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1 Introduction and Background

An interesting and important generalization of the notion
of metric space was introduced by Menger [1] under the
name of statistical metric, which is now called
probabilistic metric space. The notion of a probabilistic
metric space corresponds to the situations when we do not
know exactly the distance between two points, we know
only probabilities of possible values of this distance. The
theory of probabilistic metric space was developed by
numerous authors, as it can be realized upon consulting
the list of references in [2], as well as those in [3,4].
Probabilistic normed spaces (briefly, PN-spaces) are
linear spaces in which the norm of each vector is an
appropriate probability distribution function rather than a
number. Such spaces were introduced by Serstnev in 1963
[5]. In [6], Alsina et al. gave a new definition of
PN-spaces which includes Serstnev’s a special case and
leads naturally to the identification of the principle class
of PN-spaces, the Menger spaces. An important family of
probabilistic metric spaces are probabilistic normed
spaces. The theory of probabilistic normed spaces is
important as a generalization of deterministic results of
linear normed space.

It seems therefore reasonable to think if the concept of
statistical convergence can be extended to probabilistic
normed spaces and in that case enquire how the basic
properties are affected. But basic properties do not hold
on probabilistic normed spaces. The problem is that the
triangle function in such spaces.

In this paper we study the concept of lacunary
statistical convergent triple sequences on probabilistic
normed spaces. Since the study of convergence in
PN-spaces is fundamental to probabilistic functional
analysis, we feel that the concept of lacunary statistical
convergent triple sequences in a PN-space would provide
a more general framework for the subject.

2 Preliminaries

Now we recall some notations and definitions used in this
paper.

For the following concepts, we refer to Menger [1] and
Schweizer-Sklar [4,5,6].

Definition 2.1.[1] A function f : R → R
+
o is called a

distribution function if it is non-decreasing and left
continuous with inft∈R f (t) = 0 and supt∈R f (t) = 1. We
will denote the set of all distribution functions byD.

Definition 2.2.[1] A triangular norm, briefly t-norm, is a
binary operation on [0,1] which is continuous,
commutative, associative, non-decreasing and has 1 as
neutral element, that is, it is the continuous mapping
> : [0,1]× [0,1]→ [0,1] such that for alla,b,c ∈ [0,1] :

(1) a >1= a,
(2) a >b = b >a,
(3) c >d ≥ a >b if c ≥ a andd ≥ b,
(4) (a> b)>c = a >(b> c).
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Example 2.1. The > operations a
>b = max{a+ b−1,0}, a >b = a.b and a
>b = min{a,b} on [0,1] are t-norms.

Definition 2.3.[3,4] A triple (X ,N,>) is called a
probabilistic normed space or shortly PN-space if X is a
real vector space,N is a mapping fromX into D (for
x ∈ X , the distribution functionN(x) is denoted byNx and
Nx (t) is the value ofNx at t ∈ R) and > is a t-norm
satisfying the following conditions:

(PN-1)Nx (0) = 0,
(PN-2)Nx (t) = 1 for all t > 0 if and only ifx = 0,

(PN-3)Nαx (t) = Nx

(

t
|α |

)

for all α ∈ R\{0} ,
(PN-4)Nx+y (s+ t)≥Nx (s)>Nx (t) for all x,y ∈ X and

s, t ∈R
+
o .

Example 2.2.Suppose that(X ,‖.‖) is a normed spaceµ ∈
D with µ (0) = 0 andµ 6= h, where

h(t) =

{

0, t ≤ 0
1, t > 0 .

Define

Nx (t) =

{

h(t) ,x = 0

µ
(

t
||x||

)

,x 6= 0
,

wherex ∈ X , t ∈ R. Then (X ,N,>) is a PN-space. For
example if we define the functionsµ andν onR by

µ (x) =

{

0,x ≤ 0
x

1+x ,x > 0 , ν (x) =

{

0,x ≤ 0

e
−1
x ,x > 0

then we obtain the following well-known> norms:

Nx (t) =

{

h(t) ,x = 0
t

t+‖x‖ ,x 6= 0 ,Mx (t) =

{

h(t) ,x = 0

e

(−‖x‖
t

)

,x 6= 0
.

