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Abstract: Frequently, epidemiological count data are characterised by complex features such as overdispersion, serial
autocorrelation, heteroscedasticity, and seasonal patterns. Poisson and Negative Binomial (NB)-INGARCH models have been
extensively utilised to study and forecast datasets of this nature. These modelling frameworks do not account for the seasonal patterns
that are often exhibited by the epidemiological time series. The inability to capture seasonality in the count time series process could
lead to biased forecasts, misinterpretation of the underlying trends, and inadequate model performance. This, in turn, undermines the
efficient allocation of essential resources such as healthcare personnel and vaccination programs. To ensure sound healthcare planning
and timely interventions, effective modelling of epidemiological data remains fundamental. This study incorporates the Fourier
components in the NB-INGARCH model to address the seasonality often exhibited in epidemiological data. For comparative analysis,
various INGARCH models were fitted to the daily number of COVID-19 death cases in South Africa, and as well as in its three largest
Provinces. The NB-INGARCH framework consistently outperformed the Poisson-INGARCH models, with the inclusion of Fourier
terms further enhancing its effectiveness. Specifically, the NB-INGARCH(2,1) model incorporating Fourier harmonics successfully
captured overdispersion, short-term dependence, heteroscedasticity, and weekly seasonality. The findings highlight that uniform
seasonal adjustments may be inadequate, underscoring the need for tailored, region-specific modifications. A one-size-fits-all
modelling approach risks oversimplifying the complexity and variability inherent in epidemiological count time series.
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1 Introduction

Epidemiological count time series present unique statistical challenges because they consist of non-negative integer
observations that frequently exhibit serial dependence, overdispersion, excess variability, and abrupt fluctuations
associated with epidemic waves. During large-scale infectious disease outbreaks such as the COVID-19 pandemic, these
characteristics become particularly pronounced, resulting in periods of persistent increases and decreases in disease
incidence or mortality that resemble the volatility clustering commonly observed in financial return series. In financial
econometrics, volatility clustering, whereby large changes tend to be followed by large changes and small changes by
small changes, has been extensively modelled using autoregressive conditional heteroscedasticity (ARCH) and
generalized autoregressive conditional heteroscedasticity (GARCH) frameworks and their numerous extensions [1-5].
Although epidemiological data are fundamentally different from financial returns because they are discrete counts rather
than continuous-valued observations, epidemic processes often generate analogous conditional variance dynamics
arising from successive waves of disease transmission, public health interventions, behavioural changes, and reporting
delays. Consequently, daily COVID-19 death counts in South Africa, both nationally and within its three largest
provinces (Gauteng, KwaZulu-Natal and Western Cape), exhibit overdispersion, serial correlation and autoregressive
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conditional heteroscedasticity (ARCH) effects indicative of volatility clustering [6].

These empirical characteristics necessitate the use of modelling frameworks capable of jointly capturing the discrete
nature of the data, temporal dependence and time-varying conditional variability. The integer-valued generalized
autoregressive conditional heteroscedastic (INGARCH) model provides a natural extension of the ARCH/GARCH
paradigm to count time series by modelling the conditional mean as a function of past observations and past conditional
means while accommodating overdispersion and serial dependence [7]. As such, INGARCH models offer a theoretically
sound and practically relevant framework for analysing epidemic count processes exhibiting volatility clustering
analogous to that observed in financial time series.

The INGARCH modelling framework serves as the integer-valued analogue of the generalised ARCH (GARCH)
model which has been highly useful in capturing the volatility dynamics within finance and economics [8]. In the recent
decades, the INGARCH model has garnered considerable attention, driven by the increasing need to model time series of
counts across diverse domain such as finance and economics (e.g., daily transaction volumes at a bank) and
epidemiology (e.g., daily hospital admissions for a particular disease) [9, 10]. The Poisson-based INGARCH model
introduced by [11], is the most utilised count time series modelling framework [9, 12, 13]. However, Poisson distribution
is well-suited for equi-dispersed dataset, where the mean and variance of the process are equal [14-17]. The
equi-dispersion property often poses challenges in modelling count time series because the integer-valued data
frequently exhibit overdispersion [14, 15, 18].

There are numerous alternative discrete probability distributions that can be utilised to model overdispersed time
series processes, where the mean is less than the variance of the time series [16]. Zhu [19] introduced the NB-INGARCH
model as a time series framework for integer-valued data. The NB distribution extends the Poisson framework by
incorporating an additional dispersion parameter [17]. The dispersion parameter enhances the flexibility and robustness
in modelling count processes with variability exceeding that of the Poisson framework. In essence, the NB-INGARCH
framework is designed to jointly handle overdispersion while mitigating the influence of potential outliers in count
data [16, 19]. However, empirical data in epidemiology exhibit other complex dynamics such as strong seasonal and
cyclical patterns that cannot be adequately explained by the overdispersion parameter and autoregressive terms
alone [20]. Accordingly, it becomes necessary to extend the NB-INGARCH framework to incorporate the Fourier
harmonic terms that can effectively account for seasonality, overdispersion, temporal dependence, and the presence of
potential influential outliers.

Fourier harmonic terms are constructed from sine and cosine functions within the Fourier series to provide a
parsimonious way of modelling seasonality in the data [21]. According to [22], Fourier series effectively addresses the
complexity of seasonal patterns in the data while producing superior predictive accuracy. Letema and Mbwambo [23]
incorporated the Fourier terms to account for seasonality in their study of modelling and forecasting the tourist arrivals in
Tanzania. Therefore, integrating the Fourier harmonic components within the NB-INGARCH framework enhances the
model to simultaneously account for temporal dependence, overdispersion, seasonality and extreme observations. This
inference is based on the suggestion by [22], who argued that the inclusion of Fourier terms boosts forecasting accuracy
by uncovering latent cyclical structures that might otherwise remain undetected. Meanwhile, the NB-INGARCH
component ensures appropriate modelling of the conditional variance structure.

