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1 Introduction

A function f : I ⊆R→R, is said to be convex if for every
x,y ∈ I andt ∈ [0,1],

f (tx+(1− t)y)≤ t f (x)+ (1− t) f (y).

Let f : I →R be a convex function anda,b ∈ I with a < b,
we have the following inequality

f

(

a+ b
2

)

≤
1

b− a

∫ b

a
f (x)dx ≤

f (a)+ f (b)
2

.

This remarkable result is well known in the literature as
Hermite-Hadamard inequality. Both inequalities hold in
the reversed direction iff is concave. We note that
Hermite-Hadamard inequality may be regarded as a
refinement of the concept of convexity and it follows
easily from Jensen’s inequality. Since then some
refinements of the Hermite-Hadamard inequality for
convex functions have been extensively investigated by
number of authors, see for example [1-10,14-16]). Let
I ⊆ R+ := (0,∞) be an inerval andf : I → R+ be a
continuous function. Then,f is said to be geometrically
convex onI, if for everyx,y ∈ I andλ ∈ [0,1],

f (xλ y1−λ )≤ f (x)λ f (y)1−λ .

In [6], S.S. Dragomir defined convex functions on the
co-ordinates (or co-ordinated convex functions) on the set
∆ := [a,b]× [c,d] in R

2 with a < b andc < d as follows:

Definition 1.1.A function f : ∆ → R is said to be convex
on the co-ordinates on∆ if for everyy∈ [c,d] andx∈ [a,b],
the partial mappings,

fy : [a,b]→ R, fy(u) = f (u,y),

and
fx : [c,d]→R, fx(v) = f (x,v),

are convex. This means that for every(x,y),(z,w) ∈ ∆ and
t,s ∈ [0,1],

f (tx+(1− t)z,sy+(1− s)w)

≤ ts f (x,y)+ s(1− t) f (z,y)

+ t(1− s) f (x,w)+ (1− t)(1− s) f (z,w).

Clearly, every convex function is co-ordinated convex.
Furthermore, there exist co-ordinated convex functions
which are not convex. Since then several important
generalizations introduced on this category, see [11,
18-20] and references therein. Recall that a function
f : I ⊆ R → R, is said to be quasiconvex if for every
x,y ∈ I andλ ∈ [0,1],

f (λ x+(1−λ )y)≤ max{ f (x), f (y)}.

In [13], M.E. Özdemir et al. introduced the notion of
co-ordinated quasiconvex functions which generalize the
notion of co-ordinated convex functions as follows:
Definition 1.2.A function f : ∆ = [a,b]× [c,d]→R is said
to be quasiconvex on the co-ordinates on∆ if for every
y ∈ [c,d] andx ∈ [a,b], the partial mapping,

fy : [a,b]→ R, fy(u) = f (u,y),
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and
fx : [c,d]→R, fx(v) = f (x,v),

are quasiconvex. This means that for every(x,y),(z,w) ∈
∆ ands, t ∈ [0,1],

f (tx+(1− t)z,sy+(1− s)w)

≤ max{ f (x,y), f (x,w), f (z,y), f (z,w)}.

Since then several important generalizations on this
category proved by M.E.̈Ozdemir et al. in [9,12,13]. On
the other hand F. Qi and B.A. Xi in [19] introduced the
notion of geometrically quasiconvex functions and
established some integral inequalities of
Hermite-Hadamard type.
Definition 1.3. A function f : I ⊆ R0 := [0,∞) → R0, is
said to be geometrically quasiconvex onI if for everyx,y∈
I andλ ∈ [0,1],

f (xλ y1−λ )≤ max{ f (x), f (y)}.

Note that if f decreasing and geometrically quasiconvex
then, it is quasiconvex. Iff increasing and quasiconvex
then, it is geometrically quasiconvex. We recall some
results introduced in [19].
Lemma 1.1. Let f : I ⊆ R+ := (0,∞) → R, be a
differentiable function onI◦ anda,b ∈ I◦ with a < b. If
f ′ ∈ L([a,b]) then,
(i)

(lnb) f (b)− (lna) f (a)
lnb− lna

−
1

lnb− lna

∫ b

a

f (x)
x

dx

=
∫ 1

0
a1−tbt ln(a1−tbt) f ′(a1−tbt)dt.

(1)

(ii)

M(a,b) :=
∫ 1

0
| ln(a1−tbt)|dt, (2)

N(a,b) :=
∫ 1

0
a1−tbt | ln(a1−tbt)|dt. (3)

In [14], M. E. Özdemir defined the concept of
geometrically convex functions on the co-ordinates as
follows:
Definition 1.4. Let ∆+ := [a,b]× [c,d] be a subset ofR2

+
with a < b andc < d. A function f : ∆+ → R is said to
be geometrically convex on the co-ordinates if for every
y ∈ [c,d] andx ∈ [a,b] the partial mappings,

fy : [a,b]→ R, fy(u) = f (u,y),

and
fx : [c,d]→R, fx(v) = f (x,v),

are geometrically convex function. This means that for
every(x,y),(z,w) ∈ ∆+ andt,s ∈ [0,1],

f (xt z1−t ,ysw1−s)

≤ ts f (x,y)+ s(1− t) f (z,y)

+ t(1− s) f (x,w)+ (1− t)(1− s) f (z,w).

