Appl. Math. Inf. Sci.9, No. 5, 2579-2588 (2015) %N =¥\ 2579

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.12785/amis/090542

On the Universality of n-bit Reversible Gate Libraries

Ahmed Younes!2*

1 Department of Mathematics and Computer Science, Faculgigince, Alexandria University, Alexandria, Egypt
2 School of Computer Science, University of Birmingham, ©diKingdom

Received: 10 Feb. 2015, Revised: 12 May 2015, Accepted: 332045
Published online: 1 Sep. 2015

Abstract: Many universal reversible libraries of gates that contamremnhan one gate type have been proposed in the literature.
Synthesis of reversible circuits is much simpler and moeetizal if a single gate type is used in the circuit constarctThis paper
proposes a novel reversibiebit gate that is universal for reversible circuits synteeEhe proposed gate is extendable according to the
number of bits in the circuit. The paper shows that the sizb@&ynthesized circuits using the proposed gate is corbleandth the

size of the synthesized circuits using the known reverdibiaries of gates.
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1 Introduction logic synthesis problem has been propos2t 2. A
comparison between the decomposition of reversible
Reversible logic 1,2] is one of the hot areas of research. circuit and quantum circuit using group theory has been
It has many applications in quantum computati8m], shown R3]. A GAP-based algorithms to synthesize
low-power CMOS §,6] and many more. Synthesis of reversible circuits for various types of gate with various
reversible circuits cannot be done using conventionalgate costs has been propos2d||
ways [7]. The aim of any reversible circuit synthesis algorithm
A lot of work has been done trying to find an efficient is to synthesize a reversible circuit for a given
reversible circuit for an arbitrary reversible functid)9, specification with the smallest possible number of gates.
10,11]. A method is given in12], where a very useful set The reversible circuit synthesis algorithm should specify
of transformations for Boolean quantum circuits is a gate library to be used during the synthesis process.
shown. A lot of work has been done trying to find an Many gate libraries have been suggested in the literature.
efficient reversible circuit for an arbitrary multi-output All suggested gate libraries consist of more than one type
Boolean functions by using templatesd3[14 and  of gates such as NOT (N), Feynman (C), Toffoli (T3),
data-structure-based optimizatiod5. A method to  Fredkin (F) and Peres (P) gates. Gate libraries such as
generate an optimal 4-bit reversible circuits has beerNCT, NCF and NCP have been studied. It can be easily
proposed 16]. Benchmarks for reversible circuits have shown that the larger the number of basic gates used in
been establishedf]. In [18], it was shown that there is a the gate library, the smaller the number of gates in the
direct correspondence between reversible Boolearsynthesized circuit. Assume that there is a gate library for
operations and certain forms of classical logic known asn-bit circuits contain 2! gates, then all synthesized
Reed-Muller expansions. This shows the possibility of circuits will be of size one.
handling the problem of synthesis and optimization of  Another reason that all suggested gate libraries in the
reversible Boolean logic within the field of Reed-Muller literature contain more than one gate type is that none of
logic. the suggested gates is universal for reversible computing.
Recently, the study of reversible logic synthesis Toffoli and Fredkin gates are reversible gates that are
problem using group theory is gaining more attention.proved to be universal for non-reversible computation by
Investigation on the universality of the basic building showing that they can function as NAND gate.
blocks of reversible circuit has been don&R0. A NAND gate is a classical non reversible gate that is
relation between Young subgroups and the reversiblainiversal for classical circuit design. NAND gate is
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preferred over other universal classical set of gates sucfunctions. A reversible gate (or circuit) with-input(s)

as AND/OR/NOT and AND/XOR/NOT because using and n-output(s) (-infout) is a gate that realizes a

single type of gates in the synthesis process makes theeversible Boolean function with input(s) R7]. A set of

circuit cheaper. NOR gate is another universal gate. reversible gates that can be used to realize any reversible
Although a digital circuit can be implemented with Boolean function withn-input(s) as a reversible circuit

AND/OR/NOT, classical computers are built almost with n-infout is called a universal reversible gate library

exclusively on NAND and NOR gates even with a little L, [27]. A universal reversible gate sub libra8, is a set

increase in the size of the circuit because of technologyof reversible gates such th&t,, C L, that can be used to

considerations; that is, using a single type of gates mighbuild any reversible circuit witm-in/out [27]. Let |Ln| be

be cheaper to implement, for example OR gate can beéhe number of gates ih, and |SL,| be the number of

implemented by 3 NAND gates connected together. gates inSL, then the ratio @Ln\/z“-"‘ represents the

The aim of this paper is to suggest a novel reversible jji> ation of gates in a universal sub library and the ratio
gate that is universal for reversible circuit design. Thkis i L

important as it is cheaper in practice to make lots ofsimilaer'”OS-nD/Z g represents the utilization of gates in the
things than a bunch of different things (differentgated). A smallest universal sub libraries from a universal library,
results shown in the paper have been obtained using thgnere 24 represents the number of subsets from aset
group-theory algebraic software GARY. Some results When annvin/out reversible gate is applied on an
shown in this paper matches the results obtained by othe, i /oyt reversible circuit such that < n, thenU will be

methr?ds such a2, 24]. d lows: . . denoted a&Jl;, ; where{i,iz,...,im} are them wires
The paper is organized as follows: Section 2 gives agyanneq by i order p7]. The set of all permutations on
short background on the synthesis of reversible circuits ty-mg 4 symmetric group of under composition of

problem and shows the reduction of the problem to be ; N ;
hapdled 'by permutation group. Sectiqn 3 analyzes' th maigp:? gsi%ﬂrodf; Z;Tdo?%e[zg]hfngtiir{:n gtr%tlljc:gzg.roAup
universality properties of common universal reversible i ersq) reversible gate libraty, is called the generators
libraries in the I]terature. Septlon. 4 introduces th,e of the group. Another important notation of a permutation
proposed pure universal reversible library and shows it§g e product of disjoint cycles3f]. For example, the
properties. The paper ends up with a conclusion ing,eification3, 2,5, 4,6,1,8,7) can be written as (1,3, 5,
Section 5. 6)(7, 8). The identity mapping "()” is called the unit
element in a permutation group. A prodyck g of two