We recall the concept of convergence double
sequences in a probabilistic normed space.

Definition 2.4.[7] Let (X ,N,>) is a PN-space. Then a
double sequencex =

(

xk,l
)

is said to be convergent to
L ∈ X with respect to the probabilistic normN if, for
everyε > 0 andθ ∈ (0,1) , there exists a positive integer
ko such thatNxk,l−L (ε) > 1− θ wheneverk, l ≥ ko. It is

denoted byN2− lim x = L or xk,l
N2→ L ask, l → ∞.

3 Triple Lacunary Convergence in PN-spaces

The idea of statistical convergence was first introduced by
Steinhaus in 1951 [8] and then studied by various authors,
e.g. Fast [9], Salat [10], Fridy [11], Esi [12], Esi and
Ozdemir [13], Tripathy [14,15], Savaş [16], Savaş and
Das [17], Tripathy and Mahanta [18] Mohiuddine et.al
[19] and many others and in normed space by Kolk [20].
Karakus [21] has studied the concept of statistical
convergence in probabilistic normed spaces for single
sequences. Karakuş and Demirci [7] have studied this

concept for double sequences. After then Mohiuddine and
Savaş [22,23] and Savaş and Mohiuddine [24] have
studied lacunary statistically convergent sequences and
λ−statistically convergent sequences in probabilistic
normed space, respectively. Recently Dutta et.al. [25]
have studied statistically convergent triple sequence
spaces.

Definition 3.1. Let K ⊆ N×N be a two dimensional set
of positive integers and letK (n,m) be the numbers of
(k, l) in K such that k ≤ n, l ≤ m. Then the two
dimensional of natural density can be defined as follows:
The lower asymptotic density of a setK ⊆ N × N is
defined asδ2 (K) = limn,m inf K(n,m)

nm .In case the sequence
(

K(n,m)
nm

)

has a limit in Pringsheim’s sense, then we say

that K has a double natural density and is defined as
δ2 (K) = limn,m

K(n,m)
nm .

Definition 3.2.[26] A real double sequencex =
(

xk,l
)

is
to be statistically convergent to L, provided that for each
ε > 0

P− lim
m,n

1
mn

∣

∣

{

(k, l) : k ≤ m andl ≤ n,
∣

∣xk,l −L
∣

∣≥ ε
}∣

∣= 0,

where the vertical bars denote the cardinality of the
enclosed set. In this case we writeSL − lim x = L or
xk,l → L

(

SL
)

.

Definition 3.3. [27] The double sequenceθr,s = {(kr, ls)}
is called double lacunary sequence if there exist two
increasing of integers such that

ko = 0, hr = kr − kr−1 → ∞ asr → ∞ andlo = 0,
−
hs = ls − ls−1 → ∞ ass → ∞.

Notations:kr,s = krls, hr,s = hr

−
hs, θr,s is determined by

Ir,s = {(k, l) : kr−1 < k ≤ kr andls−1 < l ≤ ls} ,

qr =
kr

kr−1
,
−
qs =

ls
ls−1

andqr,s = qr
−
qs.

Definition 3.4.[28] A subsetK of N×N×N is said to have
natural densityδ3 (K) if

δ3 (K) = P− lim
p,q,r→∞

∣

∣Kp,q,r
∣

∣

pqr
exists

where the vertical bars denote the number of(k, l,m) in K
such thatk ≤ p, l ≤ q,m ≤ r.Then, a real triple sequencex
is said to be statistically convergent toL if for eachε > 0

δ3
({

(k, l,m) ∈ N×N×N :
∣

∣xk,l,m −L
∣

∣≥ ε
})

= 0.

In this case, one writesst3− limk,l,m xk,l,m = L.