In [15], M.E. Özdemir defined convex functions on a
rectangular box as follows:
Let us consider the rectangular boxΩ := [a,b]× [c,d]×
[e, f ] in R

3. The mappingg : Ω → R is said to be convex
on Ω if for every(x,y,z),(u,v,w) ∈ Ω andλ ∈ [0,1],

g(λ x+(1−λ )u,λ y+(1−λ)v,λ z+(1−λ)w)
≤ λ g(x,y,z)+ (1−λ )g(u,v,w).

A functiong : Ω →R is said to convex on the co-ordinates
onΩ if for every(x,y)∈ [a,b]× [c,d], (x,z)∈ [a,b]× [e, f ]
and(y,z) ∈ [c,d]× [e, f ], the partial mapping,

gz : [a,b]× [c,d]→R, gz(u,v) = g(u,v,z), z ∈ [e, f ],

gy : [a,b]× [e, f ]→ R, gy(u,w) = g(u,y,w), y ∈ [c,d],

gx : [c,d]× [e, f ]→R, gx(v,w) = g(x,v,w), x ∈ [a,b],

are convex. In [4], the notion of co-ordinated
quasiconvex functions on a rectangular box inR

3 which
generalize the notion of co-ordinated convex functions is
given as follows:
Definition 1.5. A function g : Ω → R is said to
quasiconvex on the co-ordinates onΩ if for every
(x,y) ∈ [a,b] × [c,d], (x,z) ∈ [a,b] × [e, f ] and
(y,z) ∈ [c,d]× [e, f ] , the partial mapping,

gz : [a,b]× [c,d]→R, gz(u,v) = g(u,v,z), z ∈ [e, f ],

gy : [a,b]× [e, f ]→ R, gy(u,w) = g(u,y,w), y ∈ [c,d],

gx : [c,d]× [e, f ]→R, gx(v,w) = g(x,v,w), x ∈ [a,b],

are quasiconvex. This means that for every
(x,y,z),(u,v,w) ∈ Ω andt,s,r ∈ [0,1]

g(tx+(1− t)u,sy+(1− s)v,rz+(1− r)w)

≤ max{g(x,y,z),g(x,y,w),g(x,v,z),g(u,y,z),

g(u,v,w),g(u,v,z),g(u,y,w),g(x,v,w)}.

Motivated by above results in this paper we introduce the
notion of “geometrically quasiconvex functions on a
rectangular box” inR3. Then, some results in connection
to Hermite-Hadamard inequality are given.

2 Main results

In this section we introduce the notion; “geometrically
quasiconvex functions on a rectangular box” for a
functions defined on a rectangular inR3

+, which is a
generalization of the notion “geometrically convex
functions on a rectangular box”. Then, we establish some
Hermite-Hadamard type inequalities for this class of
functions. In this section,Ω+ is a rectangular box inR3

defined by

Ω+ := [a,b]× [c,d]× [e, f ],

wherea,b,c,d ∈ R+. In [5] the notion of co-ordinated
geometrically quasiconvex functions on the plan inR

2 is
given as follows:
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Definition 2.1. A function f : ∆+ → R is said
geometrically quasiconvex function on∆+ ⊆ R

2
+ if for

every(x,y),(z,w) ∈ ∆+ andλ ∈ [0,1],

f (xλ z1−λ ,yλ w1−λ )≤ max
{

f (x,y), f (z,w)
}

.

Definition 2.2. Let ∆+ := [a,b]× [c,d] be a subset ofR2
+

with a < b andc < d. A function f : ∆+ → R is said to
be geometrically quasiconvex on the co-ordinates on∆+ ⊆
R

2
+ if for everyy ∈ [c,d] andx ∈ [a,b] the partial mappings

fy : [a,b]→ R, fy(u) = f (u,y),

and
fx : [c,d]→R, fx(v) = f (x,v),

are geometrically quasiconvex. This means that for every
(x,y),(z,w) ∈ ∆+ ands, t ∈ [0,1],

f (xt z1−t ,ysw1−s)≤ max{ f (x,y), f (x,w), f (z,y), f (z,w)}.

Definition 2.3 A function g : Ω+ → R will be called
geometrically quasiconvex on the co-ordinates on
Ω+ ⊆ R

3 if for every (x,y) ∈ [a,b] × [c,d],
(x,z) ∈ [a,b]× [e, f ] and(y,z) ∈ [c,d]× [e, f ] , the partial
mapping,

gz : [a,b]× [c,d]→R, gz(u,v) = g(u,v,z), z ∈ [e, f ],

gy : [a,b]× [e, f ]→ R, gy(u,w) = g(u,y,w), y ∈ [c,d],

gx : [c,d]× [e, f ]→ R, gx(v,w) = g(x,v,w), x ∈ [a,b],

are geometrically quasiconvex. This means that for every
(x,y,z),(u,v,w) ∈ Ω+ andt,s,r ∈ [0,1]

f (xt u1−t ,ysv1−s,zrw1−r)

≤ max{g(x,y,z),g(x,y,w),g(x,v,z),g(u,y,z)

g(u,v,w),g(u,v,z),g(u,y,w),g(x,v,w)}.

