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Abstract: In this paper we study the concept of lacunary statistical/ement triple sequences in probabilistic normed spands a
prove some basic properties.

Keywords: Double Statistical convergence, Triple sequence, t norohabilictic normed space

1 Introduction and Background In this paper we study the concept of lacunary
statistical convergent triple sequences on probabilistic

An interesting and important generalization of the notionnormed spaces. Since the study of convergence in

of metric space was introduced by Menggf {inder the  PN-spaces is fundamental to probabilistic functional

name of statistical metric, which is now called analysis, we feel that the concept of lacunary statistical

probabilistic metric space. The notion of a probabilistic convergent triple sequences in a PN-space would provide

metric space corresponds to the situations when we do na§ more general framework for the subject.

know exactly the distance between two points, we know

only probabilities of possible values of this distance. The

theory of probabilistic metric space was developed by S

numerous authors, as it can be realized upon consulting Preliminaries

the list of references in2], as well as those in34].

Probabilistic normed spaces (briefly, PN-spaces) aréNow we recall some notations and definitions used in this

linear spaces in which the norm of each vector is anpaper.

appropriate probability distribution function rather tha For the following concepts, we refer to Meng#} é§nd

number. Such spaces were introduced by Serstnev in 1963chweizer-Sklar4,5, 6].

[5]. In [6], Alsing et al. gave a pew defipition of Definition 2.1[1] A function f : R — R{ is called a
PN-spaces which includes Serstnev’s a special case an§ciribution function if it is non-decreasing and left

leads naturally to the identification of the principle c!ass ontinuous with i f(t) =0 and sup. f (t) — 1. We

of PN-spaces, the Menger spaces. An important family of i yenote the se?%?all(czistribution fu%?:%tio(ni iy

probabilistic metric spaces are probabilistic normed . ) )

spaces. The theory of probabilistic normed spaces id2€finition 2.2[1] A triangular norm, briefly t-norm, is a

important as a generalization of deterministic results ofbinary operation on [0,1] which is continuous,

linear normed space. commutative, associative, non-decreasing and has 1 as
It seems therefore reasonable to think if the concept offeutral element, that is, it is the continuous mapping

statistical convergence can be extended to probabilistick : [0,1] x [0,1] — [0,1] such that for alb,b,c € [0,1] :

normed spaces and in that case enquire how the basic (1)ax1=a,

properties are affected. But basic properties do not hold (2) axb=b xa,

on probabilistic normed spaces. The problem is that the (3)cxd > axbif c>aandd > b,

triangle function in such spaces. (4) (axb)xc=ax(bxc).
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Example 2.1 The * operations a concept for double sequences. After then Mohiuddine and
xb = max{a+b—-10}, a xb = ab and a  Savas 2223 and Savas and Mohiuddine24] have
sb=min{a,b} on[0,1] are t-norms. studied lacunary statistically convergent sequences and
Definition 2.3[3,4] A triple (X,N,x) is called a A —statistically convergent sequences in probabilistic
probabilistic normed space or shortly PN-space if X is anormed space, respectively. Recently Dutta et.2§] [
real vector spacelN is a mapping fromX into D (for have studied statistically convergent triple sequence
x € X, the distribution functiomN(x) is denoted byNy and ~ Spaces.

Ny (t) is the value ofNy att € R) and x is a t-norm  Definition 3.1. Let K C N x N be a two dimensional set

satisfying the following conditions: of positive integers and leK (n,m) be the numbers of
(PN-1)Ny (0) =0, _ . (k) in K such thatk < n,| < m Then the two
(PN-2)N (t) =1 forallt > 0if and only ifx=0, dimensional of natural density can be defined as follows:
(PN-3)Ngx (t) = Ny ‘ET‘ foralla € R\ {0}, The lower asymptotic density of a s& C N x N is
. . - K(nm
(PN-4)Nypy (s+1) > Nx (s) % Nk (t) for all x,y € X and defined ash (K) = limp minf (nm ) In case the sequence
steRy. K<r?r;]m> has a limit in Pringsheim’s sense, then we say
Example 2.2.Suppose thatx, ||.||) is a normed spage € that K has a double natural density and is defined as
D with p (0) =0 andu # h, where & (K) = limpm K(:&1m>~
0,t<0 Definition 3.2[26] A real double sequence= (X) is
h(t) = 1Lt>0" to be statistically convergent to L, provided that for each
>0
Define ht) 0 1
), x= P—lim — [{(k1): k<mandl <n,|xg—L|>€}|=0
Ny (t) = ; mn mn R — e = ’
(1) {u(‘T),X#O
N where the vertical bars denote the cardinality of the
w)?er:]eT Eif>\/(\;t g Ifan Ttr;]enf(ﬁ"t\il’*) Ir?d?/ Prlw\llz&sgace. FOr  enclosed set. In this case we writs- — limx = L or
example if we define the functiopsandv o y X — L ().
0,x<0 0,x<0 Definition 3.3.[27] The double sequend®s = {(kr,ls)}
H(X)= { %(,)?>0 V(X)) = {exl,x>0 is called double lacunary sequence if there exist two

increasing of integers such that

then we obtain the following well-knows norms:
g ko=0, hy =k — k1 e asr — w andlo = 0,

h(t),x=0 h(t), x=0 N
N, () = ’ My (1) = —|IX| hs=Ils—lg 1 — 0 ass— oo.
(0 {H;X,x;éo < {e( e

t ),x;«éo'