. . permutationg andq means applying mapping thenq,

2 Basic Notation which is equivalent to cascadinmandg. In what follows,

i ) i . i ~_a nxn reversible gate is not distinguished from a
In this section, the basic notions for reversible circuit permutation irSn.

synthesis, permutation group, the relationship between
reversible logic circuits and permutation group theory
will be reviewed.
A reversible Boolean functionf : X" — X" is a 3 Universal ReversibleLibraries
function that maps an input vectéxi,...,x,) € X" to a
i n —
F2n7|q2u8? m#:gt \éicetgglc;hé ’)Qc))rreeé(povr\llgg]?é _bé&/gan aln this section, the functions of the known reversible gates

reversible Boolean functiorf and a permutation on Wil be explained briefly to be able to discuss the
{1,2,..,2"} is established as done ir24. In the universality properties of the known universal reversible

. . . ibraries. Thi tion explains the r ns that make all
permutation group references, a permutation begins fronkkaoa\‘/vr? Sunivefsjlle(r:e\c;ersﬁb'laealib?ari(—:?s gﬁcs)gldscor?tainameorae
one, instead of zero, so, we have the following relation

[24] < Yon,Xon_1,....X1 >2 — index(Xen,...,X1) — 1  hanone gate type.
and since the functiorf is a bijection, then it can be
represented as a permutation as follows,

1 2 3 .2
f= (f(l) £(2) £(3) .. f(2”)>' @
. . - NOT (N) gate is a 1-bit gate that flips the input
I]f the top row is ordered, thfgn I canfbefellm!nated andnconditionally. There are 2 possible reversible circuits
I(I:an be written as a specification of a functi@vl[as iy 1-in/out.NE = (x1) — (xq @ 1) = (1,2) is sufficient to
follows, realize these two circuits, i.e. universal for 1-bit citsui
The action of the disjoint cycle of thﬁll gate can be seen
n
(1(1).1(2),1(3),.... 1(2")). @) on a hypercube of 2 nodes shown (@) where theNl1
For n inputs, there are™possible reversible Boolean gate maps vertex-1 to vertex-2 and vice versa. The
functions. Fom = 3, there are 40,320 3-in/out reversible cascading of twiN gates gives the identity.

3.1 1-bit Reversible Circuits
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Fig. 1: A hypercube network with (a) 2 vertices, (b) 4 vertices, (¢e&ices and (d) 16 vertices.

3.2 2-bits Reversible Circuits 3.3 3-bits Reversible Circuits

There are 40320 possible 3-in/out reversible circuits. The
N gate and th€ gate cannot be used to synthesize all the
3-in/out reversible circuits. There are 3 possihlgates,

as shown in2), for 3-in/out reversible circuits as follows,

For 2-in/out reversible circuits, there are 24 possible
circuits. TheN gate cannot be used to synthesize all the
2-infout reversible circuits. There are two possilie
gates as follows,

N2 (x1,%2) = (X1 @ 1,%) = (1,3)(2,4),

= 3
N2 @ (x1,%2) = (X1, %@ 1) = (1,2)(3,4). () X1
X2 —PH—
These twoN? gates can realize only 4 possible X3 s 3 @3
reversible circuits out of the 24 2-infout reversible NT Ny N3

circuits. The action of the disjoint cycle &2 and N2
gates can be seen on a hypercube of 4 nodes shown in Fig. 2: The 3 possibléN gates for 3-hit reversible circuits.
(1-(b)) as edge mapping, Whei‘etﬂl2 acts as a mapping
between edgél,2) and edge3,4), while N7 acts as a
mapping between edgd;3) and edge2,4). No direct

vertex mapping usingN? gates which is the required

- - - : 3. 1,%2,%3) = (1,5)(2,6)(3,7)(4,8)
mapping for the universality of a library. . (X1, %2,X3) = (X1 © 1, X2, X3 T ’ ’ 9
FeynmanC) gate, also known as CNOT gate, is a 2-bit H% j (x1,%0, %) = (x4, X% & 1, Xi) = (i’ g)(g’ j)(g’ ?(g’ g)’
gate with a single control bit and a target bit. TDegate 31 (%2, %) — (X1, %2, %39 1) = (1,2)(3,4)(5,6)( ’(5))'

flips the target bit if the control bit is set to 1. There are
two possibleC gates for the 2-in/out reversible circuits as
follows,

The threeN® gates act as face mapping on a hypercube
of 8 nodes shown inl¢(c)). Nf is a mapping between left
face (LF) and right face (RFN23 is a mapping between
upper face (UF) and down face (DF), aNgl is a mapping
between front face (FF) and back face (BF). Theate
is not universal for 3-in/out reversible circuits sinceanc
realize only 8 possible circuits from the 40320 circuits: Fo

The action of the disjoint cycles of te2, andC3,  n-in/out reversible circuits, there angossibleN gates.
gates act as vertex mapping on the hypercube of 4 nodes There are 6 possiblé gates for the 3-in/out reversible
between vertex-3 and vertex-4, and vertex-2 and vertex-ircuits as shown in3). They act as edge mapping on a
respectively. A library that contaird?,N3,C, andCZ; is  hypercube of 8 nodes shown if-(c)), for exampleC3,
universal for 2-infout reversible circuits. It can be shown acts as a mapping between the upper edge and lower edge
using GAP that a permutation group with generatorsof RF. A gate library withC® gates can realize a total of
{N?,C2,,C2,} or {N2,C2,,C3,} is of size 24, i.e. a gate 168 reversible circuits that constitute the linear 2-it/ou
library that containsC?, and C4; with either of theN?  circuits as shown in Tabld. The C gates for 3-in/out
gates is universal for 2-infout reversible circuits. reversible circuits are as follows,

