J. Stat. Appl. Pro2, No. ?, 1-7 (2013) NS 2 1

Journal of Statistics Applications & Probability
An International Journal

http://dx.doi.org/10.12785/jsap/paper

Hopf Bifurcations in a Delayed-Energy-Based Model of
Capital Accumulation

Carlo Biancal, Massimiliano Ferrara? and Luca Guerrini3

IDipartimento di Scienze Matematiche, Politecnico, Corso Duca Degli Ab84z 10129 Torino, ltaly
2Dipartimento di Giurisprudenza ed Economia, Univeérsitediterranea di Reggio Calabria, 89127 Reggio Calabria, Italy
SDipartimento di Matematica per le Scienze Economiche e Sociali, UnietsRologna, Viale Filopanti 5, 40126 Bologna, Italy

Received: 7 Jun. 2012, Revised: 21 Sep. 2012, Accepted: 228Ep.
Published online: 1 Jan. 2013

Abstract: Building on a contribution by Dalgaard and Strulik [C.L. Dalgaard and HiulitrResource and Energy EconomR&S; 782
(2011)], this paper deals with the mathematical modelling for an econ@emed as a transport network for energy in which the law of
motion of capital occurs with a time delay. By choosing time delay as a bifarcparameter, it is proved that the system loses stability
and a Hopf bifurcation occurs when time delay passes through critites/iaAn important scenario arising from the analysis is the
existence of limit cycles generated by supercritical Hopf bifurcatiohs.résults are of great interest for the analysis of the asymptotic
economic growth.
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1 Introduction

The research of basic principles for the modelling of thenecoic growth are nowadays a new and hot challenge which has
been object of several investigations. Since 1982 Sperazrativocated that the economic growth of societies depends
on their capability to exploit the increasing amounts ofrgggl]. Accordingly, the quantity of energy that a society
consumes becomes an economic tool to measure its progréssuanthe capital accumulation represents an important
strategy for the growth process, s@gdnd [3]. In particular the Solow mode8], which involves the aggregate production
function, has given an important contribution to the ecoitognowth theory especially because it has been proven to be
able to explain the cross-country differences in GDP peiketoHowever, as discussed ] [the derivation of a law of
motion for capital without recurring to the existence of ggegate production function could be more appropriated.

Recently, some principles of the physics and biology haenlmoposed for the modelling of the law of motion for
capital per worker, see, among othe&,7[8,9]. Similarly to paper 10] where a growth model for living tissue has been
derived by assuming that energy is required to cells for thaivival and reproductiorttfermodynamics conservation
principle), it is assumed that the capital stock increases if totatggnexpenditure exceeds the energy costs. Another
principle is referred to Kleiber’'s lawl[l], which states the correlation between the energy consompf biological
organismslfasal metabolism) and their energy requirementmfly mass). Specifically the biological systems are viewed
as energy transporting networks and the Kleiber's law nwdet diffusion and absorbtion of energy. The previous
principles refer to biological networks that have been ted through natural selection, which has produced more
efficient networks. Similarly, these principles can be agplied to man-made networks, sd&][ where the authors
have applied these principles to artificial networks with #im to discover universal laws with applications to human
societies. Moreover mathematical models have been des@lop[b] and [6] for an economy viewed as a transport
network for energy. In these models the energy consumptomprker is seen as the counterpart to metabolism, and
capital per worker as the counterpart to body size.

Recently, Dalgaard and Strulik][have developed a mathematical model of an economy viewedti@nsportation
network for electricity that is mathematically isomorphiche Solow-Swan model proposed in pap&43]. The model

* Corresponding author e-madarlo.bianca@polito.it

© 2013 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.12785/jsap/paper

2 N 5SS = C. Bianca, M. Ferrara, L. Guerrini: Hopf bifurcations in a model gfital accumulation

is based on the main assumption that there exists a supjlforel which is a concave and log-linear Kleiber’s law
relation, between the electricity consumption per capitewed as the economic counterpart to metabolism) andatapit
per capita (viewed as the counterpart to body size). Thigmpepconcerned with a generalization of the Dalgaard and
Strulik model analyzed ing]. Specifically, the energy conservation equation contaitime delay which take cares of
the previous occurring dynamics. Generally, delay in dyisahsystems is exhibited whenever the system’s behavior is
dependent at least in part on its history. The introductidinee delay is a common approach used in biology for instance
in the modelling of gene expression, cell division, as wslktall differentiation and cell maturation, with the aim t® b
more consistent with the cell growth kinetics, see the repaper [L4], papers 15,16,17] and the references therein.
This work is motivated by economical applications to plag élsymptotic economic growt2).

