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Abstract: In this paper we find a sufficient condition under which therapm of bisexual population is contraction and show thist th
condition is not necessary.
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1 Introduction necessity of study the asymptotic behavior of the
trajectories of quadratic stochastic operators.

The action of genes is manifested statistically in Let E = {1,2,...,m}. By the (m— 1)— simplex we

sufficiently large communities of matching individuals mean the set

(belonging to the same species). These communities are "

called populationsZ]. The population exists not only in -1 [y m. .. .

space but also in time, i.e. it has its own life cycle. The SM = {x=(x . xm) €RT: X 20, iZiXI =1

basis for this phenomenon is reproduction by mating. -

Mating in a population can be free or subject to certain  Each element € S™! is a probability measure of

restrictions. o . ~and so it may be looked upon as the state of a biological
The whole population in space and time comprises(physical and so on) system ofelements.
discrete generatiorfg, Fy,.... The generatioifn is the A quadratic stochastic operatdr: S™1 — S™1 has

set of individuals whose parents belong to tfe  the form
generation. A state of a population is a distribution of
probabilities of the different types of organisms in every
generation. Type partition is called differentiation. The
simplest example is sex differentiation. In bisexual
population any kind of differentiation must agree with the wherep;; «— coefficient of heredity and

sex differentiation, i.e. all the organisms of one type must b

belong to the same sex. Thus, it is possible to speak of m

male and female types. Pijk=Pjik >0, > pijx=1 (i,j,k=1,....m).

The evolution (or dynamics) of a population k=1
comprises a determined change of state in the next ) 0 i )
generations as a result of reproductions and selection, For a given x© ¢ g™l the trajectory
This evolution of a population can be studied by a{X"}, n=0,1,2,... of x(%) under the action of QSQIY
dynamical system (iterations) of a quadratic stochastids defined byx(™% =V (x(W), wheren=0,1,2,...
operator.

The history of the quadratic stochastic operators can  One of the main problems in mathematical biology is
be traced back to the work of S. Bernshteth For more  to study the asymptotic behavior of the trajectories. There
than 80 years this theory has been developed and margre many papers devoted to study of the evolution of the
papers were published (seé]-[7],[10]-[17]). Several free population, i.e. to study of dynamical system
problems of physical and biological systems lead togenerated by quadratic stochastic operafdr §ee e.g.

m
VZXLZ Z Pij kXiXj, (k=1,...,m), Q)
i,j=1
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[3]-[16). In [15] a survey of theory quadratic stochastic divide the basis aeff) =g,i= 1,...,nandei<m> =€ni,i =
operators is given. 1,...,v. Introduce orR""V a multiplication defined by
In this paper we find a condition under which the

g\éﬁ[{trjggt?:r?/ operators of bisexual population is q(”egm) _ egm)q(f) _ % (kgl pi(jfj( el((f) " | él pm) e|(m)>;
qmel((f> =0, i,k=1,...,n;
2 Definitions e™e™ =0, jl=1..v
: : : : : 3
In this section following 2], we describe the evolution Thus the coefficients of bisexual inheritance is the

operator of a bisexual population. Assuming that thesirycture constants of an algebra, i.e. a bilinear mapping
population is bisexual we suppose that the set of femalegf rn+v , RM+v to RV, The general formula for the

can be partitioned into finitely many different types myitiplication is the extension o by bilinearity, i.e. for
indexed by{1,2,...,n} and, similarly, that the male types 7 { ¢ Rn+v,

are indexed by{1,2,...,v}. The numben—+ v is called

the dimension of the population. The population is Ny m)

described by its state vectdk,y) in "1 x -1, the z=(xy)= leiq +vie,

product of two unit simplexes iR" andR"Y respectively. i=
Vectorsx andy are the probability distributions of the

females and males over the possible types: t=(uv) = ziuiel(f) + Z vj om
) i
n v i= =1
% 20, _Z\Xi =1 y>0 Sy =1 using @), we obtain
i= =1
D _ a1, -1 o S L L ( D IV B ()
enoteS= S x §~*. We call the partition into zt=535 (3 ¥ pij‘k(x.vj +uyj) e+
types hereditary if for each possible state- (x,y) € S JENELEL (4)
describing the current generation, the state +% 5 (Z 5 pi(m>(XiVj+Uin))e|(m>-
=1 \is1j=1