C%y: (x1,%) = (X1, X2 B X1)
Chp 1 (X1,X2) = (X1 B X2, X2)

(3,4),
(2.4) 4)
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group with generator§N3 N3, T33,, T33,,, 733,,} is of

X1 jn ? size 40320 as shown in Tab8 The average size of the
X2 — i ° ? 40320 circuits synthesized with the NT library is 8.5 as
X3 S, o shown in Tablet.
c}, ¢} 3 c3 c3, ¢ Using N3 gatesC® gates and' 3% gates form another
universal library for 3-in/out reversible circuits known a
Fig. 3: The 6 possibl€ gates for 3-bit reversible circuits. NCT library Tablel. The main NCT library consists of
12 gates. There are 4096 possible sub libraries from the
main NCT library. There are only 1960 sub libraries that
are universal for 3-in/out reversible circuits as shown in
Table 2. The smallest universal sub library contains 4
ates. There are only 21 universal sub libraries with 4
C32_ (X1, %2,X3) = (X1,%2 B X1,%3) = (5,7)(6,8), gates, for exam)rgle, {N3,C3,C3, T33,,}  and
0%3_ (%0,%0,X) = (4, %, X3 &>4) - (5,6)(7.8), {N3,C3,,T33,,, T33;,} are universal sub libraries from
Coa - (X120,%5) = (X0, 20, X3 ©%0) = (3,4)(7.8), ) the NCT library with 4 gates as shown in Tai8e The
10 (X1, %2,X3) — (X1 B X2, %2, X3) = (3,7)(4,8), average size of the 40320 circuits synthesized with NCT
2 (X1, X2,X3) = (X1, %2 X3, X3) = (2,4)(6,8), library is 5.865 as shown in Tabte
C31 1 (X1, X2, X3) — (X1 B X3, %2, X3) = (2,6)(4,8). Fredkin ) gate is another 3-bit gate which performs

a conditional swap on two of its inputs if the third input
is set to 1 as shown irb). For 3-in/out reversible circuits,
there are 3 possible gates as follows,

Toffoli (T3) gate is a 3-bit with 2 control bits and a
single target bitT3 gate flips the target bit if the control
bits are set to 1. There are 3 possiblg gates, as shown
in (4), for the 3-in/out reversible circuits as follows,

X1
§2
X 3
! Fios Fizz Fan
X2
X3 Fig. 5: The 3 possiblé- gates for 3-hit reversible circuits.

3 3 3
T3123 T3132 T3321

Fig. 4: The 3 possibld gates for 3-bit reversible circuit. 3
F 23: (X17X27X3) — (X17X37X2) = (65 7)7

Fo: (X% Xa) — (X3, %, %) = (4,7), (8
F3§21: (X1,%2,X3) = (X2, X1,%X3) = (4,6).

T3323: (X1,%2,X3) — (X1, X2, X3 B X1X2) = (7,8), The F gate introduces new type of mapping over the
T3, (X1,%,%3) = (X1, % @ X1Xa,%3) = (6,8), (7) hypercube of 8 nodes shown ift-(c)). TheF gate maps
T33, 1 (X1, %2, Xa) — (X © XoXa, Xo, X3) = (4,8). vertices over the diagonal of a face, for exampiggis a

mapping between vertex-6 and vertex-7 over the diagonal
The T3 gate acts as a vertex mapping on a hypercub®f RF. A gate library ofF2 gates is not universal since it
of 8 nodes shown inl{(c)). TheT3 gate is the smallest can realize only 6 3-in/out reversible circuits as shown in
reversible gate that is proved to be universal for Tablel. A gate library ofN® gates andr* gates is also not
non-reversible computation by showing that it can universalsince it can realize 1152 circuits out of the 40320
function as NAND gate by initializing the target bit to 1. Circuits. _ . _ . _
The T3 gate is not universal for reversible computation ~ The NCF library is a universal library with 12 gates as
since a gate library witlf 3% gates can realize only 24 shown in Tablel. It has been introduced to get an average
possible 3-in/out reversible circuits as shown in Table size of the 40320 synthesized circuits of 5.655 better than
A library with T332 gates andN® gates form a the NCT library as shown in Tablé. There are 4096
universal library for 3-in/out reversible circuits knows a possible sub libraries of the main NCF library with 2460
NT library as shown in Tabld. The main NT library  universal sub libraries as shown in Tal2eThe smallest
consists of 6 gates. There are 64 possible sub librariegniversal sub library contains 4 gates better than the NCT
from the main NT library, not every sub library is and there are 60 universal sub libraries with 4 gates, for
universal. There are only 4 sub libraries that are universagxample, the gate librarie{N$ ,C3; F2, F3,} and
for 3-infout reversible circuits as shown in TalBeThe  {N$,C3,,C3,,F3,} are universal for 3-infout reversible
smallest sub library contains 5 gates. There are only Zircuits as shown in Tabl&
universal sub libraries with 5 gates, these sub libraries PeresP) gate is another 3-bit gate which combines the
contain the 33 gates with any N gates, for example, a  function of T3 gate andC gate in a single gate as shown in
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(6). For 3-in/out reversible circuits, there are 6 poss®le synthesized circuits is 4.838 as shown in Tablé here

gates as follows, are 32768 possible sub libraries of the main NCP library
with 26064 universal sub libraries as shown in TaBle
The smallest universal sub library contains 3 gates. There
are 30 universal sub libraries with 3 gates, for example,
the library {N3,C3,,P5} is universal for 3-in/out