Definition 2.4. A function g : Ω+ → R is said
geometrically quasiconvex function onΩ+ ⊆ R

3
+ if for

every(x,y,z),(u,v,w) ∈ Ω+ andλ ∈ [0,1],

g(xλ u1−λ ,yλ v1−λ ,zλ w1−λ )≤ max
{

g(x,y,z),g(u,v,w)
}

.

The following lemma holds.

Lemma 2.1.Every geometrically quasiconvex mappingg :
Ω+ →R is geometrically quasiconvex on the co-ordinates.

Proof. Suppose thatg : Ω+ → R is geometrically
quasiconvex onΩ+. Then for every(x,y) ∈ [a,b]× [c,d],
(x,z) ∈ [a,b]× [e, f ] and(y,z) ∈ [c,d]× [e, f ] , the partial
mapping,

gz : [a,b]× [c,d]→R, gz(u,v) = g(u,v,z), z ∈ [e, f ],

gy : [a,b]× [e, f ]→ R, gy(u,w) = g(u,y,w), y ∈ [c,d],

gx : [c,d]× [e, f ]→ R, gx(v,w) = g(x,v,w), x ∈ [a,b],

are geometrically quasiconvex onΩ+. For λ ∈ [0,1] and
v1,v2 ∈ [c,d], w1,w2 ∈ [e, f ], one has

gx(v
λ
1 v1−λ

2 ,wλ
1 w1−λ

2 ) =g(x,vλ
1 v1−λ

2 ,wλ
1 w1−λ

2 )

=g(xλ x1−λ ,vλ
1 v1−λ

2 ,wλ
1 w1−λ

2 )

≤max{g(x,v1,w1),g(x,v2,w2)}

=max{gx(v1,w1),gx(v2,w2)},

which completes the proof of geometrically
quasiconvexity ofgx on [c,d]× [e, f ]. Thereforegy andgz
is also geometrically quasiconvex on[a,b]× [e, f ] and
[a,b]× [c,d] for all y ∈ [c,d] andz ∈ [e, f ] goes likewise
and we shall omit the details.�.

Now we introduce the following new lemma which we
need to reach our goal.

Lemma 2.2. Suppose thatg : Ω+ → R be a partial

differentiable mapping on int(Ω+). If ∂ 3g
∂ t∂ s∂ r ∈ L(Ω+)

then,

1
(lnb− lna)(lnd− lnc)(ln f − lne)

×

(

C+D−

∫∫∫

Ω

g(x,y,z)
xyz

dxdydz+E−F

)

=

∫ 1

0

∫ 1

0

∫ 1

0
a1−tbtc1−sdse1−r f r

× ln(a1−tbt) ln(c1−sds) ln(e1−r f r)

×
∂ 3g

∂ t∂ s∂ r
(a1−tbt ,c1−sds,e1−r f r)dtdsdr,

(4)

where

C := (ln f )
(

(lnd)
[

(lnb)g(b,d, f )− (lna)g(a,d, f )
]

− (lnc)[(lnb)g(b,c, f )− (lna)g(a,c, f )
]

)

,

D := (lne)
(

(lnd)
[

(lna)g(a,d,e)− (lnb)g(b,d,e)]

− (lnc)
[

(lna)g(b,c,e)− (lnb)g(a,c,e)
]

)

,

E := (ln f )
∫∫

∆+1

g(x,y, f )
xy

−(lne)
∫∫

∆+1

g(x,y,e)
xy

dxdy

+(lnd)
∫∫

∆+2

g(x,d,z)
xz

dxdz

−(lnc)
∫∫

∆+2

g(x,c,z)
xz

dxdz

+(lnb)
∫∫

∆+3

g(b,y,z)
yz

dydz

−(lna)
∫∫

∆+3

g(a,y,z)
yz

dydz,
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where∆+1 = [a,b]× [c,d], ∆+2 = [a,b]× [e, f ] and∆+3 =

[c,d]× [e, f ] are subsets ofR2
+ with a< b, c< d ande < f ,

and

F := (lnb)

{

(lnd)
∫ f

e

g(b,d,z)
z

dz

−(lnc)
∫ f

e

g(b,c,z)
z

dz

}

−(lna)

{

(lnd)
∫ f

e

g(a,d,z)
z

dz

−(lnc)
∫ f

e

g(a,c,z)
z

dz

}

+(ln f )

{

(lnb)
∫ d

c

g(b,y, f )
y

dy

−(lna)
∫ d

c

g(a,y, f )
y

dy

}

−(lne)

{

(lnb)
∫ d

c

g(b,y,e)
y

dy

−(lna)
∫ d

c

g(a,y,e)
y

dy

}

+(lnd)

{

(ln f )
∫ b

a

g(x,d, , f )
x

dx

−(lne)
∫ b

a

g(x,d,e)
x

dx

}

−(lnc)

{

(ln f )
∫ b

a

g(x,c, , f )
x

dx

−(lne)
∫ b

a

g(x,c,e)
x

dx

}

.