Z = (X,y') € Sis uniquely defined describing the next
generation. This means that the associatien Z defined
a mapV : S— S called the evolution operator. For any From (@) and using), in the particular case that=t,

pointz© e Sthe sequence® =V (zt-V), t=12,... iex=uandy=v,we obtain

is called the trajectory of®). Let pi(jfj( and pm be N v

inheritance coefficients defined as the probability that a 2z2=7%= z <21 Z pi(jf‘f(myj)ef(mr
female offspring is type& and, respectively, that a male k=1 \i=lj=1

offspring is type I, when the parental pair is

i,j(i,k=1,2,...,n;andj,l =1,2,...,v). We have v (“  (m) ) (m)
+ Py %Y] =W(2).
|; i;jzl 761 )

for anyz € S This algebraic interpretation is very useful.
For example, a bisexual population state- (x,y) is an

Let Z = (xX,y') be the state of the offspring equilibrium (fixed point) precisely whenz is an
population at the birth stage. This is obtained from idempotentelement of the sBti.e.z = 2> '
inheritance coefficients as The algebra® = %w generated by the evolution

operatoV (see R)) is called theevolution algebra of the

. pf;{( = 17 p|(1n71|) Z 07|

pi(m) =1

%E

f
p|<J 1{( Z 07

M-

k

n,v i i
W bisexual population.
X = i jz=l Pijxyi, (I<k<n) In [8] it was shown that ifz is a fixed point therz €
W : oy (2) Ry URTHY, where
— % pMyy
V= ROE (1< <v).
L= '

n \%
R ={z=(xy):$ x = i=n}, n=0,1.
We see from Z) that for a bisexual population the 1 {z=xy) i; I jZlyJ h

evolution operator is a quadratic mappingShto itself.
But for free population the operator is quadratic mappingror simplexS= S~ x S~ by tangent space we get
of the simplex into itself given byl.

In[8,9] an algebra of the bisexual population is defined v
as the following: R ={z=(xy): Yy xi=7 yj=0}
Consider{ey, ..., ey} the canonical basis oR"*V and = =1

5
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3 Contracting operators

In operator theory, a bounded operatér X — Y between
normed vector spaceé andY is said to be aontraction
if its operator normjW|| < 1.

An extremal example of a quadratic contraction is the

constant operator. In this case the coefficiquffi, pm)
do not depend ori and j. This suggests that for a

sufficiently small scattering of coefficient for every fixed
k| the quadratic operator will be a contraction. This

remark can be expressed as a precise theorem.

The Lipschitz constant of an  operator
W :R™ — R™V s
W(z) —W(t
L) — supl V@ -WO
z#t HZ_tH
where || - || is some norm inR"V. If this norm can be

chosen so that (W) < 1 then W will be a strict

contraction in this norm with the consequences: unique

Proof. For the operatdW in Sthe derivative is

Vo (f f noof
jglpij?lyj PR HE R R LAY
: o (D)
Z nyJ Z an nyl Z p|1nXl Z Piv nXi
dw=3| %" s -
Z pl] 1yJ Z an 1yl Z p|llx| glpiv,lxi
1% v n
DA HAR RN I A
n f Vv
dW =2M, =2y %My >+2zy||v|( )
k=1 I=1
where M = Mm and M™ = M, are the

multlpl|cat|on maps with matnxes(p”L)Ik 1 and

fixed point, convergence of all trajectories to this point, respecnvely(pl il ) ji=1-

exponential rate of convergence. Unless otherwise
specified, we will use thel;— norm in the basis By Lemma 3.1 we have
(f) i (m) o :
=g,i=1,...,nand = enti,i = 1,...,v defined
G 6, T omil= L(w) = 2max| | < 2max|M |-+ 2max|m™ |
as [k4] = _zlx.- + _zlyj for
i= j=

n ; v By Lemma 3.2,
z=(xy) =y e + 5 yel".