1 ’—@_E c reversible circuits as shown in Tat8e
X2 C C The NCTF library is a universal library with 15 gates
C| as shown in Tablel. The average size of the 40320
% c c synthesized circuits of 5.33 as shown in TalleThere
P, P3, P P3 PE, P are 32768 possible sub libraries of the main NCTF library
with 23132 universal sub libraries as shown in TaRle
Fig. 6: The 6 possiblé gates for 3-bit reversible circuits. The smallest universal sub library contains 4 gates. There

are 105 universal sub libraries with 4 gates, for example,
the library {N3,C3,,T733,5 F3,,} is universal for 3-infout
reversible circuits as shown in Tat8e

The NCPT library is a universal library with 18 gates

P§3: (X1, %2, X3) — (Xl’XZ@X1’X3@X1X2)f (5,7,6,8), as shown in Tablel. The average size of the 40320
P%z- (X1,X2,X3) = (X1, %2 ® X1X3, X3 B X1) = (5,6,7,8), synthesized circuits of 4.73 as shown in Ta#leThere
P133: (X1, %2,X3) = (X1 ® X2, X2, X3 B X1X2) = (3,7,4,8), are 262144 possible sub libraries of the main NCPT
P3313 (X1,X2,X3) = (X1 B X2X3, %2, X3 D X2) = (3,4,7,8), library with 217384 universal sub libraries as shown in
Pl 1 (X1,X2,X3) — (X1 D X3, X2 © X1X3,X3) = (2,6,4,8), Table 2. The smallest universal sub library contains 3
Py o (X1, X2, X3) — (X1 XoX3, X2 B X3, X3) = (2,4,6,8). gates. There are 36 universal sub libraries with 3 gates,

(9)  for example, the library{N3,P3, T33,.} is universal for
The P gate introduces another new type of mapping 3-in/out reversible circuits as shown in Tal3le
over the hypercube of 8 nodes shown if-(€)). It The NCPF library is a universal library with 18 gates
introduces a full path over the vertices of a plane throughgs shown in Tablel. The average size of the 40320
the diagonal to visit every vertex and return to the startingsynthesized circuits of 4.597 as shown in Ta#lélhere
vertex. For exampleR3; andP3, traverse RF starting from  are 262144 possible sub libraries of the main NCPF
vertex-5, P, and P§, traverse the DF starting from library with 220188 universal sub libraries as shown in
vertex-3, while P, and P3| traverse FF starting from Table 2. The smallest universal sub library contains 3
vertex-2. A gate library oP® gates is not universal since gates. There are 42 universal sub libraries with 3 gates,
it can realize only 5040 3-infout reversible circuits as for example, the library{N3,P5), F,5} is universal for
shown in Tablel. A gate library ofP® gates andN® gates ~ 3-in/out reversible circuits as shown in Tal3le
is universal since it can realize the 40320 circuits. The NP
library contains 9 gates. There are 512 possible sub
libraries of the main NP library with 333 universal sub
libraries as shown in Tabl2. The smallest universal sub 3.4 n-bit Reversible Circuits
library contains 3 gates better than NCT and NCF
libraries and there are 18 universal sub libraries with 3
gates, for example, the gate librariés3, P, P53} and A little work has been done on the construction of
{N??,Pf@ sz} are universal for 3-in/out reversible circuits universal libraries fom-bit reversible circuits due to the
as shown in Tabl&. The NP library gets an average size complexity of the problem16]. The GT (Generalized
of the 40320 synthesized circuits of 5.516 better than theloffoli) library has been proposed. The GT library
NCT and the NCF libraries as shown in Talle contains an extended versionD8 gate in addition to the
Many combinations of the above gates have been useg@ates in the NCT library, for example, tie4 is a 4-bit
to propose different universal reversible libraries, for gate with 3 control bits and single target bit. Thé gate
example, NCP, NCTF, NCPT and NCPF. The main aim offlips the target bit if all control bits are set to 1, thé is a
proposing a new universal reversible library is to S-bit with 4 control bits and single target bit. TR® gate
synthesize circuits with smaller size. It can be easilyflips the target bit if all control bits are set to 1, and so on.
shown that the higher the number of gates used in the The GT4 library is the GT library for 4 bits with 32
library, the smaller the size of the synthesized circuits.basic gates. It contains M* gates, 12C* gates, 12T3*
Using many types of gates in a library will produce gates and & 4* gates. The GT5 library is the GT library
smaller circuits but will make the synthesis of circuits a for 5 bits with 80 basic gates. It contains\N5 gates, 20
hard problem. C5 gates, 307 3° gates, 207 4° gates and F5° gates. The
The NCP library is a universal library with 15 gates as distribution of gates for theGTn library follows the
shown in Tablel. The average size of the 40320 reciprocal of Leibniz Harmonic triangle as shown if).(
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1 -

2: 2 2 X2

3: 3 6 3 G2, G2y

4: 4 12 12 4

5: 5 20 30 20 5 . . i . L
6- 6 30 60 60 0 6 Fig. 8 The 2 possiblés2 gates for 2-hit reversible circuits.
7:7 42 105 140 105 42 7

Fig. 7: The reciprocal of Leibniz Harmonic Triangle. The G2 gate introduces a new type of mapping over
the hypercube of 4 nodes. It performs a full path mapping
over all the vertices of the hypercube through the diagonal
to visit every vertex and return to the starting vertex. t ca

