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Abstract: The present review built up a generalized optional randomized response (ORR) model for evaluating some unknown
population parameters that are unbiased of a delicate variable when the appropriate responses are quantitative. In addition to
evaluating unknown population parameters, it is demonstrated that the optional randomized response model is valuable in measuring
the sensitivity levels of the inquiries in the individual meeting studies. This article built up two different type models and examined
their properties. The proposed models are found to be more proficient than the usual existing estimator. The theoretical results are
verified numerically and are illustrated as well.
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1 Introduction

Social surveys sometimes incorporate delicate things of enquiry including criticizing matters (i.e. the use of illegal drugs,
homosexuality, tax evasion or abortion) which individuals jump at the chance to escape others. Coordinate question about
them regularly yield untruthful reaction or non-reaction. In the pioneer work that was carried out by Warner [1], he
developed a technique in order to estimate the population proportion of individuals having a sensitive characteristic from
a survey data. After the spearheading work of Warner [1], a few randomized response models have been produced by
analysts for gathering information on both the subjective and the quantitative factors for example see Greenberg et al. [2],
Fox and Tracy [3], Chaudhuri and Mukherjee [4], Ryu et al. [5], Mangat and Singh [6], Tracy and Mangat [7], Tracy and
Osahan [8] and Singh [9] and the references cited therein. In addition to hypothetical improvements, several scientists such
as Kerkvliet [10] has demonstrated appropriateness of the randomized response models in the genuine circumstances.

It is notable that RR procedure is design for delicate qualities to accomplish legitimate sample data and decrease
reaction bias. To reduce this kind of bias, Greenberg et al. [11] has estimation of mean of a delicate quantitative variable.
However, Eichhorn and Hayre [12], Gupta et al. [13], Gupta et al. [14], Huang [15], Gupta et al. [16], [17], Mehta et al.
[18] has also studied on quantitative response RRT models. In Eichhorn and Hayre [12] model, there is no way to reporting
on delicate variable. In order to enhance the privacy of respondents, Gupta et al. [13] has consider a multiplicative option
randomized response procedure where the respondent has the choice for a genuine or a scrambled response. Moreover,
Gupta et al. [14] two-stage optional RR model and Mehta et al. [18] two-stage and three-stage optional RR models were
both in view of added substance scrambling that disposed of the requirement for any guess by utilizing a split-sample
approach.

In the present review, the delicate variable’s mean as well its sensitivity level in the option RR model has been
estimated. The sensitivity level is defined as the proportion of respondents in the population who consider the question
delicate enough to not feel comfortable about giving a true response. To estimate the sensitivity level for certain materials
of inquiry in optional RR model Huang [15] used a more general scrambling and the background of their model have
been described in section 2 and denoted all notations. In the Section 3, we developed estimators by following the privacy
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of respondent. The empirical studies are carried out; which shows the efficiency of proposed estimators as shown in the
upcoming sections.

2 Huang (2010) model

In Huang (2010) model, the sample of size n is divided into two independent sub-samples of sizes n; and n; i.e (n =
ny + np) which drawn from the population by utilizing simple random sampling with replacement. Every respondent
chosen in the i’ sample is associated with two randomization device D;(i = 1,2) that provide two independent scrambling
variables S; and R; from some pre-assigned distribution with known g, = 1, i, = 6;, oz = 17 and oy, = &7. The RR
procedures are following by the respondents and whole process is without revealed to the interviewer. Then the respondent
selected by himself one of the following two statements:

(i) The respondent can report the correct response X, or

(ii) The respondent can report the scrambled response R; X + S; with the following probabilities 1 — W and W respectively.
Thus, the reported response from a specific respondent in the i/ sample is given by

Zi=(1-W)X+ W(RX+S;);i=1,2 (1)
It can be seen that,
E(Z) = (1 — W)ux +W (ug,ux + us;) = ux +W6; ,Since E (R;)) = ug, = 1. 2)
Solving the equation Eq. (2) for i, and W, we have

0,E (Z)) — 6,E(Zy)

= ;0 0 3
Hx 0 = o) 1 # 6 (3)
and,
E(Z) — E(Zi)
W= —+——=;0 (¢ 4
0 = o) 1 # 6 4)
The unbiased estimator fiy and W for u, and W respectively, obtained by estimating E (Z;) = Z; (i = 1, 2) are given by
. 6.Z) — 6,2, N 7, — 7
= ———andW = ——.,0 0 (5)
Hx (6, — 61) 6 — 6 7 &
. 6,71 — 91Ezz) . ( Z, — 7, )
E =E(——— | = andE(W) = E{—— | = W. 6
(Ax) ( % — o) Lix (W) 6 0 (6)