Proof. We denote the right hand side of (4) by I. Letting
x = a1−tbt , y = c1−sds andz = e1−r f r for t,s,r ∈ [0,1]. By

integration by parts onΩ+, we have

(lnb− lna)(lnd− lnc)(ln f − lne)× I

= (lnb− lna)(lnd− lnc)(ln f − lne)

×

∫ 1

0

∫ 1

0

∫ 1

0
a1−tbtc1−sdse1−r f r

× ln(a1−tbt) ln(c1−sds) ln(e1−r f r)

×
∂ 3g

∂ t∂ s∂ r
(a1−tbt ,c1−sds,e1−r f r)dtdsdr

=
∫ f

e

∫ d

c

∫ b

a
(lnx)(lny)(lnz)

∂ 3g
∂x∂y∂ z

(x,y,z)dxdydz

=

∫ f

e

∫ d

c
(lnz)(lny)

{

(lnx)
∂ 2g

∂y∂ z
(x,y,z)

∣

∣

∣

∣

b

a

−

∫ b

a

1
x

∂ 2g
∂y∂ z

(x,y,z)dx

}

dydz

=
∫ f

e

∫ d

c
(lnz)(lny)

{

(lnb)
∂ 2g

∂y∂ z
(b,y,z)

− (lna)
∂ 2g

∂y∂ z
(a,y,z)−

∫ b

a

1
x

∂ 2g
∂y∂ z

(x,y,z)dx

}

dydz

= (lnb)
∫ f

e

∫ d

c
(lnz)(lny)

∂ 2g
∂y∂ z

(b,y,z)dydz

− (lna)
∫ f

e

∫ d

c
(lnz)(lny)

∂ 2g
∂y∂ z

(a,y,z)dydz

−

∫ f

e

∫ d

c

∫ b

a

(lnz)(lny)
x

∂ 2g
∂y∂ z

(x,y,z)dxdydz.

(5)
Similarly integration by parts in the right side of (5) deduce
that

(lnb− lna)(lnd− lnc)(ln f − lne)× I

= (lnb)
∫ f

e
(lnz)

{

(lny)
∂g
∂ z

(b,y,z)

∣

∣

∣

∣

d

c

−
∫ d

c

1
y

∂g
∂ z

(b,y,z)dy

}

dz

− (lna)
∫ f

e
(lnz)

{

(lny)
∂g
∂ z

(a,y,z)

∣

∣

∣

∣

d

c

−

∫ d

c

1
y

∂g
∂ z

(a,y,z)dy

}

dz

−

∫ f

e

∫ b

a
(lnz)

1
x

{

(lny)
∂g
∂ z

(x,y,z)

∣

∣

∣

∣

d

c

−
∫ d

c

1
y

∂g
∂ z

(x,y,z)dy

}

dxdz

(6)
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= (lnb)
∫ f

e
(lnz)

{

[(lnd)
∂g
∂ z

(b,d,z)− (lnc)
∂g
∂ z

(b,c,z)]

−

∫ d

c

1
y

∂g
∂ z

(b,y,z)dy

}

dz

− (lna)
∫ f

e
(lnz)

{

[(lnd)
∂g
∂ z

(a,d,z)

− (lnc)
∂g
∂ z

(a,c,z)]−
∫ d

c

1
y

∂g
∂ z

(a,y,z)dy

}

dz

− (lnd)
∫ f

e

∫ b

a

(lnz)
x

∂g
∂ z

(x,d,z)dxdz

+(lnc)
∫ f

e

∫ b

a

(lnz)
x

∂g
∂ z

(x,c,z)dxdz

+

∫ f

e

∫ d

c

∫ b

a

(lnz)
xy

∂g
∂ z

(x,y,z)dxdydz.

Again integration by parts in the right side of (6) deduce
that

(lnb− lna)(lnd − lnc)(ln f − lne)× I

= (lnb)(lnd)

{

(lnz)g(b,d,z)

∣

∣

∣

∣

f

e
−

∫ f

e

g(b,d,z)
z

dz

}

− (lnb)(lnc)

{

(lnz)g(b,c,z)

∣

∣

∣

∣

f

e
−

∫ f

e

g(b,c,z)
z

dz

}

−

∫ d

c

(lnb)
y

{

(lnz)g(b,y,z)

∣

∣

∣

∣

f

e
−

∫ f

e

g(b,y,z)
z

dz

}

dy

− (lna)(lnd)

{

(lnz)g(a,d,z)

∣

∣

∣

∣

f

e
−

∫ f

e

g(a,d,z)
z

dz

}

+(lna)(lnc)

{

(lnz)g(a,c,z)

∣

∣

∣

∣

f

e
−

∫ f

e

g(a,c,z)
z

dz

}

+

∫ d

c

(lna)
y

{

(lnz)g(a,y,z)

∣

∣

∣

∣

f

e
−

∫ f

e

g(a,y,z)
z

dz

}

dy

−

∫ b

a

(lnd)
x

{

(lnz)g(x,d,z)