The total number of gates for th@Tn library can be be shown using GAP that a permutation group with the 2

calculated as follows, generator$s21, and G2, is of size 24, i.e. a cascade of
these two gates are sufficient to implement any of the 24
n-1/4_1 2-in/out reversible circuits.
num_gates(GTn) =n Z) ( ) ) : (10)
r=

wheren is the number of bits and> 0 is the number of 4.2 3-bit Gate

controls per gate type, for example= 0 for N gate and

r =1 for C gate. TheGT4 library is a universal library  The G3 gate is a 3-bit gate as shown i8).(It combines
with 32 gates. The smallest universal sub library containghe action ofN, C and T3 in a single gate, i.e. one bit is
5 gates, for example, the librafiN$ ,C3,, T4%,,, T41,45  flipped if the other two bits are set to 1 then second bit is
T41,5,) is universal for 4-infout reversible circuits. The flipped if one of the remaining bits is set to 1. The last bit
GT5 library is a universal library with 80 gates. The is flipped unconditionally. For 3-in/out reversible cirtsyi
smallest universal sub library contains 6 gates, forthere are 6 possibleé3 gates as shown in equatidi®}.
example, the library{N3, C3;, T53,5 T55,34 T553450

T53,545 IS universal for 5-infout reversible circuits. The

GT6 library is a universal library with 192 gates. The
smallest universal sub library contains 7 gates, for
example, the library{N?, C%,, T6%,, T65,5, T65,c5
T6973450 16534561 IS Universal for 6-infout reversible X2
circuits. X3

G3123 G3132 G313 G3p31 G3312 G3321

4 Universal Reversible Gate Fig. 9: The 6 possiblés3 gates for a 3-bit reversible circuit.

This section proposes a novel universebit reversible
gate forn-in/out reversible circuits fon > 2. Forn=1,N The G3 gate introduces a new mapping over the
gate is sufficient. The proposed gate is extendableéhypercube of 8 nodes shown ib-(c)). It performs a full
according to the value of, i.e. an extended-bit version mapping path over all the vertices of the hypercube
of the gate is universal far-in/out reversible circuits. through the edges and the diagonals of different faces to
visit every vertex and return to the starting vertex, for
example, G303 starts from vertex-1, traverses BF as
4.1 2-bit Gate follows: 1— 5~ 3+ 7, then go to FF by the mapping
7+— 2, then traverses FF as follows:2 6 — 4 — 8, then
The G2 gate is a 2-bit gate as shown i8)(It combines ~ €tums to vertex-1 by the mapping-8 1. It can be seen
the action olN andC in a single gate, i.e. one bit is flipped that everyG3 traverses the hypercube using 2 opposite
if the other bit is set to 1 then the second bit is flipped f@ceS: for example,G3ip3 and G3;13 traverse the
unconditionally. For 2-in/out reversible circuits, thee ~ NyPercube using BF and FF through different paths,

; G332 andG3z1 2 traverse the hypercube using UF and DF
2 16G2 gat foll 132 312 yp g L )
possibleG2 gates as follows, while G337 and G333 traverses the hypercube using LF
and RF.
G212 (X1, %2) = (X1 B L x®Ex) = (1,3,2,4), It can be shown using GAP that a permutation group
G211 (X1,%2) = (X1 B X2, %@ 1) = (1,2,3,4). (11) with the 6 generators @3 is of size 40320, i.e. a cascade
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G3123: (Xl,Xz,X3) — (Xl B L X B X, X3P X1X2) = (1, 5,3,7,2,6,4, 8),
G3132: (X1,%2,X3) = (X1 @ 1, % ®X1X3,X3® X1) = (1,5,2,6,3,7,4,8),
G3713: (Xl,Xz,X3) — (Xl B X, Xo B 1L, X3P X1X2) = (1, 3,5,7,2,4,6, 8), (12)
G3231: (Xl,Xz,X3) — (Xl B XoX3, X0 B 1, X3P Xz) = (1, 3,2,4,5,7,6, 8),
G3312: (X1,%2,X3) = (X1 B X3, %2 ® X1X3,X3® 1) = (1,2,5,6,3,4,7,8),
G331 : (Xl,Xz,X3) — (Xl@Xng,Xz B X3,X3P 1) = (1, 2,3,4,5,6,7, 8).

of these 6 gates are sufficient to implement any 3-in/outT@dle 1: The universality of different libraries for 3-in/out

reversible circuits as shown in Taklle The mainG3 gate
library consists of 6 gates. There are 64 possible sub
libraries of gates from the mai@3 library, not every sub
library is universal. There are 51 sub libraries that are
universal for 3-in/out reversible circuits as shown in Eabl

2. The smallest sub library contains 2 gates. There are 9
universal sub libraries with 2 gates as shown in Teh)le
these sub libraries contain any t&8 gates not starting
with the same mapping, for example, a library w@B; »3

and G313, is not universal since they start by the same
mapping 1— 5, while a library withG3,23 and G313 is
universal. It can be verified using GAP that a group with
generatory G3123, G313} is of size 40320. The average
size of the 40320 circuits synthesized with (&2 library

is 6.402 as shown in Tabke This average is better than a
comparable library with 6 gates which INT. The
maximum number of gates to realize any 3-infout
reversible circuits is 8 similar tdICT andNCF and the
size of the gate library is smaller than other gate libraries
such asNCP, NCTF, NCPT and NCPF. The G3 gate
library is a pure gate library with only one type of gates.
Realization ofG3 gates using different gates is shown in
(10). G3123 andG332; have special importance since they
realize the 3-bit cyclic-shift circuitd1] in a circuit with a
single gate instead of a three gates circuit.

E

Fig. 10: Realization ofG3 gate using different gates.

I
l

reversible circuits.

Lib LibSize | #specs
N 3 8

c 6 168

T 3 24

F 3 6

P 6 5040
NF 6 1152
NT 6 40320
NP 9 40320
NCT 12 40320
NCF 12 40320
NCP 15 40320
NCTF 15 40320
NCPT 18 40320
NCPF 18 40320
G3 6 40320

Table 2: Utilization of gates in universal sub libraries.