= = L L e M ()
Lemma 3.1[2] Let A be a convexn— dimensional ”M |_Q,T&X(kzlmilj,k_pizj,k|+|;|pilj,l_pizj,l|)’

compact inR", F : A — A be a smooth map. Then (for
any norm)L(F) = m%deZFH.
ze

Lemma 3.2[2]. Let a matrixA =

n n
i;au:i;aizz =

()P, satisfies

n
Zlain
=

Then

1 n
IAR]l =5 max 1@, — il
=

whereA|Rj is restriction operatof on Rg.
For eactz € # we have linear operatdfl; : B — %4
defined byM,(t) = zt.

Theorema 3.3.The following inequality holds for the

1
||M.“”>||=§max(z|p.,lk p.,2k|+z|p.,1| A )

I,J1,)2

Corollary 3.4. An evolutionary operator?) is a strict
contraction if

max(Z"%k Pyl kl+2|p.1u pl(;?),l|>+

11,12,]

n Vv
(f) (f) (m) (m)
max (k;mijl,k_ Pizkl * 2 IPis = Pl |> <1 ()
For evolutionary operators with positive coefficients
there is a multiplicative estimate of the distance from the
evolutionary operator to the constant one. Let

Lipschitz’'s constant (f) . p_(m)I
1], 1)1,
pi=p' (W)= max —5=, u™=pMW)= max —==,
i1,i2,).k P i,j1.J2,! Pij,)
(m)
LW) < IT&"( Z |pl11 k™ plzJ K+ Z |pl11 1~ Py |>+ and let{ (W) equal to LHS of ).
Lemma 3.5.
n v f m
(H () (m _ 4 u—-1  um-1
mg§<kzllpijl,k Piizil 2 [Pl pijz,l|>- (W) <4 T4 mT
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Proof. If o, >0 andu = max(%, g) then obviously

lo—B| = (U+B)

Hence

|p|1jk p|21 k| f+1(p|1jk+ p|21 k)

|pf]T?| p|21 || — “m_|_1(p|1]| p|(2rT>’|)7
and respectively

f
p =1 f
|pij1,k_ pijz,k| < “f _|_1(pi(j1>,k+ pi(jz),k)a
|pi(j1| p”2|| s um—i—l(p'JL p|<1r?7|)

It remains to sum these inequalities ovkrand
respectively ovel, keeping in mind that

S o= SR =3 A =y Bl =1
& 1), = 12], I; 11, I; 12,
Corollary 3.6.
pt— pm-1
L(W) < 4uf+1+4“m+1.
Corollary 3.7. If  7ufu™— (uf +u™) < 9 then the

evolutionary operator?) is a strict contraction.
Corollary 3.8. Let y = max(u’, u™). Then

and if u < %’ then the evolutionary operatd?)(is a strict
contraction.

Remark 3.9. For free and bisexual populations the

conditions of contractility are essentially different.

Let us give several examples and check the condition

of Corollary 3.4.

Example 3.10.Consider the operator

X, = 3xqy1+ $Xay2 + 3%y + 2%y,

Xo = IX1Y1+ 3X1Y2 + 3%X2Y1 + 3XaY2,
W 6
y1= %‘X1Y1 + %X1Y2+ %X2Y1+ %Xz)/z, ©

Yo = 3xay1 + 3Xay2 + 3XeY1+ FXaYa.

The coefficients of the operatds)(are the following

f f
p(11>,1 =7 p(121 p(211 =3 p(22>,1

P11 = 3 p12,2 =3 p21,2 =3 P22

p(lT,)l = %1 p(llg)l = % p(ZT)l = % p(zlg)l

N Nw Nw NS

p11,)2 p122 p212 p222
It is easy to check that conditio®)(fulfilled for (6).