The present paper is organized as follows. After this intotidn Section 2 reviews the original model by Dalgaard
and Strulik and deals with the generalization which inchidte delay. In Section 3 by choosing time delay as a bifuroati
parameter, and applying the local Hopf bifurcation the@se(e.g.18]), we investigate the existence of stable periodic
oscillations for equation. More specifically, we prove thed the delayl increases, the positive equilibrium loses its
stability and a sequence of Hopf bifurcations occur. Furtiaee in Section 4 by using the Lindstedt’s perturbationhrodt
[19], we prove that the Hopf bifurcation is supercritical and Hifurcating solutions are stable. Finally Section 5 isudest
to research perspective.

2 The delayed Dalgaard and Strulik model

As already mentioned in the introduction the mathematicatieh of Dalgaard and Strulikg] is concerned with the
modelling of an economy viewed as a transportation networkefectricity. Electricity is used to run, maintain, and
create capital.

Assuming that time is continuous, and Jetbe the energy requirement to operate and maintain the gecegpital
good whilev is the energy costs to create a new capital good, energy matios implies

eft) = uk(t) + v, ®
wherek(t) denotes capital stock. Equatiol) (which provides a metric for aggregation of capital, cagsithe electricity
at any given instant in time; the right-hand side Df gummarizes the instantaneous electricity requireméinéssize of
population has been normalized to one).

It is worth stressing that if we were to shut off energy supiyirely, namelye(t) = 0, the capital stock would shrink
over time, due to lack of maintenance and replacement. Taatavhich the stock shrink ispi/v, which therefore can be
viewed as the mirror image of the depreciation rate, comyniottoduced in models of growth and capital accumulation.

Bearing all above in mind the Dalgaard and Strulik mathecahtnodel p] is derived by modelling the energy as
e(t) = g[k(t)]* where O< a < 1 is a real constant proportional to the dimension and effayief the network, and > 0
is a real constant in the sense that it is independent ofatq@t worker. The model thus reads:

dk(t) € U
—2 = Z[k(t)]2 = = k(t). 2
= v kO = Uk (@)
The Dalgaard and Strulik model shares the technical priggestth the Solow model. In particular, there exists a uaiqu
globally stable steady-state to which the economy adjusts.
In what follows we consider a generalization of the Dalgaard Strulik model§]. Specifically, it is assumed that the
energy conservation equation contains a time dé&layhich is introduced in the equatiof)(as follows:

dk(t)

Consequently, the law of motion for capital is describedHsy/fbllowing non-linear delay differential equation:
dk(t) € a M
TRy k(t—T)] v k(t-T), (4)

for some initial functiork(t) = @(t),t € [-T,0].
According to the mathematical modél)( at any given instant in timg the capital stock(t) is determined by the
electricity at the instant in time—T.

© 2013 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro2, No. ?, 1-7 (2013) www.naturalspublishing.com/Journals.asp NS 2 3

3 Existence and analysis of Hopf bifurcations

Equilibria (or steady states in the language of the econainsiciences) of equatior), of course, coincide with the
corresponding points for zero deldly,= 0. Hence, there exists a unique positive steady ftatatisfying the relation
ekd~1 = . After setting the following translatiox(t) = k(t) — k., equation §) is rewritten as follows:

dx(t) € a M
g =y XET) K = T X T) k] ®)

The following theorem characterizes the nature of the éxuiim pointk..

Theorem 3.1. Let k. be the unique positive equilibrium for the mathematical eldd). Then there exists a positive
numberTy such that the equilibriurk, is asymptotically stable foF € [0, To) and unstable foF > Tp. Moreover equation
(4) undergoes a Hopf bifurcation &t whenT = T; where

Ti :%(gﬂjn), je{o12..},

and

1-ajp
\%

Proof. As is well known, the stability of the positive steady statel docal Hopf bifurcations can be determined by the
distribution of the roots associated with the charactierefjuation of its linearizatior2f0]. The linearization of%) at zero

IS
dx(t) _ (a-1)p
= (=T, (6)

By substituting candidate solutions of the foen*T into equation §), we get that the corresponding characteristic
equation of 6) is given by
A= w e T, (7)
%
Equation 7) is a quasi-polynomial, which exhibits an infinite numbef@implex) roots. Notice that, whéh= 0, x, =0
is asymptotically stable because= (a— 1)u/v < 0.
Letiw (w > 0) be a root of equatior7j. Then we have

i = (ai 1)“ efi(/JT.
\'

Separation in the real and imaginary parts implies that

(@a-1u
\

coswT =0, w=-—

wsinaﬂ. (8)

Squaring and adding the both equationsg)) e getw? = (a— 1)?u?/v2. Consequently, we can conclude that equation
(7) has a unique pair of purely imaginary roatsay, where

_(A-a)u
=2k 9)