Lib Lib Num of | Num  of | Utilization
Size Sub Libs | Uni  Sub
Libs
NT 6 64 4 6.25%
NP 9 512 333 65%
NCT | 12 4096 1960 47.85%
NCF | 12 4096 2460 60.00%
NCP | 15 32768 26064 79.54%
NCTF| 15 32768 23132 70.59%
NCPT| 18 262144 217384 82.92%
NCPF| 18 262144 220188 83.99%
G3 6 64 51 79.68%

4.3 n-bit Reversible Gate

The G4 gate is a 4-bit gate. It combines the action\gf

there are 24 possiblé4 gates as shown in equatioh3f
and equationi4).

Extending theG gate forn-bits is trivial as shown in
(12). It can be shown using GAP that a permutation group
with the n! generators ofsn is of size 2!, i.e. a cascade
of thesen! gates are sufficient to implement anyin/out

C, T3 andT4 in a single gate, i.e. one bit is flipped if the reversible circuits.

other three bits are set to 1, then the second bit is flipped The mainGn gate library consists afil gates. There

if two of the remaining bits are set to 1, then the third bit are 2 possible sub libraries from the man library.

is flipped if the remaining bit is set to 1. The last bit is The smallest universal sub library always contains only 2
flipped unconditionally. For 4-infout reversible circyits gates, for example, the sub libraf{z4,341, G41234} IS
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Table 4: Minimum size of 3-bit reversible circuits using differeittraries.

Min NT NP NCT NCF NCP NCTF NCPT NCPF G3
Len

0 1 1 1 1 1 1 1 1 0

1 6 9 12 12 15 15 18 18 6

2 24 69 102 101 174 143 228 248 36

3 88 502 625 676 1528 1006 1993 2356 207

4 296 3060 2780 3413 8968 5021 10503 12797 1097
5 870 13432 8921 11378 23534 15083 23204 22794 4946
6 2262 21360 17049 17970 6100 17261 4373 2106 13819
7 5097 1887 10253 6739 0 1790 0 0 14824
8 9339 0 577 30 0 0 0 0 5208
9 12237 0 0 0 0 0 0 0 0

10 8363 0 0 0 0 0 0 0 0

11 1690 0 0 0 0 0 0 0 0

12 a7 0 0 0 0 0 0 0 0

Avg 8.5 5.516 5.865 5.655 4.838 5.33 4.73 4.597 6.402
LibSize | 6 9 12 12 15 15 18 18 6

Gi234: (X1,%2,%3,X1) — (X1 B 1, X2 B X1, X3 D X1 X2, X4 B X1%2X3)
G1243: (X1,X%2,X3,Xg) — (X1 D L, X2 B X1, X3 D X1 XoXa, Xa D X1X2),
G1324: (X1,X%2,X3,%X4) — (X1 B 1, X2 B X1X3, X3 B X1, X4 B X1X3X2),
Gi342: (X1,%2,X3,Xa) — (X1 B 1, X2 B XaXa, X3 B X1 XaXo, Xa B X1),
G1a23: (X1,X2,X3,Xg) — (X1 B 1, X2 D X1 X3X4, X3 B X1, Xg B X1X3),
G1432: (X1,%2,X3,X4) — (X1 B 1, X2 B X1XaX3, X3 B X1Xa, X4 B X1),
Go134: (X1,X2,X3,Xa) — (X1 B X2, X2 B 1, X3 P XoX1, X4 B X2X1X3),
Go143: (X1,X2,X3,X4) — (X1 D X2, X2 B 1, X3 D XoX1X4, X4 D XoX1),
Go314: (X1,X%2,X3,X4) — (X1 B X3, X2 B X3X1, X3 B 1, X4 B X3X1X2),
Go3a1: (X1,X2,X3,X4) — (X1 D X4, X2 B XaX1,X3 D XaX1X2,X4 D 1),
Go413: (X1,X2,X3,X4) — (X1 B X3, X2 B XaX1X4, X3 B 1, X4 B X3X1),
Goaz1: (X1,X2,X3,Xa) — (X1 D Xa, Xp B XaX1 X3, X3 B XaX1,Xa B 1), (13)
G3124: (X1,X2,X3,Xa) — (X1 B XoX3,X2 B 1, X3 B X2, Xg B XoX3X1),
Ga142: (X1,X2,X3,Xa) — (X1 B XoXa, X2 B 1, X3 B XoXaX1, Xa B X2),
G3214: (X1,X2,X3,X4) — (X1€9X3X2,X2@X37X369 1, X4 ® XaXoX1),
Ga241: (X1,X2,X3,X4) — (X1 B Xg4X2, X2 B X4, X3 B XaXoX1,Xs B 1),
Gaa12: (X1,X2,X3,Xa) — (X1 D XaXa, X2 © XaXaX1,X3 D 1, X4 D X3),
Gaaz1: (X1,X2,X3,Xa) — (X1 B XaXa, X2 © XaXaX1, X3 & X4, Xq B 1),
Ga123: (X1,X2,X3,X4) — (X1 D X2X3X4, X2 B L, X3 X2, X4 D X2X3),
Ga132: (X1,%2,X3,Xa) — (X1 D XoXaXz, X2 B 1, X3 B XoXa, X4 B X2),
Ga213: (X1,X2,X3,X4) — (X1®X3X2X47Xz@X37X369 1,X4 D X3%2),
Ga2a1: (X1,X2,X3,X4) — (X1 D XaXoX3, X2 & X4, X3 D XaXo, Xg4 B 1),
Gy3z12: (X1,%2,X3,X4) — (X1 D XaXaX2, X2 B X3X4, X3 B 1, X4 B X3),
Gazo1: (X1,X2,X3,X4) — (X1 D XaXaX2, X2 B X4X3, X3 B X4, X4 D 1).