Definition 3.1.[29] Let (X ,N,>) be a PN-space. Then, a
triple sequencex =

(

x jkl
)

is said to be convergent toL ∈ X
with respect to the probabilistic normN provided that, for
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everyε > 0 andλ ∈ (0,1) , there exists a positive integer
ko such thatNx jkl−L (ε)> 1−λ wheneverj,k, l ≥ ko. It is

denoted byN3− lim x = L or or x jkl
N→ L as j,k, l → ∞.

Definition 3.5. [29] Let (X ,N,>) be a PN-space. A triple
sequencex =

(

x jkl
)

is statistically convergent toL ∈ X
with respect to the probabilistic normN provided that, for
everyε > 0 andλ ∈ (0,1)

K =
{

( j,k, l) : j ≤ n,k ≤ m andl ≤ s, Nx jkl−L (ε)≤ 1−λ
}

has triple natural density zero, that is ifK (n,m,s) become
the numbers of( j,k, l) in K

lim
n,m,s

K (n,m,s)
nms

= 0.

In this case, one writesstN3 − lim j,k,l x j,k,l = L, whereL
is said to bestN3−limit. Also one denotes the set of all
statistically convergent triple sequences with respect tothe
probabilistic normN by stN3.

Definition 3.6. The triple sequenceθr,s,t = {( jr,ks, lt)} is
called triple lacunary sequence if there exist three
increasing sequences of integers such that

jo = 0, hr = jr − jr−1 → ∞ as r → ∞,

ko = 0, hs = ks − ks−1 → ∞ as s → ∞

and
lo = 0, ht = lt − lt−1 → ∞ as t → ∞.

Let kr,s,t = jrkslt , hr,s,t = hrhsht andθr,s,t is determined by

Ir,s,t = {( j,k, l) : jr−1 < j ≤ jr , ks−1 < k ≤ ks

andlt−1 < l ≤ lt} ,

qr =
jr

jr−1
,qs =

ks

ks−1
,qt =

lt
lt−1

andqr,s,t = qrqsqt .

Let K ⊂ N×N×N. The number

δ θ
3 (K) = lim

r,s,t

1
hr,s,t

|{( j,k, l) ∈ Ir,s,t : ( j,k, l) ∈ K}|

is said to be theθr,s,t − density of K, provided the limit
exits.

Definition 3.7. Let (X ,N,>) be a PN-space andθr,s,t be a
triple lacunary sequence. We say that a triple sequence
x =

(

x jkl
)

is said to beSθr,s,t − convergent to L in
probabilistic normed space X
(

for short,S(PN)
θr,s,t

− convergent
)

if for every ε > 0 and

γ ∈ (0,1) ,

δ θ
3

({

( j,k, l) ∈ Ir,s,t : Nxk,l−L (ε)≤ 1− γ
})

= 0

or equivalently

δ θ
3

({

( j,k, l) ∈ Ir,s,t : Nxk,l−L (ε)> 1− γ
})

= 1.

In this case we write x jkl
N→ L

(

Sθr,s,t

)

or

S(PN)
θr,s,t

− lim x jkl = L and denote the set of all
Sθr,s,t − convergent triple sequences in probabilistic
normed space by

(

Sθr,s,t

)

N
.

By using (3.1) and well-known density properties, one
can easily establish the following.
Lemma 3.1.Let (X ,N,>) is a PN-space. Then, for every
ε > 0 and γ ∈ (0,1) , the following statements are
equivalent:

(i)

limr,s,t
1

hr,s,t

∣

∣

∣

{

( j,k, l) ∈ Ir,s,t : Nx jkl−L (ε)≤ 1− γ
}∣

∣

∣
= 0,

(ii)

δ θ
3

({

( j,k, l) ∈ Ir,s,t : Nx jkl−L (ε)≤ 1− γ
})

= 0,

(iii)

δ θ
3

({

( j,k, l) ∈ Ir,s : Nx jkl−L (ε)> 1− γ
})

= 1,

(iv)

limr,s,t
1

hr,s,t

∣

∣

∣

{

( j,k, l) ∈ Ir,s,t : Nx jkl−L (ε)> 1− γ
}∣

∣

∣
= 1.