Numerous modelling techniques for inter-valued data have been proposed and studied [10, 24, 25]. Nevertheless, to
the best of our knowledge, the application of an integer-valued GARCH framework augmented with Fourier components
to capture seasonality has not yet been explored in epidemiological contexts, especially in South Africa. Therefore, this
study seeks to find a well-suited INGARCH modelling framework that integrates Fourier harmonic terms for modelling
and forecasting seasonal epidemiological count time series in South Africa.

2 Data and Methodology

2.1 Data

The study will utilise time series data of COVID-19 death cases in South Africa, as well as in its three populous
provinces to explore the integration of Fourier harmonic components within the INGARCH modelling framework. The
three provinces were considered the primary hotspots of the COVID-19 pandemic in South Africa. Daily data were
collected and published by the National Institute for Communicable Diseases (NICD) in South Africa via their official
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website, and are freely accessible at: https://github.com/dsfsi/covid19za/blob/master/data/. Figure 1 depicts the time
series plots for the daily death counts of COVID-19 collected over the period from 27 March 2020 to 22 July 2022.
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Fig. 1: Daily COVID-19 mortality cases in South Africa, and in its three epicenters

The four plots in Figure 1 depicts that all the considered time series data exhibit similar patterns, with periods of low
and high counts occurring concurrently. These temporal fluctuations could be linked to the emergence of different waves
(variants). The presence of zeros in the data leads to mean value that is lower than the corresponding variance. To validate
the characteristics of the COVID-19 mortality cases that are virtually apparent in the plots, additional exploratory data
analysis (descriptive statistics and hypothesis testing) was conducted, with the findings presented in Table 1.

Panel A in Table 1 shows that the mean of counts is consistently lower than the corresponding variance across all the
four datasets, resulting in dispersion indices (variance-to-mean ratios) significantly above one. These values support the
inference deduced from Figure 1 that the time series of COVID-19 death counts are overdispersed. In Panel B, the three
tests for serial autocorrelation reveals that the daily deaths due to COVID-19 are highly autocorrelated because the
p-values of the test statistics are significantly smaller than the 5% level. This implies that the past observation in the
count time series contain useful information for forecasting the future value, thereby confirming the presence of temporal
dependence in the data. The Lagrange Multiplier test statistic for ARCH effects in Panel C have corresponding p-values
substantially lower than the 5% level of significance. These small p-values lead to the rejection of the null hypothesis
which say there is no ARCH effects in the data, thereby verifying the presence of ARCH effects in the data. That is,
volatility varies over time in the daily death counts of COVID-19 in South Africa and its three largest Provinces.

The daily COVID-19 deaths cases, as depicted in Figure 1 and substantiated by descriptive statistics and tests in
Table 1, may be characterised as overdispersed, highly autocorrelated, non-negative integer values exhibiting volatility
clustering. Discrete count time series frameworks have been developed to accurately model datasets with characteristics
like the ones observed in the South African COVID-19 data [17,26,27]. Mubanga [17] conducted a comparative analysis
study of the Poisson and NB-INGARCH models within the context of malaria epidemiology in Zambia. However, there
is a need to integrate the Fourier harmonic components in these INGARCH models so that they can effectively account
for seasonality. Failure to account for the seasonal cycles in epidemiology modelling could lead to inaccurate forecasts,
thereby compromising the effective allocation of critical resources, including hospital staffing and vaccination programs.
Thus, this study aims to close this gap by incorporating the Fourier terms in the INGARCH framework.
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Table 1: Exploratory data analysis of the COVID-19 mortality cases in South Africa, and in its three epicenters

Panel A: Summary statistics of the datasets

National =~ Gauteng = KwaZulu-Natal ~Western Cape

Mean 123.2684  25.4051 19.6675 26.9637
Variance 20094.97 1415.304 1354.564 1660.919
Proportion of zeros  0.01451 0.13422 0.20677 0.11971
Dispersion index 163.0180  55.6701 68.8733 55.4310
Minimum 0 0 0 0
Maximum 844 306 225 394
Panel B: Testing the null hypothesis: No Autocorrelation
National KwaZulu-Natal Gauteng Western Cape
Test Statistic p-value Statistic p-value Statistic p-value Statistic p-value
Durbin-Watson ~ 0.3623 < 0.0001  0.5765 < 0.0001 0.5359 < 0.0001 0.8700 < 0.0001
Box-Pierce 45469 <0.0001 29179 <0.0001 3782.1 < 0.0001 23994 < 0.0001
Box-Ljung 4587.8 < 0.0001 29435 <0.0001 3816.0 <0.0001 2420.8 < 0.0001
Panel C: Testing the null hypothesis: No ARCH Effects
National KwaZulu-Natal Gauteng Western Cape
Test Statistic p-value Statistic p-value Statistic ~ p-value Statistic p-value

Lagrange Multiplier ~ 580.7 <0.0001  481.61 <0.0001 375.64 < 0.0001 109.6 < 0.0001

2.2 Methodology

Figure 2 illustrates the flowchart of the modelling framework developed in this study.
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Fig. 2: Step by step workflow diagram of the proposed modelling framework

2.2.1 The INGARCH model

The INGARCH model is considered as the integer-valued analogue of the traditional generalised autoregressive
conditional heteroscedastic (GARCH) framework introduced by [26]. The GARCH framework was originally designed
to model the dependence of the current variances on their past values, whereas the INGARCH model extends this idea to
the discrete domain by accurately forecasting the conditional mean values using the past mean values and previous
observations.
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2.2.1.1 Poisson-INGARCH model

Suppose that {Y; };cz is a non-negative integer time series process, and let p > 1 and g > 0. The time series process Y;
follows a Poisson-INGARCH(p, ¢) model if it satisfies the following conditions:

(i) Y; | F—1 ~Poisson(4,) VieZ
(it) y = 0+ X7 oY i + X5 Bidej,

where @ >0, @; >0, B; >0, for 1 <i<p, 1< j<gq,and F_; is the o-field generated by {Y; : k < }. The
INGARCH(p, g) process is said to be stationary if Y/, o + Y7, B < 1.

ey

The most popular shortcoming of model (1) is the requirement that the conditional mean must always be equal to the
conditional variance. This shortcoming is frequently encountered in epidemiological data, and it could lead to poor
performance especially in the presence of potential extreme observations [19]. There are several alternative distributions
that can be employed to model datasets with variance greater than the mean [16]. The NB-INGARCH model was
introduced as the generalisation of model (1) to accommodate more overdispersed data. However, this model does not
address the issues of serial autocorrelation that sometimes exists in the time series data.