universal for 4-in/out reversible circuits. The sub liyrar cyclic-shift circuit [32] that acts on the states of a
{Gb512345 G523451} is universal for 5-infout reversible quantum register as — x+1 mod 2' in a single gate
circuits and the sub library{G6,34561 G6514326f IS instead of a polylogarithmic number of operations.
universal for 6-infout reversible circuits. It has been

verified forn < 10 using a random gate generator on GAP

that a sub I|br§1ry W'I'[h 2 gates of sizeis unlve(sal fo_r' 5 Conclusion

n-in/out reversible circuits and this can be easily verified

by symmetry for an arbitrarp. Gny» , and Ghp(n—1)..21 o . . . .
have special importance since they realize it In general,_cwcwt synth'e5|s using qsmgle type of gates is
more practical than using a gate library with more than
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Gioas: (1,9,5,13,3,11,7,15,2,10,6,14,4,12,8,16),
Gioas: (1,9,5,13,2,10,6,14,3,11,7,15,4,12,8, 16),
Giaza: (1,9,3,11,5,13,7,15,2,10,4,12,6,14,8,16),
Grasz: (1,9,2,10,5,13,6,14,3,11,4,12,7,15,8,16),
Guazs: (1,9,3,11,2,10,4,12,5,13,7,15,6,14,8, 16),
Guasz: (1,9,2,10,3,11,4,12,5,13,6,14,7,15,8,16),
Goizs: (1,5,9,13,3,7,11,15,2,6,10,14,4,8,12,16),
Gouas: (1,5,9,13,2,6,10,14,3,7,11,15,4,8,12,16),
Goa1a: (1,3,9,11,5,7,13,15,2,4,10,12,6,8,14,16),
Goaar: (1,2,9,10,5,6,13,14,3,4,11,12,7,8,15,16),
Goars: (1,3,9,11,2,4,10,12,5,7,13,15,6,8,14,16),
Goaar: (1,2,9,10,3,4,11,12,5,6,13,14,7,8,15,16), 1
Gsizs: (1,5,3,7,9,13,11,15,2,6,4,8,10,14,12,16), (14)
Gsia2: (1,5,2,6,9,13,10,14,3,7,4,8,11, 15,12, 16),
Gao14: (1,3,5,7,9,11,13,15,2,4,6,8,10,12,14,16),
Gazar: (1,2,5,6,9,10,13,14,3,4,7,8,11,12,15,16),
Gas12: (1,3,2,4,9,11,10,12,5,7,6,8,13, 15,14, 16),
Gaazi: (1,2,3,4,9,10,11,12,5,6,7,8,13,14,15,16),
Guizs: (1,5,3,7,2,6,4,8,9,13,11,15,10,14,12, 16),
Gai32: (1,5,2,6,3,7,4,8,9,13,10,14,11, 15,12, 16),
Guzis: (1,3,5,7,2,4,6,8,9,11,13 15,10,12,14, 16),
Guza1: (1,2,5,6,3,4,7,8,9,10,13 14,11,12,15,16),
Gua12: (1,3,2,4,5,7,6,8,9,11,10,12,13, 15,14, 16),
Gusz1: (1,2,3,4,5,6,7,8,9,10,11,12,13,14, 15, 16).

Table 3: Utilization of gates in smallest universal sub libraries
for 3-infout reversible circuits. X1

Lib Size of | Num of | Num of | Utilization X

min Uni | Sub Libs| Uni Sub 2

Sub Lib with min | Libs with X3

size min size

NT |5 6 3 50% *
NP 3 84 18 21.42% X5
NCT | 4 495 21 4.24% X6
NCF | 4 495 60 12.12%
NCP | 3 455 30 6.59% Gl; G215 G313 G41234 Gb512345 G6123456
NCTF| 4 1365 105 7.69%
NCPT| 3 816 36 4.41% Fig. 11: Extensions of5n gate.
NCPF| 3 816 42 5.14%
G3 2 15 9 60%

arbitraryn-in/out reversible circuits. Using only 2 gates in

the library might not produce a short circuit, i.e. the
. cascading of gates might be to long. The analysis of
one gate type. The paper showed that common universajniversal sub libraries for the proposed gate and the
libraries must contain more than one gate type. This papegxisting hybrid universal sub libraries to find the best sub
proposed a new gate type that is universal fiin/out |iprary with minimum number of gates that produce an

reversible circuits. _ ~efficient circuit is an extension to this work.
There is no systematic method to extend existing

universal libraries to work over higher order circuits. The
proposed gate is extendable in a trivial way to work overReferences
n-bit reversible circuits.

There is a trade-off between the number of gates usegt] c. Bennett, Logical reversibility of computatiolBM J. Res.
in a universal library and the size of the synthesized Dev,, 17 (6):525-532 (1997).
circuit. The paper showed that only 2 combinations of[2] E. Fredkin and T. Toffoli, Conservative logitnt. J. Theor.
sizen of the proposed gate can be used to synthesize any  Phys, 21: 219-253 (1982).

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

2588 oo )

A. Younes: On the Universality af-bit Reversible...

(3]
[4]

J. Gruska, Quantum computing. McGraw-Hill, London

(1999).

M. Nielsen and |. ChuangQuantum computation and

quantum information. Cambridge University Press,

Cambridge, United Kingdom (2000).

A. De Vos, B. Desoete, F. Janiak, and A. Nogawski, Control

gates as building blocks for reversible computersPiac.

of the 11" International Workshop on Power and Timing

Modeling, Optimization and Smulation, 9201-9210 (2001).