∣

∣

∣

∣

f

e
−

∫ f

e

g(x,d,z)
z

dz

}

dx

+

∫ b

a

(lnc)
x

{

(lnz)g(x,c,z)

∣

∣

∣

∣

f

e
−

∫ f

e

g(x,c,z)
z

dz

}

dx

+
∫ d

c

∫ b

a

1
xy

{

(lnz)g(x,y,z)

∣

∣

∣

∣

f

e
−

∫ f

e

g(x,y,z)
z

dz

}

dxdy

= (lnb)(lnd)

{

[

(ln f )g(b,d, f )− (lne)g(b,d,e)
]

−

∫ f

e

g(b,d,z)
z

dz

}

(7)

− (lnb)(lnc)

{

[

(ln f )g(b,c, f )− (lne)g(b,c,e)
]

−

∫ f

e

g(b,c,z)
z

dz

}

−

∫ d

c

(lnb)
y

{

(ln f )g(b,y, f )− (lne)g(b,y,e)

−
∫ f

e

g(b,y,z)
z

dz

}

dy

− (lna)(lnd)

{

[

(ln f )g(a,d, f )− (lne)g(a,d,e)
]

−

∫ f

e

g(a,d,z)
z

dz

}

+(lna)(lnc)

{

[

(ln f )g(a,c, f )− (lne)g(a,c,e)
]

−

∫ f

e

g(a,c,z)
z

dz

}

+

∫ d

c

(lna)
y

{

(ln f )g(a,y, f )− (lne)g(a,y,e)

−

∫ f

e

g(a,y,z)
z

dz

}

dy

−
∫ b

a

(lnd)
x

{

(ln f )g(x,d, f )− (lne)g(x,d,e)

−

∫ f

e

g(x,d,z)
z

dz

}

dx

+

∫ b

a

(lnc)
x

{

(ln f )g(x,c, f )− (lne)g(x,c,e)

−

∫ f

e

g(x,c,z)
z

dz

}

dx

+
∫ d

c

∫ b

a

1
xy

{

(ln f )g(x,y, f )− (lne)g(x,y,e)

−

∫ f

e

g(x,y,z)
z

dz

}

dxdy.

Dividing both sides of (7) by

(lnb− lna)(lnd− lnc)(ln f − lne)

implies that the equation (4) holds and proof is completed.
�.

Theorem 2.1.Let g : Ω+ → R be a partial differentiable

mapping on int(Ω+) and ∂ 3g
∂ t∂ s∂ r ∈ L(Ω+). If

∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣ is a
geometrically quasiconvex function on the co-ordinates on
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Ω+ then the following inequality holds:
∣

∣

∣

∣

C+D
(lnb− lna)(lnd − lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd − lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

(8)

≤ N(a,b) N(c,d) N(e, f )

×max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

}

,

where, C,D, and N(a,b) are defined, respectively, in
Lemma 2.2 and Lemma 1.1, and

Ẽ =
E

(lnb− lna)(lnd− lnc)(ln f − lne)
,

F̃ =
F

(lnb− lna)(lnd− lnc)(ln f − lne)
,

whereE,F are defined, in Lemma 2.2.
Proof. From Lemma 2.2, it follows that

∣

∣

∣

∣

C+D
(lnb− lna)(lnd− lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd− lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤
∫ 1

0

∫ 1

0

∫ 1

0
a1−tbtc1−sdse1−r f r

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣

×

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

dtdsdr.

Since
∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣ is geometrically quasiconvex on the
co-ordinates onΩ+, we have

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

≤ max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

}

,

wheret,s,r ∈ [0,1]. From this inequality and Lemma 1.1,
it follows that

∫ 1

0

∫ 1

0

∫ 1

0
a1−tbtc1−sdse1−r f r

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣

×

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

dtdsdr

≤ max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

}

×

∫ 1

0

∫ 1

0

∫ 1

0
a1−tbtc1−sdse1−r f r

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣

= N(a,b) N(c,d) N(e, f )

×max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

}

,

which is the required inequality (8), since

∫ 1

0

∫ 1

0

∫ 1

0
a1−tbtc1−sdse1−r f r

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣dtdsdr

=

(

∫ 1

0
a(1−t)bt | ln(a1−tbt)|dt

)

×

(

∫ 1

0
c(1−s)ds| ln(c1−sds)|ds

)

×

(

∫ 1

0
e1−r f r| ln(e1−r f r)|dt

)

= N(a,b) N(c,d) N(e, f ).

The proof of theorem is completed.�.
The following corollary is an immediate consequence

of theorem 2.1.

Corollary 2.1. Suppose the conditions of the Theorem 2.1
are satisfied. Additionally, if
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(1)

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

∣

∣

is increasing on the co-ordinates onΩ+,

then

∣

∣

∣

∣

C+D
(lnb− lna)(lnd− lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd− lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤ N(a,b) N(c,d) N(e, f )

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

g(b,d, f )

∣

∣

∣

∣

.

(9)

(2)

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

∣

∣

is decreasing on the co-ordinates onΩ+,

then

∣

∣

∣

∣

C+D
(lnb− lna)(lnd− lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd− lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤ N(a,b) N(c,d) N(e, f )

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

g(a,c,e)

∣

∣

∣

∣

.