2.2.1.2 NB-INGARCH model

Suppose that the discrete count time series Y; follows a NB distribution with parameters r and p,. Formally, it can be
expressed as

Y| 11 ~NB(r,p;) Vi€, 2

where .%,_| is the o-field generated by {Y; : k <}, r is a non-negative number, and p; satisfies the regression equation.

1—p; 4 Z
h=—Z =0+ a¥it) Bt 3)
! i=1 j=1

with constraints @ > 0, o; > 0, and [3/ >0,for 1 <i<pand1 < j<gq. The specifications in (3) defines the NB-
INGARCH(p,q) process. The conditional probability mass function of ¥; is given by

yetr—1

pi=y 7= (]

)Ptr(lpr)y’ y=0,1,2,.... )

Since p; = le, and 1 — p, = 11—’%, the probability mass function can be equivalently expressed as
yi+r—1 L\ [/ & \"
P(Ytyt|jtl)<tr_l )(M) 114 yv=0,1,2,.... 5

The conditional mean and variance of the count time series Y; are given by

E(Y,| F )= r(1=pr) — A,

Pt

Var(Y, | Fi_1) = % = rh(1+4).

(6)

Clearly, the variance exceeds the mean, i.e., Var(¥; | .%_1) > E(Y; | :#;_1). This inequality can also be demonstrated
through the variance decomposition:

Var(Y;) = E[Var(Y; | Z—1)]+ Var(E(Y; | Zi-1)).
Substituting the expressions in (6) yields

Var(¥;) = E[rA (1+ )] + Var(rd,) = rE(A) + r(E(A))* + (r+ ) Var(A,),

which is strictly greater than

rE(4) = E(A). )
Highlighting the overdispersion property inherent in the NB-INGARCH process.
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2.2.1.3 INGARCH model with Fourier terms

The NB-INGARCH model was introduced to capture both the overdispersion and potential extreme
observations [19]. However, there are situations where the count data is overdispersed with some extreme observations
and seasonal fluctuations. In order to deal with the seasonal fluctuations in the data, the NB-INGARCH can be extended
by incorporating the Fourier terms as the deterministic covariates in the conditional mean structure.

Suppose that ¥; denote a non-negative integer time series process for all # € Z. The NB-INGARCH(p, g) model with

K seasonal harmonics of period S specifies the conditional mean 4, = E(Y; | %—1) = 1;f’ ' as a linear function of the p
past observations and g previous conditional means:
c % & .2k 27tk
L:a)JrZOCiYFHr Bj)ttfj‘i’z{')/kSlIl(ﬂTt)+6kCOS(ﬂTt)} tez, (8)
i=1 j=1 k=1

where @ > 0 is the baseline parameter, o; > 0, i=1,2,...,p are the autoregressive coefficients, §; > 0, j=
1,2,...,q are the moving-average coefficients, %, € R, and & €R for k=1,2,...,K are the regression coefficients
of the k™ sine and cosine Fourier harmonic terms, respectively. The seasonal component of the model can be expressed as

K
£6) = Y {msin(2) + §cos(22) } rez,
k=1
where the number of sine and cosine harmonic terms K is determined by the seasonal period S. That is, the maximum
number of harmonic terms that can be included in the model is computed by K = S/2. Even though, the formula gives
the maximum, the appropriate number of harmonic terms is determined based on the lower Akaike information criterion
(AIC) value [29].

The necessary and sufficient stationarity condition in the mean of the NB-INGARCH(p, ¢) process with Fourier terms
is that all the roots z;, i=1,2,..., p of the polynomial equation

_

. p .
1=) (rai+B)z " — Z rogz ' =0, ©)

i=1 i=g+1

lie inside the unit circle. The harmonic terms are deterministic regressors representing the seasonal cycles which allow
the NB-INGARCH process to account simultaneously for the autocorrelation, overdispersion, and seasonality exhibited
by the discrete time series data. They do not change the stochastic stationarity condition since they are bounded function
of time:

| vesin (22 + Secos (L) | < (/72 + 2. (10)

The integration of the Fourier terms ensures that the recurrent peaks and troughs in the data are modelled explicitly,
reducing the residual autocorrelation at seasonal lags and improving both the out-of-sample and in-sample forecast
accuracy.

2.2.1.4 ZINBA-GARCH model

For comparative analysis, we adopt a hybrid modelling framework that integrates the Zero Inflated Negative
Binomial Autoregressive (ZINBA) specification with a GARCH(1,1) process. The ZINBA component effectively
addresses overdispersion and the presence of excess zeros, depicted in Figure 1 and Table 1. In turn, the GARCH(1,1)
structure captures time varying volatility and ARCH effects within the residuals of the ZINBA model. By embedding the
residual process in a GARCH(1,1) framework, the proposed ZINBA GARCH(1,1) model provides a comprehensive
representation that simultaneously accounts for the distributional dynamics of count data and the conditional
heteroskedasticity inherent in its residuals [6]. The volatility equation is expressed as

ol =w+an’ +Bo’,, Mm=0z, z~N(0,1), (1D

where 1;_; denotes the standardized residuals of the ZINBA model, @ > 0 is the constant term, & > O represents the
ARCH effects, B > 0 denotes the GARCH effects. The conditionot + B < 1 is necessary for the process to be covariance
stationary. This ensures that the conditional variance converges to a finite long run mean and avoids explosive volatility
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dynamics. The three parameters ,c, and 8 in the GARCH(1,1) volatility specification are obtained through the
maximum likelihood estimation procedure.