Where Z;(i = 1,2) denoted the sample mean of responses in the i/ sub-samples. The variance of these estimators are
given by respectively

) 1 o; o}
\% = |- A 4922 ,0 0 7
(fix) (Gz_el)zlznl - 1 # 6 (7
and,
A 1 o O}
VW) = —— |2 +-21.0 ¢ 8
( ) (ezel)zlnl o 1 7& 2 ()
where,
o] = ox+ (g +ug) Wy + (87 + 67 )W — 7W2i = 1, 2. )

3 Proposed procedure

In this context, we propose a two-stage linear combination model and three-stage linear combination model by following
the study of Huang (2010) model and show that how it can be improved this model by using two-stage linear combination
model and three-stage linear combination model.
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3.1 Two-stage optional RR model

In this sub-section, a pre-determined proportion (F) of respondents are given the instruction to provide a scramble
response to the sensitive questions and remaining proportion (1 — F) of respondents have a choice of scrambling
response additively Z = RX + S, if the question deemed sensitive or else they provide true response Z = X, if the
question non-sensitive. In two-stage optional RR model, a sample of size n is split into two sub-samples of sizes n; and
ny i.e. ny +ny = n , the total sample size needed. Let R; and S;(i = 1,2) be scrambling variable associated with
randomization device D;(i = 1,2) with known ug, = 1, u;, = 6;, G,%i = %; and zei = 6i2. Let us consider, X be true
response having mean i, and variance 6 , both are unknown. Suppose W is the sensitivity level of sensitive question. It
is considered that the variables X, Sy, S, Ry and R, are mutually independent. Let Z;(i = 1,2) be reported answer in the
" sub-samples then it may be written as

7 X with probability (1 — F) (1 — W) (10)
' R X +S; with probability F+ (1 — F)W
Note that from Eq. (10), for (i = 1,2)
E(Z) = ix +6[F +(1 — F)W] (1)
Eliminating t, and W from equation Eq. (11), we have
6E (Z1) — 6iE (2)
= , 0 0 12
Hx % — 6 1 # 6 (12)
| [E(%) - E(Z)
W = —F|,0 6, F # 1 13
(1F)[ % — o) ;01 # 0y, F # (13)
It is easy to show that fi, and W are unbiased estimator of 1, and W respectively with variances
1 G 297
Vi) = ——— 92—‘+92—2 .0, £ 6 (14)
(fx) 6 _ 6, [ P e | # 6
2 2
R o; ©O5
V(W) = S +-=210 6, F#1 (15)
( ) (92 N 91)2(1 - F)Z n n2‘| 1 7é 2 7&

where,

07 = Ox +&[F+(1 — F)W+ R0 [F+(1 — F)W+ i [F+(1 — F)W]
+67[F+(1 — F) ][1 —{F+(1 - F)W}]
) ar

Unbiased estimators of V ({ix) and V ( are respectively given by

V (fix) : 925%‘ +925%2 6, # 6
Ux) = (0, — 9])2 nl ;U1 2

25%1 25%2
9_+9 n 591%927177&1

ni

(6, — 61)°(1 — F)°
where,

1 .
2] n; » '2 .
A 1)2 2y - Z)hi= 1,2

are sample variance of the responses in the two sub-samples.
Asymptotic normality for fiy and W is evident from central limit theorem and independence of two sub-samples. Now, the
comparison of variances V (fix) of our proposed two-stage model denoted by V (fix), with variance V ({lx) and Huang
[15] one-stage model denoted by V(fix), with the condition that the scrambling variables of both the models have same
mean and variance as well.

Theorem 3.1: For all value of F and W, V(fix), < V(fix)y-

1 m 0} (85 + ol +Bul) +na63 (87 + vl + viu?)

= +1—-2W| = F*
(1 —w) n62o;
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] [62+8H{F+(1 — F)W}+ R (o +ud) {F+(1 — F)W}+ 6 {F+(1 — F)W}{l — {F+(1 — F)W}}]

n
U624+ 82 {F+(1 — )WY+ % (02 + 1) {F+(1 = )WY+ 6H{F+(1 — F)WH{1 — {F+(1 — F)W}}]
% (62 1 W8+ WP (o2 +p2) + WO {1 — W}]

5L (02 W8 + W (02 +122) + W3 {1 = W]

& 9—?2 [(512+%263+7%u§+912) {F+(1 — F)W — W} — 9%{(F+(1 — )W) - wZH

+9 (83402 + B2+ 63) {(F+(1 = F)W — W} — Bzzi(FJr(l - AWy = w2} <o

& (637 (87 + 1707 + viul) +m6f (85 + 07 +u7) +n6i63 {1 — {F(1 — W)+2W}}] <0

ny

n 03 (87 +yi ol +7riu? ) +n 07 (85 +3 o2+ u?)
11912922

+1F(1W)2W} <0

m 0} (33 +73 o2+ u2 )+ 63 (82 + vt c2+7iu?)
n6267

S F > 1 |: +1—2W:|=F*

Note that,
n 082+ 2+ 1) +n203 (82 + 77 o2+77u?)