Indeed,

(m)
,mix( Z |pl1] k™ plzJ k| + z |p'1] 1~ Pij |)+

4

n v
(0 (0 M m ) _
fhax (kzlmijl,k_ Pijoxl +|Zl|pijl,l — Pij, |) =7

Consequently this operator is a strict contraction and

it has unique fixed point(3,3,3,1). Moreover any

trajectory of g) converges to the fixed point.

The following example shows that the condition of
Corollary 3.4 is not fulfilled and evolutionary operator
has periodic trajectory.

Example 3.11.Consider the operator

X| = X1y1
Xo = X1y2 + X2

W Vi = Xays (7)
Yo = X1+ Xoy1

It easy to check that operator)(does not satisfy the
condition of Corollary 3.4.
We rewrite the operatof’} in the form

_ X) = X1y1
Wi v = A—x)(1—ya) ®

Denotex, = X", yn = y." then from @) we have

Xn+1 = XnYn
Yorir = (1= %) (1= yn) ©

Since 0< xpyn < Xn from the first equation of9) it
follows thatnlim Xn = x* = 0. Indeed, for
— 00

Leint(Stxs)={zestxs:x >0,y >0i=12}.
we get from @)

Xn+2
Xn+1

— (1= %) (1—X;:1>,

(@© 2015 NSP
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Xn2Xn = Xnt-1(1 = Xn) (Xn — Xn11),

r!ijgoxn-s-zxn = r!mo Xn+1(1 = Xn) (Xn — Xn11),

(x')2=0, x*=0.
Now consider the operator

X = Xy — X2y — Xy + X2y2

W2
T Y =Xy xRy =Xy XY

Clearly, the operatow? has fixed pointg0,y), 0 <
y < 1. The point(0,y) is a saddle point.

It is easy to check that the set
{(x,y) € St x S : x; = 0} is an invariant subset for7}.
Any point of the invariant subset is periodic point with
period two for operator?). So trajectory of the operator
with an initial point from invariant subset does not
converge. Thus operator)(has a trajectory which does
non-converge to the fixed poif®, 1,3, 3).

The following example shows that condition of
Corollary 3.4 is sufficient but is not necessary.

Example 3.12.Consider the operator with coefficients of
inheritance

f f f f
p(11>,1 =0 p(lz),l =0 p(Zl),l = % p(22),l

f f f f
p(n?z =1 p:(I.Z?Z =1 p(21?2 =3 p(zz?z
M =0 p(lrz)l = % p(ZT?l =0 p(zr;,)l

P111=
1 pi(l.r?Z = % p(zT?z =1 p(zr?z

p(lT,)z =

NI NI NI NI

i.e. the evolution operator has the form

4= bo
Xp = X1+ 3%

Wil (10)
Yo=Y1+3Y2

It easy to check that operatdk@) does not satisfy the
condition of Corollary 3.4.

n \
(N ™ m
m-a’-‘(gl'pilj,k_ Pizikl +I;|pilj,l = Pijl |)+

i1,02,]

n \
f f
(kzlmi(n),k_ Pl +|Zl|pi<jr?| -p I) =2>1

But any trajectory of {0) converges tq3, 2, 1, 2).
Indeed, from {0) we have

max
J1,)2)!

(1) 1 (1- X(ln))

1 2

It has unique fixed poink = % and decreasing on
[0,1]. Easy to check that'(x) = —3 and|f'(3)| =3 <1
therefore the fixed point= % is attracting.

We claim that any trajectory of(x) converges to the
fixed pointx = 1. Indeed, we have

no(—1)k X
=Y e+ (1"
K=1
and
12201 x 1
B 2n I il S T R
M!of (x) = r|1[>noo <3 22n + 22n> 3’
1201 1 X 1
r|]l_r110f M (x) = Amnm <§ 22n + on+1 22n+1) -3
So for any initial point trajectory ofl(0) converges to
(3533
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