2.2.2 Parameter Estimation

The parameter estimates of the Poisson and NB-INGARCH models were obtained through the conditional maximum
likelihood estimation (CMLE) procedure using the tsglm() function from the tscount package in R software. The CMLE
procedure for the INGARCH model operates similarly to the one utilized in the traditional GARCH model [11]. That is,
the parameter values that maximizes the conditional likelihood function associated specified probability mass function
are considered the optimal estimates of the model. The conditional likelihood function of the n observation Y1,Y>,...,Y,
conditionally on the pre-sample values is mathematically expressed as

0) =[P =yl F), (12)
=1

where P(Y; = y; | % _1) denotes the specified mass function conditional on the past information set and @ represents
the set of all parameters of interest in equation (8). The optimal values of ® are obtained by maximizing the conditional
log-likelihood which is expressed as

(@) =1log [L(®)] = Zlog( =3l % 1:0)). (13)

The conditional log-likelihood function of the NB distribution has the form

n

(@) =log[L(O®)] =) [Yt log(A) — (r+Y) log(1+24) + i log(v+r—1) —log(Y,!)] ,

=1 v=1

where A, = 0 + L7, oY, + X, Bi—j+ f(1).
The parameter estimates Oof the ® and their corresponding asymptotic standard errors are obtained from the first and

second derivatives of the conditional log-likelihood function with respect to the parameter of interest, 8;, i=0,1,...,p+
g+ 2k. For any parameter 6;, the first derivative has the form
ILO) (Y, r+Y\ dA (14)
960, \A& 1+ /) 096,

The second derivatives for 6;, 6; are

PLO) (Y. r+¥%\ PAh (Y r+Y \ A Ik (15)
00,00, \A 1+A) 26,00, \AZ (1+A)2) 26, a6,
fori,j=0,1,..., p+ g+ 2k. Furthermore, we have
A OoAi—m
o Bt
oA ohm .
87 Yt Z+Zﬁm aal_ ) 1_1725"'7177
oA hm .
Tp m :1;23"', i
IB; n;lﬁ B K
A

I
7—5111 + ) k:l72>'
8'}/]( Z]ﬁ]

b _ s
EI cos +Zﬁj k=1,2,....K.
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For a large enough sample size n, the maximum likelihood estimator @ is consistent and approximated by the following
distribution:

A 1
0 ~ N<@07 nl(@0)1>7

where 1(0y) denotes the information matrix at @, which is an array of actual values of the parameter vector @. The
information matrix can be obtained by taking the expectation on both sides of equation (15) as follows:

J’L(®)
26,96,

z |- E(Y, | #1) r+EY|F)) *A (EX | F) r+EX [ F)) oA oA
! A 1+ 26,06, A2 (1+4,)2 26, 96;

Substituting E (Y; | %#,_1) by the results in equation (6) lead to

9°L(O) (11 oA oA
[aeiaej %‘1}_”(24_1%4)'89{89]-' (16)

Using a similar approach, we obtain

oL©)310) |, | _[n ren\ T o2 oa_ (1 1\ ok o
E[ 00, 00, | TEI\L T ) |7 98 90, "\ & 144 ) 96 a6, an
The results from equations (16) and (18) lead to the following information matrix equality
9°L(®) JL(®) JL(O) .
_Eliaelaej yt_]:|—E|: ael aej ‘yt—1:|7 l7]—0,1,,p+q+2k

The asymptotic standard errors of the maximum likelihood estimators can be determined from the covariance matrix
given as

R . 1 m oag
E[(6-6)(6—-6))] = ;(HnS;lHn) g (18)

s n  9’L(© o— n OL©) [IL@©)\T
WhereH":_%ZrﬂT(ae)’andSnl:%Zml a(e)< ()) ’

2.2.3 Model diagnostic

Once a time series model has been fitted and its parameters are estimated, it is then essential to evaluate the model’s
adequacy through various diagnostic checks to verify that the underlying assumptions are satisfied and that the fitted
model provides a reliable representation of the data [30]. The study will utilise residual analysis, autocorrelation function
(ACF) and partial ACF (PACF) of residuals, probability integral transformation (PIT), and AIC procedures to evaluate
and compare fitted INGARCH processes.

Pearson residual analysis provides a standardized metric for assessing the difference between observed and expected
values [31]. The Pearson residual is given by

~

- ,for Poisson-INGARCH
&= \/Z (19)

,for NB-INGARCH,

Y — A
VPR
where Y; is the observed time series, i, is the fitted conditional mean from the estimated INGARCH process, and 7
is the estimated dispersion parameter. The Pearson residuals of the correctly specified INAGARCH model should have a
unit variance with a mean of zero and their residual plot over time should not depict any systematic pattern.

The ACF of INGARCH residuals quantifies the correlation between residuals at time 7 and their lagged values at time
t — k [32]. The ACF of lag k for residuals {& } is given by
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n

Y (&-8)(ar—?)
p= " : (20)

Z (& —5)2

t=1

with the mean of residuals € = %):t”:l &. When the ACF plot depicts significant spikes at certain lags (bars outside
confidence bounds) it indicates that the residuals are correlated or that there is unexplained dependence at those lags.
Therefore, insignificant residual autocorrelations mean the model is correctly specified.

The PIT histogram is an important diagnostic tool in count time series analysis for checking whether the fitted count
model resembles the full conditional distribution of the data. The PIT value at time ¢, denoted by u;, is defined as the
conditional cumulative distribution function (CDF) of the count time series model evaluated at the observed outcome Y;.
This CDF is mathematically expressed as

Vi
w=FY | F)=PY <Y |F1)=) flk|F), @21
k=0

where f(k | .%_1) is the conditional probability mass function. A count time series model is said to be correctly
specified when the PIT values are uniformly distributed in the interval [0, 1]. That is, an INGARCH model is said to be
well-specified when the histogram of u, is approximately uniform.

In statistical analysis, AIC is an information criterion established by [33] in 1973 for model selection. It evaluates
competing models based on their relative quality, measuring performance by striking a balance between goodness of fit,
parsimony, and sensitivity to parameter estimation. The formula for calculating AIC is given by

AIC =2¢ —2L(0), (22)

where L(0) is the maximized log-likelihood of the fited INGARCH model and ¢ is the dimension of the parameter
vector @. The model with the smallest AIC value is considered a better trade-off between fitness and parsimony.