*
<
F - I 11912922

+1 -2W <1 - W

- nl912(5224»7%634»7%#3)42»115622(5]2+7]20‘§+7]2u§) <w
no; 6y

Thus, the above relation obviously holds true when W is large. In the regarding of this theorem, we can say that the
variance V(fl), may be increased by using two-stage linear combination model. Now, to quantify the merits of the
proposed model over the modelof Huang [15] computed numerical comparison of variance of the mean estimators for the
sample size n = 1000 and the random variables X, R, R», S; and S, have Poisson distribution with means 4, 1, 1, 2 and
5 respectively. Table 1 provide comparisons of the proposed two-stage linear combination model and Huang [15] model.
It is clear from Table 1 that for larger values of , the values of are continuously increasing with an increasing in . Hence,
for more sensitive questions, involving F in

Table 1. V (1), of mean estimator (in bold) and V (1), of mean estimator for different values of F and W, n = 1000,
ni=ny=500,X ~ P(4),R; ~ P(1),Ry ~ P(1),S ~ P(2)and S, ~ P(5)

F W =0.1 W =03 W =0.5 W =0.7 W =09
0 0.0442 0.0784 0.1091 0.1362 0.1598
0.0442 0.0784 0.1091 0.1362 0.1598
0.1 0.0601 0.0896 0.1162 0.1400 0.1609
0.0442 0.0784 0.1091 0.1362 0.1598
0.3 0.0896 0.1106 0.1298 0.1473 0.1630
0.0442 0.0784 0.1091 0.1362 0.1598
0.5 0.1162 0.1298 0.1424 0.1542 0.1651
0.0442 0.0784 0.1091 0.1362 0.1598
0.7 0.1400 0.1473 0.1542 0.1609 0.1672
0.0442 0.0784 0.1091 0.1362 0.1598
0.9 0.1609 0.1630 0.1651 0.1672 0.1692
0.0442 0.0784 0.1091 0.1362 0.1598

linear combination model provides a little higher level of anonymity as compared to Huang [15] model. It may be
noted that the estimated variance initially doing well with the competitor variance for all values when F is included. Thus,
this is clear that by using a two-stage linear combination model shows higher level of sensitivity.
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3.2 Three-stage optional RR model

In the last sub-section, it was considered that the two-stage model perform better than existing model under some
reasonably mild condition. In this sub-section, we proposed a model that uses both (7') and (F) simultaneously. Again,
the sample of size n is split into two sub-samples of sizes n; and n; i.e. n = nj + ny. Suppose (F) is a fix pre-determined
proportion of respondents is instructed to scramble their response and (7) is a fix pre-determine proportion of
respondents is instructed to tell the truth if the question sensitive. The remaining (1 — 7 — F) proportions of respondents
have a choice of scrambling their response additively Z = RX + S, if the question deemed sensitive or else they provide
true response Z = X.if the question non-sensitive. Let X be true response with unknown mean (i, and unknown variance
o2. Let R; and S;(i = 1,2) be scrambling variable associated with randomization device D;(i = 1,2) with known ug, = 1,
ps, = 6, GI%I, = ¥’ and G?,- = &7 . Assumed that the variables X, Sy, S», Ry and R, are mutually independent. Thus,