A. De \Vos, B. Desoete, A. Adamski, P. Pietrzak, M. Sibiinsk

and T. Widerski, Design of reversible logic circuits by mgan

of control gates. InProceedings of the 10" International

Workshop on Integrated Circuit Design, Power and Timing

Modeling, Optimization and Smulation, 255-264 (2000).

T. Toffoli, Reversible computing. In W. de Bakker

and J. van Leeuwen, editorsAutomata, Languages

and Programming, page 632. Springer, New York.

Technical Memo MIT/LCSTM-151, MIT Lab for Computer

Science(unpublished) (1980).

G. W. Dueck and D. Maslov, Reversible function

synthesis with minimum garbage outputs. Rroc. of

the 6" International Symposium on Representations and

Methodology of Future Computing Technologies, 154-161

(2003).

D. Maslov, G. W. Dueck, D. M. Miller, Fredkin/Toffoli

templates for reversible logic synthesis. Rmoc. of the

ACM/IEEE International Conference on Computer-Aided

Design, 256 (2003).

[10] D. M. Miller and G. W. Dueck, Spectral techniques for
reversible logic synthesis. IRroc. of the 6™ International
Symposium on Representations and Methodology of Future
Computing Technologies, 56-62 (2003).

[11]D. M. Miller, D. Maslov, and G. W. Dueck, A
Transformation based algorithm for reversible logic
synthesis. IrProceedings of the 40th Conference on Design
Automation, 318-323 (2003).

[12] K. lwama, Y. Kambayashi,

(5]

[6]

[7]

(8]

9]

and S. Yamashita,

Transformation rules for designing CNOT—based quantum

circuits. In Proc. of the 39" Conference on Design
Automation, 419-424 (2002).

[13] D. Maslov, G. W. Dueck, and D. M. Miller, Simplification
of Toffoli networks via templates. IProc. of the 16t
Symposium on Integrated Circuits and Systems Design, 53
(2003).

[14] D. Maslov, C. Young, D. M. Miller, and G. W.Dueck,
Quantum circuit simplification using templateBesign,
Automation and Test in Europe, 1208-1213 (2005).

[15] A. K. Prasad, V. V. Shende, K. N. Patel, I. L. Markov, and
J. P. Hayes, Data structures and algorithms for simplifying
reversible circuitsJ. Emerg. Technol. Comput. Syst., 2 (4):
277-293 (2006).

[16] O. Golubitsky, S. M. Falconer, and D. Maslov, Synthesis
of the optimal 4-bit reversible circuits. IBroc. of the 47t
Design Automation Conference, 653-656 (2010).

[17] D. Maslov (2011). Reversible logic synthesis benchmar
http://webhome.cs.uvic.ca/ dmaslov/ .

[18] A. Younes and J. Miller, Representation of Boolean
quantum circuits as Reed-Muller expansionsit. J.
Electron., 91(7) 431-444 (2004).

[19] L. Storme, A. De Vos, and G. Jacobs, Group theoretical
aspects of reversible logic gatek.Univers. Comput. <ci.,
5(5) 307-321 (1999).

[20] A. De Vos, B. Raa, and L. Storme, Generating the group
of reversible logic gatesl. Phys. A-Math. Theor., 35(33)
7063-7078 (2002).

[21] A. De Vos and Y. Van Rentergem, From group theory to
reversible computergnt. J. Unconv. Comput., 4(1) 79-88
(2008).

[22] N. Abdessaieda, M. Soekena, M. K. Thomsena, and R.
Drechslera, Upper bounds for reversible circuits based
on Young subgroups$nf. Process. Lett., 114 (6) 282-286
(2014).

[23] A. De Vos and A. De Baerdemacker, Symmetry groups
for the decomposition of reversible computers, quantum
computers, and computers in betwegmm., 3(2) 305-324
(2011).

[24] G. Yang, X. Song, W. N. N.Hung, M. A. Perkowski, and C.-
J. Seo, Synthesis of reversible circuits with minimal costs
Calcolo, 45 193-206 (2008).

[25] The GAP Group. GAP — Groups, Algorithms, and
Programming, Version 4.6.3; 2013http://mwww.gap-
system.org

[26] V. V. Shende, A. K. Prasad, I. L. Markov, and J. P. Hayes,
Synthesis of reversible logic circuitdEEE Trans. on CAD,

22 (6)pp. 710722 (2003).

[27]1 A. Younes, Tight Bounds on the Synthesis of 3-bit
Reversible Circuits: NFFr Library. Circuits Syst. Compui.,
23(3) 1450040 (2014).

[28] A. Younes, Tight bounds on the synthesis of 3-bit reixes
circuits: NFT libraryar Xiv: 1304.5804 [ quant-ph] (2014).

[29] M.I. Kargapolov and J.I. Merzljako\k-undamentals of the
theory of groups. Berlin: Springer (1979).

[30] J.D. Dixon and B. Mortimer,Permutation groups. New
York: Springer (1996).

[31] A. De Vos, Reversible computing. Wiley-VCH, Weinhiem,
pp. 49 (2010).

[32] T. Beth and M. RoetteleQuantum algorithms: applicable
algebra and quantum physics. In Quant. Inf., 96-150
(2001).

Ahmed Younes is a
Computer Science Associate
Professor at Alexandria
University and Honorary
Research Fellow at School of
Computer Science, University
of Birmingham. He obtained
his PhD from University

of  Birmingham,  United
Kingdom. He introduced
a new technique, now

called as ‘Partial Diffusion Operator’ in the field of

amplitude amplification. He published papers in Quantum
Algorithms, Quantum cryptography and Reversible
Circuits.

(@© 2015 NSP
Natural Sciences Publishing Cor.



	Introduction
	Basic Notation
	Universal Reversible Libraries
	Universal Reversible Gate
	Conclusion