Theorem 3.2.Let (X ,N,>) is a PN-space andθr,s,t be a
triple lacunary sequence. If a sequencex =

(

x jkl
)

triple
lacunary statistical convergent in probabilistic normed

spaceX , thenS(PN)
θr,s,t

-limit is unique.

Proof. Omitted.
Theorem 3.3.Let (X ,N,>) is a PN-space andθr,s,t be a

triple lacunary sequence. IfN3− lim x jkl = L thenS(PN)
θr,s,t

−
lim x jkl = L. But converse need not be true.
Proof. Let N3− lim x jkl = L. Then for everyγ ∈ (0,1) and
ε > 0, there exists a number( jo,ko, lo) ∈ N×N×N such
that Nx jkl−L (ε) > 1− γ for all j ≥ jo,k ≥ ko and l ≥ lo.

Hence the set
{

( j,k, l) ∈ Ir,s,t : Nx jkl−L1 (ε)≤ 1− γ
}

has

natural density zero and hence

δ θ
3

({

( j,k, l) ∈ Ir,s,t : Nx jkl−L1 (ε)≤ 1− γ
})

= 0, that is,

S(PN)
θr,s,t

− lim x jkl = L.
For converse part, we construct the following

example:
Example 3.1. Let (R, |.|) denote the space of real
numbers with the usual norm. Leta > b = ab and
Nx (ε) = ε

ε+|x| , wherex ∈ X andε > 0. In this case, we

observe that(R,N,>) is a PN-space. Define a sequence
x =

(

x jkl
)

by

x jkl =















jkl , for jr −
[
∣

∣

√
hr
∣

∣

]

+1≤ j ≤ jr,
ks −

[∣

∣

√
hs
∣

∣

]

+1≤ k ≤ ks

andlt −
[∣

∣

√
ht
∣

∣

]

+1≤ l ≤ lt
0 , otherwise

.

For ε > 0 and γ ∈ (0,1) , let

K (γ,ε) =
{

( j,k, l) ∈ Ir,s,t : Nx jkl (ε)≤ 1− γ
}

. Then

K (γ,ε) =

{

( j,k, l) ∈ Ir,s,t :
ε

ε +
∣

∣x jkl

∣

∣

≤ 1− γ

}
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=

{

( j,k, l) ∈ Ir,s,t :
∣

∣x jkl

∣

∣≥ γε
1− γ

> 0

}

=
{

( j,k, l) ∈ Ir,s,t :
∣

∣x jkl

∣

∣= jkl
}

=
{

( j,k, l) ∈ Ir,s,t : jr −
[∣

∣

∣

√

hr

∣

∣

∣

]

+1≤ j ≤ jr,

ks −
[∣

∣

∣

√

hs

∣

∣

∣

]

+1≤ k ≤ ks

andlt −
[∣

∣

∣

√

ht

∣

∣

∣

]

+1≤ l ≤ lt
}

and so, we get

lim
r,s,t

1
hrhsht

∣

∣

∣

{

( j,k, l) ∈ Ir,s,t : jr −
[∣

∣

∣

√

hr

∣

∣

∣

]

+1≤ j ≤ jr,

ks −
[∣

∣

∣

√

hs

∣

∣

∣

]

+1≤ k ≤ ks

andlt −
[
∣

∣

∣

√

ht

∣

∣

∣

]

+1≤ l ≤ lt
}
∣

∣

∣

≤ lim
r,s,t

√
hr
√

hs
√

ht

hrhsht
= 0.

This implies thatS(PN)
θr,s,t

− lim x jkl = 0. On the other hand
N3− lim x 6= 0, since

Nx jkl (ε) =
ε

ε +
∣

∣x jkl

∣

∣

=















ε
ε+|x jkl | , for jr −

[∣

∣

√
hr
∣

∣

]

+1≤ j ≤ jr,

ks −
[
∣

∣

√
hs
∣

∣

]

+1≤ k ≤ ks

andlt −
[∣

∣

√
ht
∣

∣

]

+1≤ l ≤ lt
1 , otherwise

≤ 1.

This completes the proof.