the reported answer Z;(i = 1,2) in the i (i = 1,2) sub-samples may be written as

s - 1X with probabilityT+(1 — T — F) (1 — W) (16)
! RiX +S; with probability F+ (1 — T — F)W
From Eq. (16) for i = 1,2, we have
E(Z) = ux+6,[F+(1 — F)W— WT] a7
From Eq. (17), one may easily solve for u, and W, and we get the following estimators
. 6,21 — 612,
= ——,0 0 18
fx (92_91)71752 (18)
. 1 Z, — 7,
W = —F|,0 6, T+F # 1 19
(1TF)[(9291) },175 h, T+F # (19)
Thus, we have the following hypothesis.
Theorem 3.2. iy is asymptotically normal with a mean of u, and a variance of
Vigy) = — 92i+926222 6, # 6, (20)
(92 — 91)2 nj np '
Theorem 3.3. W is asymptotically normal with a mean of W and a variance of
V(W) = ! 67 =L % +926§2 0, # 6, T+F # 1 1)
(6, — 6)>(1 =T — F)* | ~ m ny |’ ’
where,
0 = 03 +8F+(1 =T — F)W|+ 7ol [F+(1 =T — F)W|+ i [F+(1 =T — F)W]
+0F+(1 =T — F)W][l — {F+(1 = T — F)W}]
The unbiased estimators of the variance of fly and W are respectively given by
V(i) = S 67 =L 5 +925%2 6 # 6,
(6, — 6)* | " m 7
And,
V(W) = : (-)ZS%1 +925§2 0, # 6, T+F # 1
(92—91)2(1 —T—F) , ’
where, S%i = ﬁ Z;f"zl (Zij — Z,-)Z,i = 1, 2 are sample variance of the responses in the two sub-samples. Asymptotic

normality for {iy and W is obvious using central limit theorem and independence of Z; and Z,.
Now, we compare the variances in the following theorems under the assumption that the values of scrambling variables
have the same mean and variance in all models. Let V (fly) ,, denoted the variance of three-stage linear combination model
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and V (fix), denoted the variance of Huang [15] model, V(flx), denoted the variance of proposed two-stage model
respectively.

Theorem 3.4. For all value of T and F, V(fix) 4, < V(iix)y

mO{(c2+u2)B+83} +mb2 {(c2+u2) R +687}|

1
=F > — [1+W(T -2
A 26763

- (1=w

F*  (22)

Proof:

V(ﬂszl < V(ﬂX)H

& L[02+8{F+(1 =T — F)Wh+ 7 (o2 +ud){F+(1 — T — F)W}

2

FOHF (1~ T — F)WH1 — {F+(1 - T — )WH]+ L [02+ 3 {F+(1 — T — F)W}
+y§2(c§+u§) {(F+(1 - T — F)W}+63{F+(1 — T - F)WY{1 —{F+(1 — T — F)W}}]

< Z[G24+ WS+ Wi (02 +u2) + WO {1 — W}] + 5L [62+ W& + W2 (2 +p2) + W3 {1 — W}]

S{F+(1 =T — F)W — W} [(n20387 +n16287 +1n0763) + (n20377 +n10773) (02 + u2)
—n0?6F{F+(1 - T — F)W+W} <0

67 { (o +17) 15 +63 -+ 63 { (0F +447) 17 +67 }

& o +1—{F1 -W)+W(2-T)} <0
2 2,2 2 2 2.2 2
:>F Z 1JW 1+W(T o 2)+n19|{(Gx+ﬂx)y§+52};n§62{(o_x+“x)7]2+5|} — F*
( ) n6; 63
Note that,

2 2 2\A2 2 2 2 2\A2 2
Fr<le "'61{(QY+”X)Y2+52n}9J2r;’§92{(O-XJFMX)YWLEI} F1+W(T —2) <1 —-W
172
o e g O R et (o a5
= = nW o7 o3

Theorem 3.5. For all value of T and F, V(fix) 4, < V({ix)4

are i o O ) R ) i {(F )R]
2(1 = W) n6;6;
Proof:
V(ﬂXz)Al < V(ﬂX)A
92

& 2 [02+8H{F+(1 - T - F)W}+n (a2 +u){F+(1 — T — F)W}

+O0{F+(1 =T — F)W}{l — {F+(1 = T — F)W}}] +3—i [624+85{F+(1 —T — F)W}

+y222(c§+u§) {(F+(1 =T -~ F)W}+0{F+(1 - T — F)W}{1l — {F+(1 = T — F)W}}]

= %[03+55{F+(1 — F)W+ 7 (07 + ) {F+ (1 = F)W}+ 607 {F +(1 = F)WH1 — {F+(1 — F)W}}]
T 24 82 {F+ (1~ )W)+ B (2 +p2) {F+ (1~ )W)+ 8 {F+(1 — F)W}{1 — {F+(1 - F)W}}]
& (10587 +m 0787 +n0l03){F+(1 — T — F)W — {F+(1 — F)W}}

+ (057 +m 0ty (62 +u2){F+(1 — T — F)W — {F+(1 — F)W}}

— (m6263+m0763) {(F+(1 = T = F)W) = {F+(1 = )W} < 0

S{F+(1 =T — F)W — {F+(1 — F)W}}[(n26787 +n16357 +n6%63)
+ (12037 + 167y (62 +uf) — n6f63 {F+(1 — T — F)W+{F+(1 — F)W}}]< 0

2 2 2 2 2 2 2\52
o mot{lor )i i} O { ()R} |y op(n — W)W (2 - T)} <0
172

n10H{ (o2 +u2) 3 +87 }+n 03 { (o2 +u2 )i +6?2 o
= F > gty [LHW(T —2)+ L L Zn}91292§2{( i _ g
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Note that,

Thus, if the criteria of theorems 3.4 and 3.5 fulfil, we can say that the variance V (flx) may be decreased further by using

F*

IN

m 03 {(c2+u2) ¥ +62 }+m 03 { (c2+u?) i +8%}

&

1
F* <leT < & -

three-stage linear combination model.

