l <m = m< (log,])+1. (6)

Hence from 5) and (6), we
9 (lu) < K"9(u) < K2+ g(u).

Theorem 3.1. Assume that (¢) is an Orlicz-functions
sequence. The sequence spaces Loo((®r),(pr),A%),

c((9x), (p),AY) and co((9x), (px),AY') are linear spaces
over R.

have

Proof. We omit the proof since it is easy.

Corollary 3.1. The sequence spaces £u((¢%), (pe),Ad),
(@), (px),AY) and co((9r), (px),AY), for j: 0,1,2,....m
and for m € N, are linear spaces over R.

Proof. We omit the proof since it is straightforward.

Theorem 3.2. Lo, ((91),A%), c((¢r),A%) and co((¢y),A%)
are Banach spaces with the norm

(|A\(Ixxk|

[[x[[s¢ = inf{p >0 sipq)k ) <1}

Proof. We prove it for the case o ((¢x),AF) and we can
use the similar technique in all other cases. Assume that
(x) is a Cauchy sequence in flw((¢),A%), where x' =
) = () D) € (1), AL), for all i € N
Suppose that r,xy > 0 are fixed, then % > 0,3 a
positive integer N such that

. : €
|x® — x| y¢ < —, foralli,j>N.
rxo

By applying the definition of the norm, the following is
obtained:

|A€‘x(i) —A“x(j)|
PO g

foralli,j > N.

g — Az

- : <1
0 <00 g

f— 3

= O (

for all k > 1, and for all i, j > N. Therefore » > 0 can be
found with ¢ (rxg) > 1, for all k such that

ag” — A
O ( Hx(,)_—

x(j)HAgc

) < P (rxo0).
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Since ¢ are nondecreasing functions for all k, we get:

Afx - A

0 D =

Hence we have

; ; , : €
|A3‘x,((') —A\‘f‘x,((”| < rx0||x(’) —X(J)HAg < rxg—.
rxo
Then |A“,"x,(:) - A“,"x,(cj)| < ¢ for all i,j > N. Therefore
(A“f‘x,(:))l’.’:] is a Cauchy sequence in R for all %, i.e.
A 5 AGHY a5 j = oo (say) € R for all k. By
Utilizing the continuity of ¢ for all k, we obtain that:
1A —Tim e AZRY)|

k
p

sup ¢ ( ) <1
k

AL (@) AC (0)
= sup (A AV )y
k P
Therefore by taking the inf of those p’s, the following is
obtained:
j 0
Afy - A

<ll<e,
5 ) <1}

inf{p > 0: sup ¢ (
k

for all i > N, j — oo. Since (x\)) € Loo((@x),AZ) and ¢
are Orlicz functions (continuous) Y k, we get x(!) — x(0) ¢
lo((91), AV') a8 i — oo.

Corollary 3.2. The sequence spaces Ca((0),AD),
c((9x),A?) and co((¢x),Ay) are Banach spaces with the

norm |[x||,; = inf{p > 0 : d)k(mf)—x"‘) < 1}, for
j:0,1,2,...;mand for m € N.

Proof. The proof technique looks like that of Theorem
(3.2), so one can omit it.

Theorem 3.3. Given that (¢y) is an Orlicz-functions
sequence satisfying A, — condition. The sequence spaces

gm((¢k)7(pk)7A\(/x)’ C((¢k)a(pk)7A\(/X) and
co((9x), (pr),A¥) are paranormed spaces with the
paranorm

(|A3‘xk|

) ))POT <1},

. o
g(x) =inf{p 7 : (SI;P(‘Pk
where H = sup;, pi, and 1 < p < oo,

Proof. One can investigate it for the case
leo((D1), (pr),AZ). We can use the similar technique in all
other cases. We prove the conditions of the paranormed
space as follows:

1.Suppose that p; > 0 and p, > 0 are such that

| AV x|

o )P <1,

(sup (¢ (
k

and

Let p = p1 + p2, then

(4¢3l

(sup(d L
k P
AV x|+ [AVYO | ey
S(Slip(d)k( oLt P2 )Py

Since ¢ are Orlicz functions (i.e. convex functions)
for all k, we get:

A (xp + 1
(Sup(¢k(w))l’k)fll
k p

pi | A x| P2 |AY | 1
< + Py
< sup( L gu(125]) 4 P2 12000

Using Inequality (2), we have:
|AY (i + i) |
p

p A8 e
< (P sup(o(=E )

P2 |AY Vi L
+(—p1+p2)(51ip(¢k(—p2 )PE)H.

(sup(gx( NOL
k

Since the p’s are nonnegative, then

strty) =inffp  uplou EELE ) <1y

n o
<intlp,! : (sup(ou ()b < 1y
e AY
win(p! : (sup(ou (2 <1,

Therefore, we get g(x+y) < g(x) +g(»).

2.We have trivially that g(6) = 0, for the zero vector 6
in g‘”((¢k)a (pk)vA\(/X)

3.1t is obvious that
¢(x) = g(—x) for all x € (((6), (pi), AL).

4.To prove the continuity of the scalar multiplication,
assume that A € R, then

|A\9‘A’xk| ))pk !

g(Ax) =inflp ¥ : (sup(ou( 2= H < 1)
o
—inf{(Ad) % : sup(u( 2oy < 1y,
k
where d = ‘% From the fact that
|A [P < max(1,|A[S"PxPk), we obtain
g(x) = max(1, A7)
g T |AVXK] ey
x inf{d # :(S‘;p((bk(—)) Km <1}
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Corollary 3.3. The sequence spaces[m((d)k),(pk),A{,'),

c((¢k),(pk),A$) and co((dx), (px),Ay) are paranormed
spaces with the paranorm

| AV x|

P NP <1,

. pn

g(x) =inf{p 7 : (Sl;p(%(
where H = supy, pg, 1 < py < oo, for j:0,1,2,
m e N.

Proof. The proof technique looks like that of Theorem
(3.3), so one can omit it.

Theorem 3.4. (o.((9r), (pr),AY), c((9x), (pk),AY) and
co((9x), (pr),AY) are not solid (not normal) for @ > 1.

Proof. For  lo((r),(pik),AY),  suppose  that
V= (]7]7]7-")7 pr=1 (Pk(x) =X X = (xk) = (ka) and
Be= (“1)% VK € N. Then x = (k%) € lu((), (pi), A)

but (kak) ¢ E“’((q,k)v (pk)aA\(lx) Hence E“’((q,k)v (pk)aA\(lx)
is not solid in general. One can use similar examples to

prove all other cases.

Remark — 3.2.  (o((),(pc)).  c((9),(pe))  and
co((@x), (px)) are solid.
Pl'OpOSitiOIl 3.1 E“’((gbk)a (pk)vAg)7 C((¢k)7 (pk)7

co((9x), (pr),AY) are not perfect for o > 1.

Theorem 3.5. g“’((gbk)a (pk)vA\q) and C((¢k)a (pk)vA\q) are
not symmetric for o > 1.

Proof. For lo.((¢x), (pr), A ), assume that v = (1,1,1,...),
pr =1, ¢ (x) =xand x = (x;) = (k%), ¥V k € N. Therefore,
we get that x = (k%) € loo((Pr), (pi),AY). Suppose that
y = () is a rearrangement of (x;) given as the following:

...,m and for

AY) and

(yk) = {x],xz,X4,X3,xg,X5,xlf,,x(,,x25,x7,X36,x8,x49,x10, }

Thus, we obtain y ¢ lu((),(pr),A%). Hence
Loo((O1), (pr),AZ) is not symmetric in general. In
addition, we can consider a similar example to show that
c((dx), (pr),A%) is also not symmetric.