(10)

�.

Theorem 2.2.Let g : Ω+ → R be a partial differentiable

mapping on int(Ω+) and ∂ 3g
∂ t∂ s∂ r ∈ L(Ω+). If

∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

q
is a

geometrically quasiconvex function on the co-ordinates on
Ω+ andp,q > 1, 1

p +
1
q = 1, then the following inequality

holds:

∣

∣

∣

∣

C+D
(lnb− lna)(lnd − lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd − lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤
[

N(ap,bp) N(cp,d p) N(ep, f p)
]1/p

×

[

max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

q
}]1/q

,

(11)
where,C, D, Ẽ, F̃ andN(a,b) are defined respectively, in
Lemma 2.1, Theorem 2.1 and Lemma 1.1.

Proof. Suppose thatp > 1. From Lemma 2.2 and well-
known Hölder inequality for triple integrals, we obtain

∣

∣

∣

∣

C+D
(lnb− lna)(lnd− lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd− lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤

∫ 1

0

∫ 1

0

∫ 1

0
a1−tbtc1−sdse1−r f r

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣

×

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

dtdsdr

≤

(

∫ 1

0

∫ 1

0

∫ 1

0
ap(1−t)bptcp(1−s)d psep(1−r) f pr

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(ep(1−r) f pr)
∣

∣

p
dtdsdr

)
1
p

×

(

∫ 1

0

∫ 1

0

∫ 1

0

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

q

dtdsdr

)

1
q

.

(12)

Since
∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

q
is geometrically quasiconvex on the

co-ordinates onΩ+, we obtain
∫ 1

0

∫ 1

0

∫ 1

0

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

q

dtdsdr

≤ max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

q
}

.

(13)
We also notice that

∫ 1

0

∫ 1

0

∫ 1

0
ap(1−t)bptcp(1−s)d psep(1−r) f pr

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(ep(1−r) f pr)
∣

∣

p
dtdsdr

=

(

∫ 1

0
ap(1−t)bpt | ln(a1−tbt)|pdt

)

×

(

∫ 1

0
cp(1−s)d ps| ln(c1−sds)|pds

)

×

(

∫ 1

0
ep(1−r) f pr ln(ep(1−r) f pr)dr

)

= N(ap,bp) N(cp,d p) N(ep, f p).
(14)

Combination of (12), (13) and (14), gives the desired
inequality (11). Hence the proof of the theorem is
completed.�.
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The following corollary is an immediate consequence
of theorem 2.2.

Corollary 2.2. Suppose the conditions of the Theorem 2.2
are satisfied. Additionally, if

(1)

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

∣

∣

q

is increasing on the co-ordinates onΩ+,

then

∣

∣

∣

∣

C+D
(lnb− lna)(lnd− lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd− lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤
[

N(ap,bp) N(cp,d p) N(ep, f p)
]1/p

×

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

g(b,d, f )

∣

∣

∣

∣

.

(15)

(2)

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

∣

∣

q

is decreasing on the co-ordinates onΩ+,

then

∣

∣

∣

∣

C+D
(lnb− lna)(lnd− lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd− lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤
[

N(ap,bp) N(cp,d p) N(ep, f p)
]1/p

×

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

g(a,c,e)

∣

∣

∣

∣

.

(16)

�.

Theorem 2.3.Let g : Ω+ → R be a partial differentiable

mapping on int(Ω+) and ∂ 3g
∂ t∂ s∂ r ∈ L(Ω+). If

∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

q is a
geometrically quasiconvex function on the co-ordinates on
Ω+ for q > 1, then the following inequality holds:

∣

∣

∣

∣

C+D
(lnb− lna)(lnd − lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd− lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤ [M(a,b) M(c,d) M(e, f )]1/q

×

[

(

q−1
q

)3

N
(

aq/(q−1),bq/(q−1))

×N
(

cq/(q−1),dq/(q−1))N
(

eq/(q−1), f q/(q−1))
]1−1/q

(17)

×

[

max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

q
}]1/q

,

where, C, D, Ẽ, F̃ and M(a,b),N(a,b) are defined,
respectively, in Lemma 2.2, Theorem 2.1 and Lemma 1.1.

Proof. By Lemma 2.2, Hölder’s inequality, and the

geometric quasicanvexity of
∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

q
on Ω+, we have

∣

∣

∣

∣

C+D
(lnb− lna)(lnd− lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd− lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤

∫ 1

0

∫ 1

0

∫ 1

0
a1−tbtc1−sdse1−r f r

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣

×

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

dtdsdr

≤

[

∫ 1

0

∫ 1

0

∫ 1

0
aq(1−t)(q−1)bqt/(q−1)cq(1−s)/(q−1)

× dqs/(q−1)eq(1−r)/(q−1) f qr/(q−1)

×| ln(a1−tbt) ln(c1−sds) ln(e1−r f r)|dtdsdr

]1−1/q

×

[

∫ 1

0

∫ 1

0

∫ 1

0

∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣

×

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

q

dtdsdr

]1/q

≤

[

∫ 1

0

∫ 1

0

∫ 1

0
aq(1−t)/(q−1)bqt/(q−1)cq(1−s)/(q−1)