Theorem 3.4.Let (X ,N,>) is a PN-space andθr,s,t be a

triple lacunary sequence. Then,S(PN)
θr,s,t

− lim x jkl = L iff
there exists a subset

K ={( jn,kn, ln) : j1 < j2 < j3 < ...;k1 < k2 < k3 < ...;

l1 < l2 < l3 < ...} ⊂ N×N×N

such thatδ θ
3 (K) = 1 andN3− limn→∞ x jnknln = L .

Proof. We first assume thatS(PN)
θr,s,t

− lim x jkl = L. Now, for
anyε > 0 andr ∈N, let

K (r,ε) =
{

( j,k, l) ∈ Ir,s,t : Nx jkl−L (ε)≤ 1− 1
r

}

,

M (r,ε) =
{

( j,k, l) ∈ Ir,s,t : Nx jkl−L (ε)> 1− 1
r

}

.

Thenδ θ
3 ({K (r,ε)}) = 0 and

i) M (1,ε)⊃ M (2,ε)⊃ ...⊃ M (i,ε) ⊃ M (i+1,ε)⊃ ...

ii) δ θ
3 ({M (r,ε)}) = 1, r = 1,2,3, ....

Now we have to show that for( j,k, l) ∈ M (r,ε), x =
(

x jkl
)

is N3−convergent to L. Suppose thatx=
(

x jkl
)

is notN3−
convergent to L. Therefore there isλ > 0 such that

{

( j,k, l) ∈ N×N×N : Nx jkl−L (ε)≤ 1−λ
}

for finitely many terms. Let

M (λ ,ε) =
{

( j,k, l) ∈ N×N×N : Nx jkl−L (ε)≥ 1−λ
}

,

λ >
1
r
(r = 1,2,3, ...) .

Then

iii) δ θ
3 ({M (λ ,ε)}) = 0 and by (i),M (r,ε)⊂ M (λ ,ε) .

Henceδ θ
3 ({M (r,ε)}) = 0 which contradict (ii). Therefore

x =
(

x jkl
)

is N3− convergent to L.
Conversely, suppose that there exists a subset

K ={( jn,kn, ln) : j1 < j2 < j3 < ...;k1 < k2 < k3 < ...;

l1 < l2 < l3 < ...} ⊂ N×N×N

such thatδ θ
3 (K) = 1 andN3− limn→∞ x jnknln = L . Then,

there existsko ∈ N such that for everyλ ∈ (0,1) and for
anyε > 0

Nx jkl−L (ε)> 1−λ ,∀ j,k, l ≥ ko.

Now

M (λ ,ε) =
{

( j,k, l) ∈ Ir,s,t : Nx jkl−L (ε)≤ 1−λ
}

⊂

N×N×N/{( jko+1,kko+1, lko+1) ,( jko+2,kko+2, lko+2) , ...} .
Therefore, δ θ

3 ({M (λ ,ε)}) ≤ 1 − 1 = 0. Hence, we

conclude thatS(PN)
θr,s,t

− lim x jkl = L.

Lemma 3.5.Let (X ,N,>) be a PN-space.

(i) If S(PN)
θr,s,t

− lim x jkl = L1 andS(PN)
θr,s,t

− lim y jkl =

L2, thenS(PN)
θr,s,t

− lim
(

x jkl + y jkl
)

= L1+L2.

(ii) If S(PN)
θr,s,t

− lim x jkl = L. and α ∈ R, then

S(PN)
θr,s,t

− lim αx jkl = αL.

(iii) If S(PN)
θr,s,t

− lim x jkl = L1 andS(PN)
θr,s,t

− lim y jkl =

L2, thenS(PN)
θr,s,t

− lim
(

x jkl − y jkl
)

= L1−L2.