Next, we do numerical comparison of variances for the sample size n = 1000 and the random variables X, R, R>, S|
and S, have Poisson distribution with means 4, 1, 1, 2 and 5 respectively. Tables 2 and 3 provide variances values of the

n6262

F1+W(T —2) <2(1 = W)

2
m63{(o3+12) 3+ 83} +m03{ (02-+12) 67}
nW612622

proposed three-stage linear combination model, Huang [15] model and proposed two-stage model respectively.

From Tables 2 and 3 it observed that, the values of estimated variance are no more than Huang [15] and proposed two-
stage linear combination model for various combination values of " and T'. It is further noticed that the values of estimated
variance decreases as the values of 7' increases which was expected from theorem 3.4 and 3.5. Thus, the proposed three-
stage linear combination model performs better than Huang [15] and proposed two-stage linear combination model.

It is clear from above proceeding after introducing F and 7" in Huang [15] model, the advantage of using a three-stage

linear combination model for questions that seems highly sensitive.

Table 2.V (f1),, of mean estimator (in bold) and V ({1),, of mean estimator for different values of F and W = 0.9,

n=1000,n; =ny, =500,X ~ P(4),R; ~ P(1),Ry ~ P(1),S; ~ P(2)and S, ~ P(5)

F T=0 T=0.1 =03 T=05 T=0.7 T=09
0 0.1598 0.1496 0.1271 0.1018 0.0735 0.0424
0.1598 0.1598 0.1598 0.1598 0.1598 0.1598
0.1 0.1609 0.1508 0.1285 0.1033 0.0752 0.0442
0.1598 0.1598 0.1598 0.1598 0.1598 0.1598
0.3 0.1630 0.1531 0.1311 0.1062 0.0784 0.0478
0.1598 0.1598 0.1598 0.1598 0.1598 0.1598
0.5 0.1651 0.1554 0.1337 0.1091 0.0817 0.0514
0.1598 0.1598 0.1598 0.1598 0.1598 0.1598
0.7 0.1672 0.1576 0.1362 0.1120 0.0849 0.0549
0.1598 0.1598 0.1598 0.1598 0.1598 0.1598
0.9 0.1692 0.1598 0.1387 0.1148 0.0880 0.0583
0.1598 0.1598 0.1598 0.1598 0.1598 0.1598

Table 3.V ({1),, of mean estimator (in bold) and V (f1), of mean estimator for different values of F and W = 0.9,

n—= 1000,]1] :n2:500,X ~ P(4),R1 ~ P(l),R2 ~ P(l), S] ~ P(Z) andS2 ~ P(S)

F T=0 T=0.1 T=03 T=05 T=0.7 T=09
0 0.1598 0.1496 0.1271 0.1018 0.0735 0.0424
0.1598 0.1598 0.1598 0.1598 0.1598 0.1598
0.1 0.1609 0.1508 0.1285 0.1033 0.0752 0.0442
0.1609 0.1609 0.1609 0.1609 0.1609 0.1609
0.3 0.1630 0.1531 0.1311 0.1062 0.0784 0.0478
0.1630 0.1630 0.1630 0.1630 0.1630 0.1630
0.5 0.1651 0.1554 0.1337 0.1091 0.0817 0.0514
0.1651 0.1651 0.1651 0.1651 0.1651 0.1651
0.7 0.1672 0.1576 0.1362 0.1120 0.0849 0.0549
0.1672 0.1672 0.1672 0.1672 0.1672 0.1672
0.9 0.1692 0.1598 0.1387 0.1148 0.0880 0.0583
0.1692 0.1692 0.1692 0.1692 0.1692 0.1692
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4 Perspective

It is clear from theorems 3.4 and 3.5 that for every values of there exists many values of in the range [0, 1], for which three-
stage linear combination model performs better for estimating than corresponding existing estimator. It is important to
remark here that for highly sensitive question any large value of by introducing make the three-stage linear combination
model more efficient than Huang [15] and proposed two-stage linear combination model. Moreover, three-stage linear
scrambling combination protects respondent’s anonymity however two-stage does not.
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