× dqs/(q−1)eq(1−r)/(q−1) f qr/(q−1)

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣dtdsdr

]1−1/q

×

[

max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

q
}]1/q

.
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Note that by Lemma 1.1 we deduce that,
∫ 1

0

∫ 1

0

∫ 1

0
aq(1−t)/(q−1)bqt/(q−1)cq(1−s)/(q−1)

× dqs/(q−1)eq(1−r)/(q−1) f qr/(q−1)

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣dtdsdr

=

(

∫ 1

0
aq(1−t)/(q−1)bqt/(q−1)

∣

∣ ln(a1−tbt)
∣

∣dt

)

×

(

∫ 1

0
cq(1−s)/(q−1)dqs/(q−1)

∣

∣ ln(c1−sds)
∣

∣ds

)

×

(

∫ 1

0
eq(1−r)/(q−1) f qr/(q−1)

∣

∣ ln(e1−r f r)
∣

∣dr

)

=
(q−1)3

q3 N
(

aq/(q−1),bq/(q−1))

×N
(

cq/(q−1),dq/(q−1)) N
(

eq/(q−1), f q/(q−1)),

and
∫ 1

0

∫ 1

0

∫ 1

0

∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣dtds

= M(a,b) M(c,d) M(e, f ).

The proof of Theorem 2.3 is completed.�.
Theorem 2.4.Let g : Ω+ → R be a partial differentiable

mapping onΩ and ∂ 3g
∂ t∂ s∂ r ∈ L(Ω+). If

∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

q
is a

geometrically quasiconvex function on the co-ordinates
on Ω+ andq > ℓ > 0, then

∣

∣

∣

∣

C+D
(lnb− lna)(lnd − lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd − lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤

(

q−1
q− ℓ

)3(1−1/q)(1
ℓ

)3/q

×
[

N
(

aℓ,bℓ
)

N
(

cℓ,dℓ
)

N
(

eℓ, f ℓ
)

]1/q

×
[

N
(

a(q−ℓ)/(q−1),b(q−ℓ)/(q−1))

×N
(

c(q−ℓ)/(q−1),d(q−ℓ)/(q−1))

×N
(

e(q−ℓ)/(q−1), f (q−ℓ)/(q−1))
](1−1/q)

×

[

max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

q
}]1/q

,

(18)

where,C, D, Ẽ, F̃ andN(a,b) are defined, respectively, in
Lemma 2.2, Theorem 2.1 and Lemma 1.1.

Proof. From Lemma 2.2, Hölder’s inequality, and the

geometric quasiconvexity of
∣

∣

∂ 3g
∂ t∂ s∂ r

∣

∣

q
on the co-ordinates

on Ω+ we get,

∣

∣

∣

∣

C+D
(lnb− lna)(lnd− lnc)(ln f − lne)

−

∫∫∫

Ω
g(x,y,z)

xyz dxdydz

(lnb− lna)(lnd− lnc)(ln f − lne)
+ Ẽ − F̃

∣

∣

∣

∣

≤
∫ 1

0

∫ 1

0

∫ 1

0
a1−tbtc1−sdse1−r f r

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣

×

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

dtdsdr

≤

[

∫ 1

0

∫ 1

0

∫ 1

0
a(q−ℓ)(1−t)/(q−1)b(q−ℓ)t/(q−1)c(q−ℓ)(1−s)/(q−1)

× d(q−ℓ)s/(q−1)e(q−ℓ)(1−r)/(q−1) f (q−ℓ)r/(q−1)

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣dtdsdr

]1−1/q

×

[

∫ 1

0

∫ 1

0

∫ 1

0

∣

∣ ln(aℓ(1−t)bℓt) ln(cℓ(1−s)dℓs) ln(eℓ(1−r) f ℓr)
∣

∣

×

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a1−tbt ,c1−sds,e1−r f r)

∣

∣

∣

∣

q

dtdsdr

]1/q

≤

[

∫ 1

0

∫ 1

0

∫ 1

0
a(q−ℓ)(1−t)/(q−1)b(q−ℓ)t/(q−1)c(q−ℓ)(1−s)/(q−1)

× d(q−ℓ)s/(q−1)e(q−ℓ)(1−r)/(q−1) f (q−ℓ)r/(q−1)

×
∣

∣ ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣dtdsdr

]1−1/q

×

[

∫ 1

0

∫ 1

0

∫ 1

0

∣

∣aℓ(1−t)bℓtcℓ(1−s)dℓseℓ(1−r) f ℓr

× ln(a1−tbt) ln(c1−sds) ln(e1−r f r)
∣

∣dtdsdr

]1/q

×

[

max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

q
}]1/q
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=
(q−1

q− ℓ

)3(1−1/q)[

N
(

a(q−ℓ)/(q−1),b(q−ℓ)/(q−1))

×N
(

c(q−ℓ)/(q−1),d(q−ℓ)/(q−1))

×N
(

e(q−ℓ)/(q−1), f (q−ℓ)/(q−1))
]1−1/q

×

(

1
ℓ

)3/q
[

N
(

aℓ,bℓ
)

N
(

cℓ,dℓ
)

N
(

eℓ, f ℓ
)

]1/q

×

[

max

{

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(a,d, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,c, f )

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d,e)

∣

∣

∣

∣

q

,

∣

∣

∣

∣

∂ 3g
∂ t∂ s∂ r

(b,d, f )

∣

∣

∣

∣

q
}]1/q

,

The proof of theorem is completed.�.