Remark 3.3. ¢o((¢x), (pr),AZ) is not symmetric for o >
2.

Theorem 3.6. gw((¢k)7(pk)7Ag)’ C((‘Pk)v(pk)aA\(ix) and
co((9r), (pr),AY) are not sequence algebras.

Proof. For Lo ((¢x), (), A%), let v = (1,1,1,...), px = 1,
®(x) = x, V k € N. By taking the sequences
x = (x¢) = (k*2) and y = (v;) = (k*~?) and, we obtain
X,y € E‘x’((gbk)a(pk)vAg) but x -y ¢ e""((gbk)a(pk)vAg)
Hence /lo((fi),(pr),A¥) is not sequence algebra in
general. One can use similar examples to prove all other
cases.

4 Inclusion Relations

In this section, the necessary and sufficient conditions for
the inclusion theorems involving relations between X (AY)
and Y ((@), (pr),AT), with XY = L., or ¢ are obtained.

Theorem 4.1. The following statements are equivalent:

1 KM(A\?) - gm((¢k)7 (pk)vA\(/x)
2 CO(A\(}) - E‘x’((gbk)a (pk)vA\q)
3.supy(9e(55))Pk < oo, 1,p > 0.
Proof. (1) = (2): is obvious, since ¢(A%) C loo(AF).
(2) = (3): let cp(AY) C loo((Pr), (Pr), AF). Assume
that (3) is not true, therefore by Lemma (1.2),

supk(q)k(%))Pk = oo for all + > 0 and for some p > 0.
Then, there exists a positive integers sequence (k;) such
that

(%(%))pk > i fori=1,2,... %
One can define x = (x;) as the following:

xk:{i', if k=k fori=1,2,...,

0, otherwise.

Then x € co(A%). But x & (((90), (1) AZ) by (7) for
Vi = pr = 1 and k € N, that leads to a contradiction with
(2). Therefore, (3) must be true.

(3) = (1): assume that (3) is true and x € lo(AT).
Suppose that x ¢ le.((91), (pr),A%). Then

_|A‘(’xxk| Pk — a

sup( @ ( )Pk =00 for Ay x € lo. )
k p

Let t = |Affx|, then by (8) sup,(¢x(5))P* = co, that leads

to a contradiction with (3). Hence (1) must be true.
Corollary 4.1. The following statements are equivalent:

1La(AY) € La((00), (Pi), AY).-

2.c0(A7) S Lo (D), (1), AV).

3.supy (@i(5))P% < oo, 1,0 >0,
for j:1,2,3,...,mand for m € N.

Proof. The proof technique looks like that of Theorem
(4.1), so one can omit it.

Theorem 4.2. The following statements are equivalent:
]‘CO(((Pk)v (pk)aA\(/x) C CO(A\(/X)

2~CO((¢k)7 (pk)aA\(/x) C EM(A‘(,X)
3.infk(¢k(ﬁ))Pk >0,1,p>0.

Proof. (1) = (2): is obvious, since ¢¢(AY) C lo(A).

(2) = (3): let co((Pr), (pr),A%) C leo(AF). Assume
that (3) is not true, therefore by Lemma (1.3),
infk(qbk(é))”k =0 for all # > 0 and for some p > 0. Thus

we have that there exists a positive-integers sequence (k;)
such that

2
<¢k,-(l;>>”k <il fori=1,2,... €)
Define x = (x;) by

o P2 ifk=k fori=1,2,...,
k=0, otherwise.

@© 2021 NSP
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Then x € co((Px), (pr), AF). But x ¢ (.(AF) by (9) for
Vi = pr = | and k € N, that leads to a contradiction with
(2). Hence (3) must be true.

(3) = (1) assume (3) is true and
xe CO((‘P/()? (pk)aA\(/x)’ Le.