The mean absolute error (MAE) and root mean square error (RMSE) accuracy measures are utilized to evaluate the
forecasting performance of the fitted models. The corresponding computing formulas are expressed as follows

MAE = Ly Y, — Y|
n

i=1

- — (23)
st =[xt ()

where Y; and ¥; are the observed and forecasted value of the series at time 7, respectively. In comparative forecasting, a
model with the lowest accuracy measure is typically regarded as the most reliable and thus considered the best performing
specification.

3 Results

In this section, both Poisson and NB-INARCH(1) as well as INGARCH(1,1) were fitted to the four different datasets. The
better fitting model is identified, and its residuals behavior is examined. INGARCH models incorporating Fourier terms
are further applied to the series that exhibited weekly seasonal patterns.

Table 2 summarises the maximum likelihood estimates of the Poisson and NB-INARCH(1) and INGARCH(1,1) with
their corresponding standard errors in parentheses. The AIC values for both model specifications are also provided. The
parameter estimate of the model intercept is denoted by w, the autoregressive term by ¢, the lagged conditional mean
by B; and that of the dispersion parameter by r. These model parameters are statistically significant at 5% level, and meet
the conditions, ® > 0 and @; + 81 < 1. Therefore, we can conclude that the fitted models are stationary.

The NB-INGARCH framework consistently yields much lower AIC value compared to Poisson-INGARCH model
across all the four datasets. These significant differences of the AIC values highlight a huge improvement achieved by
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Table 2: Maximum likelihood estimates for Poisson and NB-INARCH(1) and INGARCH(1,1) models, with

corresponding standard errors in parentheses.

Panel A: INARCH(1) Parameter Estimates and AIC values

Poisson-INGARCH(1)

NB-INGARCH(1)

Region (0] o ﬁl AIC r (0] o ﬁl AIC
NAT 13.9960 (0.2918)  0.8850 (0.0036) -  36618.52 0.7230 13.9960 (1.9801) 0.8850 (0.0526) -  8796.731
KZN 4.5210(0.1082)  0.7680 (0.0080) —  18522.68 2.6530  4.5210(0.6120) 0.7680 (0.1180) -  5769.384
GP 5.1600 (0.1272)  0.7960 (0.0073) —  17493.73 3.7650  5.1600 (0.8890)  0.7960 (0.1240) -  6661.941
WwC 5.2460 (0.1325)  0.8040 (0.0072) -  17397.48 7.6270  5.2460 (1.4400)  0.8040 (0.1830) —  7435.123
Panel B: INGARCH(1,1) Parameter Estimates and AIC values

Poisson-INGARCH(1,1) NB-INGARCH(1,1)
Region 0] o Bi AIC r 0] a B AIC
NAT 0.0004 (0.0015)  0.2457 (0.0041)  0.7541 (0.0041) 2994542  0.5517 0.0004 (0.0169) 0.2457 (0.0432) 0.7541 (0.0410) 8549.221
KZN 0.0727 (0.0145)  0.2074 (0.0058)  0.7827 (0.0060) 14294.06 1.4373  0.0727 (0.0778)  0.2074 (0.0505)  0.7827 (0.0483) 5413.492
GP 0.0004 (0.0008)  0.1953 (0.0059)  0.8040 (0.0057) 313164.10 2.3312  0.0004 (0.0087) 0.1953 (0.0633)  0.8040 (0.0585)  6260.115
wC 0.2660 (0.0297)  0.2170 (0.0068)  0.7660 (0.0073) 13795.05  2.7940 0.2660 (0.2492)  0.2170 (0.0833)  0.7660 (0.0858) 6581.369

Note: NAT = National; KZN = KwaZulu-Natal; GP = Gauteng; WC = Western Cape.

incorporating the NB distribution, which effectively accommodates the overdispersion inherent in epidemiological count
data. Moreover, the lagged conditional mean term enhances the model’s performance since the AIC of
NB-INARCH(1,1) is lower than that of NB-INARCH(1). It is worth noting that the lagged conditional mean term
assumes relatively large values across all datasets, reflecting strong persistence in the conditional mean. These results
suggest that the NB-INGARCH(1,1) model for COVID-19 death counts in South Africa and its three populous provinces
relies heavily on the past expectations than the past realisations.

NB-INGARCH (1,1), National

WMean 0082
© | Varignee: 0,991

Resiouals

NB-INGARCH (1,1), Gauteng

Maan 0.09
Varnance: 0989

Resiuals

Residuals

NB-INGARCH (1.1), KwaZulu-Natal

NB-INGARCH (1,1), Western Cape

Mean 0026
Variance: 0 997

Fig. 3: Standardised Pearson residuals from the NB-INGARCH(1,1) models

The AIC results recommend the NB-INGARCH(1,1) framework as the better fit for all the datasets. Figure 3 depicts
the standardised Pearson residuals of the NB-INGARCH(1,1) models. The mean and variance of these residuals are
displayed on the top right corner of each residual plot. The plots of residuals against time does not depict any clear patterns
which suggest that the variance of the residuals is constant over time. Moreover, the residuals exhibit characteristics of
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white noise, with their mean and variance approaching 0 and 1, respectively. However, there are few values above three
standard deviations indicating the presence of outliers in the data. These outlier observations are not discarded from

the data because [19] argued that NB-INGARCH framework can simultaneously capture overdispersion and extreme
observations.

PIT Histogram: NB-INGARCH (1,1): National

PIT gl - .

PIT Histogram: NBANGARCH (1,1): Gauteng PIT Histogram: NB-INGARCH (1,1): Western Cape
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Fig. 4: PIT Histogram for the INGARCH(1,1) model across all the datasets

Figure 4 depicts the PIT histogram (densities against PIT values) of the NB-INGARCH(1,1) model for all the four
datasets. For national and KwaZulu-Natal datasets, the plots show PIT values that approximate uniformity, reflecting
well-calibrated forecasts and effective modeling of temporal structure. However, the Gauteng and Western Cape results

reveal marked departures from uniformity, suggesting that these regions may benefit from more adaptive or
region-specific modeling approaches.
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Fig. 5: PACF plots of standardised Pearson residuals of the NB-INGARCH(1,1) across all regions
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Figure 5 depicts the PACF plots of the standardised Pearson residuals from the NB-INGARCH(1,1) models. For
Gauteng and Western cape models, majority of the spikes between lag 2 and 30 are within the 95% confidence bounds.
The Box-Pierce test statistic based on 10 lags are presented in Table 3. The p-values are greater than 5% level of
significant indicating that NB-INGARCH(1,1) specifications provide an adequate fit to the Gauteng and Western cape
data in terms of capturing serial autocorrelation within the residuals.