We recall the concept of convergence double Notationskrs= ks, hrs = hrhs, 6 sis determined by
sequences in a probabilistic normed space.
lrs={(k1): k_1<k<k andlg_; <1 <lg},
Definition 2.4[7] Let (X,N,x) is a PN-space. Then a re= (k1) e 1| <k s1<l<ls)
double sequence = (x|) is said to be convergent to o = L, Js= —— andgrs = G .
L € X with respect to the probabilistic norid if, for Kr—1 s-1 ’

everye > 0 andf € (0,1), there exists a positive integer o o
ko such thatNy,_( (€) > 1— 8 wheneverk,| > k. It is Definition 3.4[28] A subsetK of N x N x N is said to have

natural density); (K) if
denoted byN, — limx = L or x| Ny ask,| — co. ¥s(K)

K
% (K)=P— péim % exists
3 Triple Lacunary Convergence in PN-spaces -

where the vertical bars denote the numbefkof, m) in K
The idea of statistical convergence was first introduced bysuch thak < p,| < g,m< r.Then, a real triple sequenze
Steinhaus in 19518] and then studied by various authors, is said to be statistically convergentltaf for eache > 0
e.g. Fast 9], Salat [L(], Fridy [11], Esi [12], Esi and
Ozdemir [L3), Tripathy [14,15], Savas 16], Savas and S ({(kI,m eNxNxN: |xgm—L|>¢})=0.
Das [17], Tripathy and Mahantallg] Mohiuddine et.al . . )
[19] and many others and in normed space by Ka@g[ N this case, one writesiz — limi | mXi.m = L.
Karakus P1] has studied the concept of statistical Definition 3.1[29] Let (X,N,x) be a PN-space. Then, a
convergence in probabilistic normed spaces for singldriple sequence= (Xjk|) is said to be convergenttoe X
sequences. Karakus and Demir@] jhave studied this with respect to the probabilistic norkh provided that, for
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everye > 0 andA € (0,1), there exists a positive integer In

ko such thaNXjkl,L(e) > 1— A wheneverj,k,| > ko. Itis

denoted byN3 — limx = L or orx;y Ny asjk | — .

Definition 3.5.[29] Let (X,N, ) be a PN-space. A triple
sequencex = (xjiq ) is statistically convergent to € X
with respect to the probabilistic norkh provided that, for
everye > 0andA € (0,1)

:{(j,k,l): j<nk<mandl <s Ny, () < 1—)\}

has triple natural density zero, that iif n,m,s) become
the numbers ofj,k,1) in K

K(n,ms)
nms

lim

n,ms

=0.

In this case, one writesty, — limj | Xj x| = L, whereL
is said to bestn,—limit. Also one denotes the set of all
statistically convergenttriple sequences with respeittdo
probabilistic normN by sty .

Definition 3.6. The triple sequencé; sy =

{(vaksv )} is

this case we write Xjq N L(Sps) oOF
eTt) —limxjy = L and denote the set of all
59,5; convergent triple sequences in probabilistic

normed space ., ) -

By using (3.1) and WeII known density properties, one
can easily establish the following.
Lemma 3.1.Let (X,N, ) is a PN-space. Then, for every
€ >0 and y € (0,1), the following statements are

equivalent:
limr,s,t%)\{m 1) € st N (6) S1—y }| =0,
5 ({(J,(I;)I) € list 1Ny (8) 1y }) =
539({ J(Izl)l € lrs: Ny L (€ )>1—y}):

(iv)

limese pk: [{ (k1) € lest s N1 (8) > 1= v}| =1
Theorem 3.2.Let (X,N, %) is a PN-space ané s; be a

called triple lacunary sequence if there exist threetriple lacunary sequence. If a sequence (Xm) triple

increasing sequences of integers such that
Jo=0,h = jr—jr—1 — 0 asr — oo,
kozo, hs=ks—ks,l—>OOaSS—>00

and
lo=0, hy =l —l_q1 — w0 ast — co.

Letkrst = jrkslt, hrst = hrhshy and 6 s is determined by

:{(J7k7|) . jr—l< J S jr ,k371< k§ ks
andli_1 <1 <lIt},

Irst

i k.
ar = .J—ra%z —Saqt = andar.st = 0rGstk-
jr1 Ks_1 lt—1
LetK ¢ N x N x N. The number
1
0 .
o3 (K) = |rlmm H(, k1) €lese: (k1) € K}

is said to be theg; st — density of K, provided the limit
exits.