Proof (i). Let S(PN)
θr,s,t

− lim x jkl = L1 and

S(PN)
θr,s,t

− lim y jkl = L2, ε > 0 and λ ∈ (0,1) . Choose

γ ∈ (0,1) such that(1− γ)> (1− γ) ≥ 1− λ . Then, we
define the following sets:

K1 (γ,ε) =
{

( j,k, l) ∈ Ir,s,t : Nx jkl−L1 (ε)≤ 1− γ
}

,

K2 (γ,ε) =
{

( j,k, l) ∈ Ir,s,t : Nx jkl−L2 (ε)≤ 1− γ
}

.

c© 2015 NSP
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SinceS(PN)
θr,s,t

− lim x jkl = L1, we haveδ θ
3 ({K1 (γ,ε)}) = 0

for all ε > 0 and sinceS(PN)
θr,s,t

− lim y jkl = L2, we get

δ θ
3 ({K2 (γ,ε)}) = 0 for all ε > 0. Now let

K (γ,ε) = K1 (γ,ε) ∩ K2 (γ,ε) . Then observe that
δ θ

3 ({K (γ,ε)}) = 0 for all ε > 0 which implies
δ3θ ({Ir,s,t/K (γ,ε)}) = 1. If ( j,k, l) ∈ Ir,s,t/K (γ,ε) , then
we have

N(x jkl−L1)+(y jkl−L2) (ε)≥ Nx jkl−L1

(ε
2

)

>Ny jkl−L2

(ε
2

)

> (1− γ)> (1− γ)≥ 1−λ .

This shows that

δ θ
3

({

( j,k, l) ∈ Ir,s,t : N(x jkl−L1)+(y jkl−L2) (ε)≤ 1−λ
})

= 0

so,S(PN)
θr,s,t

− lim
(

x jkl + y jkl
)

= L1+L2.

(ii) Let S(PN)
θr,s,t

− lim x jkl = L,, ε > 0 andλ ∈ (0,1) .
First of all, we consider the case ofα = 0. In this case

N0x jkl−0L (ε) = N0 (ε) = 1> 1−λ .

So we obtainN3− lim0x jkl = 0. Then from Theorem 3.3,

we haveS(PN)
θr,s,t

− lim0x jkl = 0. Now we consider the case

α 6= 0.SinceS(PN)
θr,s,t

− lim x jkl = L, if we define the set

K (λ ,ε) =
{

( j,k, l) ∈ Ir,s,t : Nx jkl−L (ε)≤ 1−λ
}

then, we can say that

δ θ
3 ({K (λ ,ε)}) = 0 for all ε > 0.

In this case

δ θ
3 ({Ir,s,t/K (λ ,ε)}) = 1.

If ( j,k, l) ∈ Ir,s,t/K (λ ,ε) , then

Nαx jkl−αL (ε) = Nx jkl−L

(

ε
|α|

)

>N0

(

ε
|α| − ε

)

= Nx jkl−L (ε)>1= Nx jkl−L (ε)> 1−λ

for α ∈ R (α 6= 0) . This shows that

δ θ
3

({

( j,k, l) ∈ Ir,s,t : Nαx jkl−αL (ε)≤ 1−λ
})

= 0

so,S(PN)
θr,s,t

− lim αx jkl = αL.
(iii) The proof is clear from (i) and (ii).

Definition 3.8. Let (X ,N,>) be a PN-space andθr,s,t be a
triple lacunary sequence. Then a triple sequence

x =
(

x jkl
)

∈ X is said to beS(PN)
θr,s,t

− Cauchy in PN-spaceX

if for every ε > 0 and λ ∈ (0,1) , there exist

M = M (ε) ,T = T (ε), P = P(ε) ∈ N such that for all
j, p ≥ M,k,q ≥ T andl,u ≥ P; the set

{

( j,k, l) ∈ Ir,s,t : Nx jkl−xpqu (ε)≤ 1−λ
}

has triple natural density zero.
Now using a similar technique in the proof of

Theorem 3.4, one can get the following result at once.

Theorem 3.6.Let (X ,N,>) be a PN-space andθr,s,t be a
triple lacunary sequence. Then, a triple sequence

x =
(

x jkl
)

∈ X is S(PN)
θr,s,t

− convergent if and only if it is

S(PN)
θr,s,t

− Cauchy in PN-spaceX .