For national and KwaZulu-Natal model, the residuals exhibit significant correlation at lags 7, 14,21, and 28. This
suggests a weekly cycle in the residuals, likely to reflect reporting practices or epidemic wave periodicity. The p-value
of the Box-Pierce test statistic in Table 3 reject the null hypothesis of no serial autocorrelation within the residuals.
The Box-Pierce results led to the conclusion that the NB-INGARCH(1,1) specification is not adequate to account for
serial autocorrelation and weekly periodic effects in the national and KwaZulu-Natal count series. They emphasize the
significance of incorporating the Fourier harmonic components in the NB-INGARCH(1,1) model.

Table 3: Box—Pierce test for serial autocorrelation within the model residuals. Null Hypothesis: No serial autocorrelation.

Region Chi-squared Statistic ~ Degrees of freedom  p-value
National 101.3800 10 < 0.0001
KwaZulu-Natal 72.0210 10 < 0.0001
Gauteng 17.5400 10 0.0632
Western Cape 11.4740 10 0.3218

In conclusion, NB INGARCH(1,1) modelling framework demonstrates a superior and more suitable fit for the
Gauteng and Western Cape series compared to Poison-INGARCH(1), Poisson-INGARCH(1,1) and NB-INGARCH(1)
models. However, it’s inability to account for serial autocorrelation and weekly periodic effects in the national and
KwaZulu-Natal series renders it unsuitable for these datasets. The model’s adequacy for Gauteng and Western Cape
series stems from its ability to capture short term serial autocorrelation and overdispersion, with residuals resembling
white noise. In contrast, the significant ACF and PACF lags at 7, 14, 21, and 28 supported by Box-Pierce test highlight
the shortcoming of the NB INGARCH(1,1) specification to capture serial autocorrelation and weekly seasonality in the
national and KwaZulu-Natal series. To address these limitations, Fourier harmonic components are incorporated into the
NB INGARCH(1,1) framework.

The autocorrelation significant lags at 7, 14, 21, and 28 suggest the presence of weekly seasonality, thus the number
of observations per cycle is § = 7. Accordingly, the NB INGARCH(1,1) framework with k = 1,2, and 3 Fourier harmonic
components were fitted to both the national and KwaZulu-Natal series. Table 4 presents the AIC values for the NB
INGARCH(1,1) framework with kK = 1,2, and 3 Fourier harmonic components. The estimation results revealed that the
optimal specification involves two Fourier harmonics (K = 2) for the national series, as indicated by the lowest AIC. In
contrast, three harmonics terms (K = 3) provided the superior fit for the KwaZulu Natal series, again corresponding to
the minimum AIC value. Table 5 Fourier presents the maximum likelihood estimates of the selected model specifications.

Table 4: AIC values corresponding to each Fourier harmonic component

Fourier harmonic terms, K  National = KwaZulu-Natal

AIC AIC
1 8446.416 5404.642
8444.117 5347.057
3 8462.550 5303.501

In the national series, the NB INGARCH(1,1) model with two Fourier harmonics yields parameter estimates whose
95% confidence intervals exclude zero, confirming statistical significance at the 5% level for all parameters. By contrast,
in the KwaZulu Natal series, the NB INGARCH(1,1) specification with three harmonics produces confidence intervals
for all cosine harmonic terms and the third sine harmonic that encompass zero, indicating insignificance at the 5% level.
Despite these differences, model selection based on AIC shows that the NB INGARCH(1,1) with K = 2 harmonics
achieves the lowest AIC value of 8444.117 for the national series, compared to the specification without harmonic terms.
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Table 5: Parameter estimates of the NB-INGARCH(1,1) with Fourier harmonic terms

National KwaZulu-Natal

Parameter Est SE LCL UCL Est SE LCL UCL
(0] 0.1330 0.0533 0.0288 0.2380 0.1016  0.0438 0.0157 0.1870
Qg 0.7150 0.0474 0.6217 0.8080 0.7287 0.0536  0.6336 0.8440
B 0.2600 0.0440 0.1741 0.3470 0.2345 0.0499 0.1367 0.3320
" 0.2730 0.0384 0.1975 0.3480 0.4171  0.0711  0.2777 0.5570
)] 0.1520 0.0383 0.0771 0.2270 0.0312 0.0692 -0.1044 0.1670
b3 0.1720 0.0661 0.0426 0.3020 0.5167 0.1205 0.2804 0.7530
& 0.1480 0.0665 0.0180 0.2790 0.0506  0.1206 -0.1857 0.2870
) - - - - 0.2606  0.1495 -0.0325 0.5540
& - - - - -0.1274  0.1490 -0.4196 0.1650
National: r = 0.4940, AIC = 8444.117 KwaZulu-Natal: » = 1.0605, AIC = 5303.501

Note: Est = Estimate; SE = Standard error; LCL = Lower confidence limit; UCL = Upper confidence limit.

Similarly, the KwaZulu Natal series attains its minimum AIC value of 5404.642 when three harmonics are incorporated,
improving upon the value of 5413.492 obtained from the NB-INGARCH(1,1) specification without Fourier components.
The lower AIC values strengthen the hypothesis that incorporating Fourier components in the INGARCH framework
enhances the epidemiological fit of the model specification. It worth noting that the serial autocorrelation and persistent
weekly seasonality remains, as illustrated in Figure 6. The ACF diagnostics, reinforced by Box-Pierce test outcomes
with p values below the 5% significance threshold, indicate that these specifications do not provide an adequate
representation of the data.
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Fig. 6: PACF and ACF plot with p-value of the Box-Pierce test of the model residuals

The persistence of weekly autocorrelation, particularly evident at lag 7, motivated the inclusion of the seventh-lag
autocorrelation term in the model. Consequently, the INGARCH(2,1) specification augmented with two Fourier
harmonics was fitted to the national series, while the KwaZulu Natal series was modelled using three harmonics. The
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maximum likelihood estimates together with their corresponding standard errors, and 95% confidence intervals for the
specified model are presented in Table 6.