11%%(@))1% =0andx ¢ co(A%).  (10)

Therefore, for some & > 0 and for positive integer kg, we
obtain that |[A%x| > & for k > kg. Then

(&) < g Al

» p),

O

for k > ko. Then by (10) limy, ¢k(%°) =0, which contradicts
(3). Therefore, we obtain that (1) must hold.
Corollary 4.2. The following statements are equivalent:

Leo((90), (Pr), A7) CCO(A’)
2.co((x), (p )A’)Cﬁ (47).
3. mfk(¢k(%))1’k >0,1,p>0,
forj:1,2,3,...,
Proof. The proof technique looks like that of Theorem
(4.2), so one can omit it.
Theorem 4.3. (oo ((¢r), (Pi), AY) C co

m and for m € N.

(AY) if and only if
t
“/In(d)k(ﬁ))pk =oo fort,p > 0. (11)

Proof. Let Co((9k),(pr),A%) C co(AZ). Suppose that
(11) is not hold. Then, there exists a number #y > 0 and a
positive integers index sequence k; such that

1
lign(w,-(g‘)))”k <K <o, forsomep>0.  (12)
One can introduce the sequence x = (x;) by the following
formula:

B {to, ifk=k fori=1,2,...,
M= 0, otherwise.
Therefore, we obtain x € lu((9r), (pr),AS) by (12). But
x ¢ co(AY) for vi = pr = 1 and k € N. Thus, (11) is hold
if Loo (1), (Pr), AV) € co(AY).
Conversely, let (11) be satisfied. Suppose
x € La((91), (Pa), AY) and x ¢ co(Ay). Fork € N,

(0 (12l

)Pk < K < .

Therefore, for some & > 0 and for positive integer ko, we
get that [A%x;| > & for k > ko. Then

| A% x|

(m(%)) < (g5

)Pk <K,

for k > kg, which Hence

E“’((gbk)a (pk)vA\q) c CO(A\(})
Corollary 4.3. (. (1), (pr), A7) C co(A}) if and only if

contradicts  (11).

=,

t
li —
im( gy ( 0
fort,p >0,for j:1,2,3,...,mand for m € N.
Proof. The proof technique looks like that of Theorem
(4.3), so one can omit it.
Theorem 4.4. (..(AY) C co((9r), (pr),AY) if and only if

tm(6c())" =0 fort,p > 0. (13)

Proof. Let £.(A%) C co((60), (i),
is not satisfied. Then

AY). Suppose that (13)

lilgn(qbk(%o))” =1+#0, for somety,p > 0. (14)

We can give the sequence x = (x;) formula as follows:

IOZ

in which | o] = [a] can be considered as the floor of o
(the integral part of «). Therefore, we obtain
X ¢ Co((¢k), (pk),A‘(,x) for vy = p, = 1 and k € N by (14).
Hence, (13) is satisfied.

Conversely, let (13) be satisfied. Let x € lo (A
|[AZ x| < M < oo for k € N. Therefore

I'(e+k—v)

W fork e N,

*). Then

By < gy

(o ( 5 5

and A% Iy
lim (9 (=) < (9 ) =0
by (13). Thus x € co((9x),(px).A

Leo(AY) € co((9), (Pr), AV ).
Corollary 4.4. (o.(A}) C co((9k), (px

tim(0c())"* =0,

@).  Hence

),A{) if and only if

fort,p >0, for j:1,2,3,...,mand form € N.

Proof. The proof technique looks like that of Theorem
(4.4), so one can omit it.

5 Conclusions

In this study, new sequence spaces have been defined by
combining an Orlicz-functions sequence and the
difference operator of fractional-order. Furthermore,
many algebraic and topological properties of these new

@© 2021 NSP
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spaces have been established. Finally, inclusion theorems
including those new spaces have been introduced. In fact,
those new spaces have generalized most of the spaces
defined earlier on the Orlicz function. In addition, those
new spaces can’t be considered as a special type of any
other space introduced before. By wusing similar
techniques, the authors can introduce some new spaces as
future work.
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