Theorem 2.5. Let f : Ω+ → R be a geometrically
quasiconvex function on the co-ordinates onΩ+. If
g ∈ L(Ω+), then

f
(

(ab)1/2,(cd)1/2,(e f )1/2)

≤
1

(lnb− lna)(lnd− lnc)(ln f − lne)

×

∫ f

e

∫ d

c

∫ b

a

f (x,y,z)
xyz

dxdydz

≤ max
{

g(a,c,e),g(a,c, f ),g(b,c,e),g(b,c, f ),

g(a,d,e),g(a,d, f ),g(b,d,e),g(b,d, f )
}

.

(19)

Proof. By geometric quasiconvexity off on co-ordinates
on Ω+, we have

f
(

(ab)1/2,(cd)1/2,(e f )1/2)

≤ max{ f (a1−tbt ,c1−sds,e1−r f r),

f (atb1−t ,csd1−s,e1−r f r)}

≤ max
{

g(a,c,e),g(a,c, f ),g(b,c,e),g(b,c, f ),

g(a,d,e),g(a,d, f ),g(b,d,e),g(b,d, f )
}

.

(20)

Since

∫ 1

0

∫ 1

0

∫ 1

0
f (a1−tbt ,c1−sds,e1−r f r)dtdsdr

=

∫ 1

0

∫ 1

0

∫ 1

0
f (atb1−t ,csd1−s,e1−r f r)dtdsdr

=
1

(lnb− lna)(lnd− lnc)(ln f − lne)

×
∫ f

e

∫ d

c

∫ b

a

f (x,y,z)
xyz

dxdydz,

by integrating in (20) we get

f
(

(ab)1/2,(cd)1/2,(e f )1/2)

≤ max

{

∫ 1

0

∫ 1

0

∫ 1

0
f (atb1−t ,csd1−s,e1−r f r)dtdsdr,

∫ 1

0

∫ 1

0

∫ 1

0
f (at b1−t ,csd1−s,e1−r f r)dtdsdr,

∫ 1

0

∫ 1

0

∫ 1

0
f (at b1−t ,csd1−s,e1−r f r)dtdsdr

}

=
1

(lnb− lna)(lnd− lnc)(ln f − lne)

×

∫ f

e

∫ d

c

∫ b

a

f (x,y,z)
xyz

dxdydz

≤ max
{

g(a,c,e),g(a,c, f ),g(b,c,e),g(b,c, f ),

g(a,d,e),g(a,d, f ),g(b,d,e),g(b,d, f )
}

,

and proof is completed.�.

Theorem 2.6. Suppose that g,h : Ω+ → R are
geometrically quasiconvex functions on the co-ordinates
on Ω+. If gh ∈ L(Ω+). Then,

1
(lnb− lna)(lnd− lnc)(ln f − lne)

×

∫ f

e

∫ d

c

∫ b

a

g(x,y,z)
xyz

dxdydz

≤ max
{

g(x,y,z) h(u,v,w)
∣

∣ x,u ∈ [a,b], y,v ∈ [c,d],

w,z ∈ [e, f ]
}

.

Proof. Let x = a1−tbt , y = a1−sbs, z = e1−r f r, t,s,r ∈
[0,1] and using the geometric quasiconvexity ofg,h on the
co-ordinates onΩ+ yields

1
(lnb− lna)(lnd− lnc)(ln f − lne)

×

∫ f

e

∫ d

c

∫ b

a

g(x,y,z)
xyz

dxdydz

=
∫ 1

0

∫ 1

0

∫ 1

0
f (a1−tbt ,c1−sds,e1−r f r)

× g(a1−tbt ,c1−sds,e1−r f r)dtdsdr

≤ max{g(a,c,e),g(a,c, f ),g(b,c,e),g(b,c, f ),

g(a,d,e),g(a,d, f ),g(b,d,e),g(b,d, f )}

×max
{

g(a,c,e),g(a,c, f ),g(b,c,e),g(b,c, f ),

g(a,d,e),g(a,d, f ),g(b,d,e),g(b,d, f )
}

,

and proof is completed.�.

3 Conclusion

This paper is concerned with the celebrate
Hermite-Hadamard inequality for functions of three

c© 2016 NSP
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variables. We obtained some results in connection to
Hermite-Hadamard inequality byusing the notion of
geometrically quasiconvex functions on a rectangular
box. In our opinion, additional research should not only
focus on how to weaken the partial differentiability
condition in Lemma 2.2, but also how to generalize the
convexity.
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[14] M. E. Özdemir, On the co-ordinated geometrically convex
functions, Abstracts of MMA2013 and AMOE2013, May 27-
30, 2013, Tartu, Estonia.
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