Table 6: Parameter estimates of the NB-INGARCH(2,1) with Fourier harmonic terms

National KwaZulu-Natal

Parameter Est SE LCL UCL Est SE LCL UCL
0] 0.1762 0.0720 0.0352 0.3170 0.1995 0.0973  0.0088 0.3900
(o] 0.2828 0.0498 0.1852 0.3810 0.2840 0.0679  0.1508 0.4170
o7 0.0536  0.0535 -0.0512 0.1580 0.2126 0.0792  0.0575 0.3680
Bi 0.6309 0.0888 0.4569 0.8050 0.4526 0.1146  0.2279 0.6770
N 0.2600 0.0397 0.1822 0.3380 0.3858 0.0795 0.2299 0.5420
3 0.1373 0.0385 0.0618 0.2130 0.0206 0.0745 -0.1254 0.1670
W) 0.1665 0.0643 0.0406 0.2920 0.4942 0.1206 0.2578 0.7300
& 0.1441 0.0646 0.0176  0.2710 0.0416 0.1112 -0.1763 0.2600
v - - - - 0.2210 0.1340 -0.0516 0.4740
o - - - - -0.0712  0.1322  -0.3304 0.1880
National: r = 0.4904, AIC = 8444.335 KwaZulu-Natal: r = 1.1667, AIC = 5306.725

Note: Est = Estimate; SE = Standard error; LCL = Lower confidence limit; UCL = Upper confidence limit.

The parameter estimate for the seventh lag autocorrelation term presented in Table 6 is statistically insignificant at
the national level, indicating that weekly dependence does not play a meaningful role in explaining fluctuations in
COVID 19 death counts at the national level. Conversely, the same term is statistically significant in KwaZulu Natal
series, suggesting that weekly cycles exert a stronger influence on the progression of COVID 19 deaths in this province.
The conditional mean lag (f;) is consistently significant at the 5% level across both national and KwaZulu-Natal series,
highlighting the persistence of short term dependence in COVID 19 deaths, where current mortality is strongly linked to
the immediately preceding period. Confidence intervals for all Fourier harmonic components in the national model
exclude zero, confirming that seasonal patterns captured by these harmonics are important drivers of national COVID 19
death dynamics. In KwaZulu Natal, only the first and second sine harmonics are significant, while the third sine and all
cosine harmonics are insignificant, implying that the seasonal structure of COVID 19 deaths in this province is
comparatively limited and less complex than the national pattern.

The Durbin-Watson (DW) test for serial autocorrelation in Table 7 yielded the value of the test statistic close to 2
(2.1557 and 2.0404, respectively) for both National and KwaZulu-Natal models. These test statistic values supported by
the non significant p values (0.9875 and 0.6155) suggest that the NB-INGARCH(2,1) model with Fourier harmonic
terms sufficiently capture short-lag dependence and that its residuals behave as approximately uncorrelated at the first
lag. In contrast, the Box-Pierce test based on 10 lags produced conflicting results with the test statistic of 17.7770 and
p-value of 0.0588 for the national model, indicating no evidence of serial autocorrelation across the 10 lags. However,
for KwaZulu-Natal, the Box-Pierce statistic value of 51.9760 with p-value less than 0.0001 were obtained. This suggests
a strong serial autocorrelation across the 10 lags. The DW and Box-Pierce tests results give an implication that while the
models are adequate for short-lag dependence, they are not sufficient for medium-term dependence, particularly in
KwaZulu-Natal. The results underscore the fact that uniform seasonal adjustments may be insufficient, and that tailored,
region-specific modification may be sometimes required to improve medium to long-term dependence capture and
overall adequacy.

Table 7: Test for serial autocorrelation of the residuals

National KwaZulu-Natal
Test Statistic ~ p-value  Statistic ~ p-value
Durbin Watson ~ 2.1557 0.9875 2.0404 0.6155
Box-Pierce 17.7770  0.0588 519760 < 0.0001
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The ACF and PACEF plots of residuals for the NB INGARCH(2,1) model with Fourier harmonic components, shown
in Figure 7, demonstrate that the specification effectively captured weekly seasonality in both the national and KwaZulu
Natal series. The NB INGARCH(2,1) with Fourier harmonic components modelling framework successfully accounted
for autocorrelation at lags 7, 14, and 21, confirming its ability to represent the weekly cycles in COVID 19 death counts.
Although a few non-seasonal residual autocorrelation spikes remain significant, indicating that some dependence is not
fully explained, the overall results suggest that the INGARCH(2,1) specification substantially addresses the dominant
weekly seasonal structure in the data while leaving minor unexplained correlations.
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Fig. 7: Residual plot, ACF, PACF and PIT histogram for NB-INGARCH(2,1) model

The PIT histograms approximate a uniform distribution, implying that the model’s predictive probabilities are well
calibrated and provide reliable forecasts of the data. The standardised Pearson residuals of the NB INGARCH(2,1)
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model with the Fourier harmonics specifications are homoscedastic and tightly clustered around the mean of zero and
approximately unit variance. This suggests that the chosen model specifications provide adequate fit to the data in terms
of overdispersion, heteroscedasticity and weekly seasonality.

For comparative analysis, a ZINBA model incorporating the lagged death count (lag 1) and a time trend as predictor
variables was fitted to both the national and KwaZulu-Natal series. These predictors are essential in capturing the
dynamics of the process. The lag term reflects the influence of the previous day’s mortality on current outcomes, while
the trend variable accounts for the directional change in deaths over time. Following estimation, the standardized
residuals from the ZINBA model were extracted and subsequently employed to estimate the parameters of the
GARCH(1,1) process, the results of which are reported in Table 8.

Table 8: Maximum likelihood estimates with corresponding p-values for GARCH(1,1)

National KwaZulu-Natal
Parameter Est SE p-value Est SE p-value
w 0.0321 0.0124 0.0098 0.0139  0.0053 0.0083
o 0.0453  0.0171 0.0078 0.0910 0.0122 < 0.0001
B 0.9253 0.0227 < 0.0001 0.9080 0.0081 < 0.0001

Note: Est = Estimate; SE = Standard error.