From the equatio S ||'81, we can define
IJ 2 J m, J S P R I

Let Aj(T) = aj(T) +iw;(T) denote a root of equation/X near T = T; satisfying a;(T;) = 0 and wj(Tj) = wo.
Differentiating the characteristic equatior) (vith respect tarl', we obtain

dA  (1-au 7 (- dA
aT = ” e Td—_l_+)\.
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Hence, we have

This implies that

sign((%). (10)

Thus, from(10) we have thatrj(Tj) > 0, implying that all the roots crossing the imaginary axigatcross from left to
right asT increases and thus this results in the loss of stability. 8 iound that iff € [0, To), then all roots of equation
(7) have negative real parts. Tf = Ty, then all roots of equation7}, except+ iap, have negative real parts. Finally, if
T € (T}, Tj41) for j € {0,1,2,...}, then equation?q) has Zj + 1) roots with positive real parts. Recalling that spectral
properties of equatiorY] lead immediately to the properties of the positive eqtillim k. for equation §), the conclusion
holds.[J.

4 On thedirection and stability of Hopf bifurcation

In this section, we investigate the direction and stabiityifurcating periodic solutions of equatiod)(at Ty given by
Theorem 3.1, using the method based on the perturbationyth@omoduced by Lindstedtl[9)].

Theorem 4.1. The mathematical modeff admits a stable limit cycle. Moreover the Hopf bifurcatisrsupercritical.
Proof. We start by considering the Taylor expansion of equatimp to the third order at the zero equilibrium:

dx(t) _ (a-1)p
e > X(t—T)

+ 7&‘(&_213““*_1 X(t—T)2

a(a—1)(a—2)uk; 2
6v
Next, we stretch time by replacing the independent variebles = w(n)t, wherew is a parameter close ty and
n is a small positive number. In this way, solutions which arg @ periodic int become periodic with periodr2 With
this change of variable equatiohl) becomes

0 _ (afvl)u X(s— wT)

ds
i 2O s amp?
+ a(a_l)(gv_ M (s TP -

As a final step in the perturbation method, we expa®)l, w andT in power series of] as follows:

X(s) = NXo(8) +N?xa(s) + N3a(s) + -,
W=+ nw+nn+-, (13)
T=To+nTi+n°To+---,

with the obvious definition okg, Xy, .. ..
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According to (L3), x(s— wt) can be expanded as follows:
X(s— wT) = Nxo(s— wT) +N2x1(s— wT)

+ n%xe(s—wT)+---,
where
Xj(s— wT) = Xj(s— wnTo)

—Xj(s— woTo)[n (w1 To+ aoTr)

+n%(wpTo+ @ Ti+ woTo) + -]

1
+5 % (5 a0To) [M(@rTo+ woT) + -2~
Recalling @) and the fact thatwTo = 11/2, by substituting the above series expansionsl®),(and regrouping into
contributions at each order i, we obtain a system of differential equations, omitted Herdrevity. After tedious and
long calculations, we can derive (see Rand and Verdgdjd@r details) thatew, = 0, T = 0 as well as the amplitudé of
the limit cycle that was born in the Hopf bifurcation. Theref we have

A= 0’ (14)

whereP = 20wy > 0 and
0 Sma(a—2) 1lma’ 2|k 28 <0,
4 4
In (14), Ais real so that? > 0, which means fromX4) that T, must have the same sign BgQ. Therefore the proof of
the theorem is concluded.

5 Per spective

This section lays out some research perspective of the Bralgand Strulik model with time-delay introduced in the
present paper. The model is based on the thermodynamic pgsanaccording which the capital is generated and
maintained by human and non-human energy.

The first issue to be developed is the comparison of the delayadel introduced in the present paper with the
experimentally measurable quantities. Indeed the mattiemhamodels should reproduce both qualitatively and
quantitatively empirical data. The economic growth is a ptax phenomenon from which emerges a collective
behaviour that cannot be explained by the analysis of thgesglements. Therefore the model should reproduce, dt leas
at a qualitative level, the relative emerging collectivéaddours. Accordingly our model should be able to match the
data on electricity consumption per capita, which is an nlad#e variable.

The mathematical model proposed in this paper could be aapted for the analysis of the asymptotic economic
growth. This is an interesting research perspective sihitds reached, allows the possibility to perform predicts of
future economical disasters.

The energy-based method used to derive the mathematicalrabthis paper can be further specialized by taking
into account the possibility to include the conservatiomlobal resources. The conservation of global quantitiehén
system can be performed by using the framework of the theatied kinetic theory for active particle23,24]. This
new framework has been developed for the modelling of coxgptstems where the kinetic energy (in general a moment
of the distribution function) must be preserved. The framdgwhas been adopted to model large systems of physical and
living systems, e.g. to semiconductor devices, nanose&tiological phenomena, vehicular traffic, social andheatcs
systems, crowds and swarms dynamics, see the review e herefore perspective include also the possibility of
generalizing the Dalgaard and Strulik model within this rfeamework.
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