Proof. Omitted.

4 Conclusion

In this paper we obtained some results on statistical
convergence for triple sequences in probabilistic normed
space. As every ordinary norm induces a probabilistic
norm, the results obtained here are more general then the
corresponding of normed spaces.

Acknowledgement

The authors thank the referees for their comments.

References

[1] K. Menger, Proceedings of the National Academy of Sciences
of the United States of America28(12), 535-537 (1942).

[2] G. Constantin and I. Istratescu, Elements of Probabilistic
Analysis with Applications, Vol.36 of Mathematics and
Its Applications (East European Series), Kluwer Academic
Publishers, Dordrecht, The Netherlands, 1989.

[3] B. Schweizer and A. Sklar, Pasific Journal of Mathematics
10, 313-334 (1960).

[4] B. Schweizer and A. Sklar, Probabilistic Metric Spaces,
North-Holland Series in Probability and Applied
Mathematics, North-Holland, New York, NY,USA, 1983.

[5] A. N. Serstnev, Dokl.Akad. Nauk SSSR149, 280-283 (1963).
[6] C. Alsina, B. Schweizer and A. Sklar, Aequationes Math.46,

91-98 (1993).
[7] S. Karakus and K. Demirci, Int.Jour.of Math.and

Math.Sci. Vol:2007, Article ID 14737, 11 pages,
doi:10.1155/2007/14737.

[8] H. Steinhaus, Colloq.Math.2, 73-74 (1951).
[9] H. Fast, Colloq Math.2, 241-244 (1995).
[10] T. Salat, Math. Slovaca30, 139-150 (1980).
[11] J. A. Fridy, Analysis,5, 301-313 (1985).
[12] A. Esi, Pure and Appl. Mathematica SciencesVol:XLIII,

No:1-2, 89-93 (1996).
[13] A. Esi and M. K. Ozdemir, J. Math. Comput. Sci.2(1), 23-

36 (2012).

c© 2015 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


2534 A. Esi, E. Savas: On Lacunary Statistically Convergent Triple ...

[14] B. C. Tripathy, Tamkang Journal of Mathematics,34(3),
231-237 (2003).

[15] B. C. Tripathy, Indian J. Pure Appl. Math.,35(5), 655-663
(2004).
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[29] E. Savaş and A. Esi, Annals of the University of Craiova,

Mathematics and Computer Science Series,39(2), 226-236
(2012).

Ayhan Esi was born
in Istanbul, Turkey, on March
5, 1965. Ayhan Esi got his
B.Sc. from Inonu University
in 1987 and M. Sc. and Ph.D.
degree in pure mathematics
from Elazig University,
Turkey in 1990 and 1995,
respectively. His research
interests include Summability

Theory, Sequences and Series in Analysis and Functional
Analysis. In 2000, Esi was appointed to Education
Faculty in Gaziantep University. In 2002, Esi was
appointed as the head of Department of Mathematics in
Science and Art Faculty in Adiyaman of the Inonu
University. In 2006, Esi joined the Department of
Mathematics of Adiyaman University. He is married and
has 2 children.

Ekrem Savas is a
professor of mathematics
at the Istanbul Commerce
University, Istanbul-Turkey.
He received M.Sc. (1983)
and Ph.D. (1986) degrees
in mathematics. As soon
as he completed Ph.D he went
to Utkal University in India
as visiting scholar under the

indo Turkey academic exchange programme for one year.
In 1988 and 1993 he became associate and full professor
of mathematics respectively. He has been many times at
department of mathematics of Indiana University of USA
under Fulbright programme and NATO grant to do joint
works with Prof. Billy Rhoades. Dr. Ekrem Savas’s
research covers broadly the sequence spaces and
summability. He has contributed numerous research
papers in reputed journals and he has supervised several
candidates for M. Sc. and Ph. D. degrees. He has actively
participated in several national and international
conferences.

c© 2015 NSP
Natural Sciences Publishing Cor.


	Introduction and Background
	Preliminaries
	Triple Lacunary Convergence in PN-spaces
	Conclusion