The p-values for all parameter estimates in both the national and KwaZulu Natal series confirm statistical significance
at the 5% level. In both cases, the GARCH effect § dominates, reflecting strong volatility persistence. For the national
series, o+ 3 = 0.9706 satisfies the stationarity condition, indicating that shocks gradually disperse over time. By contrast,
KwaZulu Natal’s sum of & + 3 = 0.9990 lies at the boundary of stationarity, suggesting prolonged volatility clustering
likely driven by structural heterogeneity, localized shocks, or socio economic variability that weaken mean reversion.

Table 9: Forecasting accuracy measures

National KwaZulu-Natal
Model MAE RMSE MAE RMSE
INGARCH(2,1) with Fourier terms ~ 35.7333  58.9213 10.4343  20.3894
ZINBA-GARCH(1,1) 77.5891 173.9354 17.3431 36.6225

Table 9 reports the comparative results between the INGARCH(2,1) model with Fourier harmonic terms and the
hybrid ZINBA-GARCH(1,1) specification. Across all evaluation metrics, the INGARCH(2,1) with Fourier harmonics
(with K = 2 for the national series and K = 3 for KwaZulu Natal) consistently achieved the lowest values, indicating that
this formulation provides superior forecasting performance relative to the ZINBA-GARCH(1,1) framework.

4 Summary and discussion

The search for the well-suited time series model for the daily number of COVID-19 death cases in South Africa and
three of its populous provinces began with the Poisson and NB-INGARCH(1) model. Even though NB-INGARCH(1)
model showed superiority performance over the Poisson-INGARCH(1) specifications, the PIT histogram suggested that
the model is not well-specified. To address this shortcoming, the NB-INGARCH(1,1) was then explored across all the
four datasets. The PIT histogram for the NB-INGARCH(1,1) model across all the four datasets are closer to the ideal
uniform distribution compared to the PIT histogram of the NB-INGARCH(1) model. However, it didn’t fully capture the
weekly periodic effects in the national and KwaZulu-Natal data since their ACF plots of residuals depicted significant
spikes at lags 7,14,21 and 28. Thus, the Fourier terms were incorporated in the NB-INGARCH(1,1) model to account for
the weekly periodic effects in national and KwaZulu-Natal datasets. The NB-INGARCH(1,1) model with Fourier terms
partially captured the weekly periodic structure in the national-level data and failed to moderately account for the
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periodic structure in the KwaZulu-Natal data. We then explored the NB-INGARCH(2,1) model incorporating the
seventh-lag autocorrelation term and Fourier harmonic components (with K=2 for the national series and K=3 for
KwaZulu Natal) to capture weekly seasonality. The model fully captured the weekly seasonality in both national and
KwaZulu-Natal series. However, few non-seasonal autocorrelation lags remained significant, particularly in
KwaZulu-Natal. The forecasting performance of the NB INGARCH(2,1) model was evaluated against the hybrid
ZINBA-GARCH(1,1) framework, using MAE and RMSE metrics. The NB INGARCH(2,1) consistently achieved lower
values across both series, indicating a more appropriate and superior fit. In the KwaZulu Natal series, however, the
hybrid ZINBA-GARCH(1,1) model revealed strong shock sensitivity and near nonstationary persistence. The presence
of unexplained non seasonal autocorrelation, coupled with stronger shock responsiveness and borderline stationarity in
the KwaZulu Natal series, highlights the significance of further empirical investigation into province specific temporal
structures underlying COVID 19 mortality trends.

The demonstrated superiority of the NB-INGARCH modelling framework over the Poisson-INGARCH
specifications aligns with the findings of [15]. In that study, the NB-INGARCH models consistently outperformed the
Poisson-INGARCH modelling approach when applied to overdispersed transaction counts and veto counts time series.
In [19], an analysis of overdispersed polio data showed that the NB-INARCH(1) model achieved a lower AIC than the
NB-INGARCH(1,1), indicating a better fit. Conversely, the findings of this current study suggest the opposite: the
inclusion of the lagged conditional mean term improves model fit, as evidenced by the lower AIC of the
NB-INARCH(1,1) compared to the NB-INARCH(1). In addition, the higher-order NB-INGARCH(2,1) specification
provide superior performance compared to the widely adopted NB-INGARCH(1,1) model, thereby contradicting the
conclusions reported by [17] and related studies. As established in the studies of [21, 23, 29] Fourier harmonic terms
effectively capture seasonal patterns in the data. Incorporating Fourier harmonic components in the model enhances
forecasting accuracy. This conclusion is consistent with the remark made by [22]. The standardised Pearson residuals of
the selected model exhibit a mean near zero and approximately unit variance, indicating the model’s adequacy for the
data, as highlighted by [33].

5 Conclusion

The comparative analysis of alternative INGARCH specifications highlights the importance of model refinement in
capturing the complex dynamics of COVID-19 mortality data in South Africa. Transitioning from the NB-INGARCH(1)
to the NB-INGARCH(1,1) framework demonstrated the benefit of integrating a moving average component alongside a
more adaptable distributional assumption for handling overdispersed count time series. The results also demonstrated
that the incorporation of Fourier harmonic components in the NB-INGARCH specifications enhances the model?s
performance. The NB-INGARCH(2,1) model embedded with Fourier harmonic components outperformed the hybrid
ZINBA-GARCH(1,1) and adequately accounted for overdispersion, short-term dependence, heteroscedasticity, and
weekly seasonality. However, few autocorrelation lags remained significant particularly in KwaZulu-Natal, suggesting
that uniform seasonal adjustments and autocorrelation terms may be insufficient, and that tailored, region-specific
modifications are sometimes required. Therefore, applying a blanket modelling strategy to epidemiological count data
overlooks the complexity and variability inherent in disease processes. Datasets that appear comparable may, in fact,
demand different methodological treatments to account for dispersion, autocorrelation, or seasonal effects. Effective
analysis therefore necessitates a tailored modelling framework that aligns with the unique statistical and epidemiological
features of each dataset.
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