Definition 3.7. Let (X,N, %) be a PN-space arfii s; be a

triple lacunary sequence. We say that a triple sequencé

X = (xju) is said to beSy  — convergent to L in
probabilistic

normed space X
for short,Sg’Z) —convergent) if for every € > 0 and
ye(0,1),

63?({(1 K1) € lrst Ny - ()Sl—y}):

or equivalently

8 ({(i kD) Elrsc: Ny (&) > 1-v}) =

lacunary statistical convergent in probabilistic normed
spaceX, thensg’gt -limit is unique.

Proof. Omitted.

Theorem 3.3.Let (X,N,x) is a PN-space ané s; be a
triple lacunary sequence.Ns; — lim xj =L thensg':t) —
limx; = L. But converse need not be true.

Proof. Let N3 —limx;y = L. Then for every € (0,1) and
€ > 0, there exists a numbéio, ko,lo) € N x N x N such
that ijk|—L(5) >1—yforall j > jo,k >k, andl > Io.

Hencethese{(J K1) €lrst Nygy—Ly (€ )gl—y}has
natural density zero and hence
5? ({(j,k,l) Elrstt Ny 1, (8) <1— y}) =0, that is,

92\? —lim Xjk = L.

For converse part, we construct the following
example:
Example 3.1. Let (R,|.|) denote the space of real
numbers with the usual norm. Ledx b = ab and
Nk (€) = a+\x\ wherex € X ande€ > 0. In this case, we

observe tha(R N, ) is a PN-space. Define a sequence

(Xj ) by
ik, fOI‘jr [[vhe|]+1<j<ir,
y o~ (VA 1< k< ke
K= anont—\ he|] +1<1 <l
, otherwise
or £ and y € (0,1, let

(%8) = {(LK') € lrst: Ny (8) < 1—y}.Then

. &
K(V,E): (Jakal)eh,SJ — . ] 1 y
€+ x| ~
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= {(j,k,|) € lrst: |Xjk|‘ > 1VTEV>0}
={(:k 1) €lrst: x| =K}
={(ikh) el i = [| Ve

o i
andi - [| V][ +1<1 <1}

|+1<i<in

}+1§ks&

and so, we get

ughj$J{@mnenﬁ:L—H¢E}+1Sjsn,
o= [|Vhd] + 1<Kk

andl; — H\/HH r1<| th

RV
S |rl,rSTt] W =0.

This implies thats(e'?SNg —limx; = 0. On the other hand
Nz — limx # 0, since
Ny (€)

— 8 J—
£+ ]

m 7f0r jr_ H\/h—rH +1§ J < jra
ks — H\/h—s| +1<k<ks
andl; — |\/ﬁ|]+1§| <l
1 , otherwise

<1l

This completes the proof.

Theorem 3.4.Let (X,N,x) is a PN-space ané s be a
triple lacunary sequence. Theﬁgz:t) —limxjq = L iff
there exists a subset

K:{(jnaknaln): 1<je<ijz<..ki<k<ks<..
l1<lp<lzg< ..} CNxNxN

such that? (K) = 1 andNs — liMp e X}ty = L -
Proof. We first assume thzﬁg’z) —limx;q = L. Now, for
anye > 0 andr € N, let '

. 1
K(I’,E): {(Jakvl) S ILS,I: NXjk|—L(8) S 1_F}7

M (r,e) = {(j,k,l) € lat: Ny 1 (8) > 1_%}.

Thendd ({K(r,&)}) = 0and
H)M(L,e)DM(2,e) D...OM(i,e) DM(i+1,&)D...

i) oy ((M(r,e)})=1,r=123,...
Now we have to show that fdf, k1) € M (r,€), x= (Xju)

is N3 — convergent to L. Suppose that= (X;iq ) is NotNz —
convergent to L. Therefore there i2 > 0 such that

{(j,k,l)eNxNxN: ijkl,L(e)gl_A}
for finitely many terms. Let
M()\,e):{(j,k,l)eNxNxN: ijkI_L(£)21—)\},
A >% (r=123,...).
Then
iii) 2 ({M(A,€)}) =0and by ()M (r,e) CM(A,€).

Henced{ ({M (r,€)}) = 0 which contradict (ii). Therefore
X= (X ) is N3 — convergent to L.
Conversely, suppose that there exists a subset

K:{(jnaknaln): 1<jz<ijz<...ki<ko<kg<..
l1<lh<lz3<..} CNxNxN

such thats? (K) = 1 andNz — liMp e Xj ko1, = L - Then,
there existk, € N such that for every € (0,1) and for
anye >0

NXjk|*L (8) > 1—/\,\V/J,k,| 2 kO
Now

M(A,€) = {(j,k,l) €lrst: Ney-L () < 1—)\} c

NxNx N/ {(jk0+17 kko+17 |ko+1) ) (jko+27 kk0+27 lko+2) ) } :
Therefore, 69 ({(M(A,€)}) < 1 -1 = 0. Hence, we
conclude thasgg) —limxjq = L.
Lemma 3.5.Let (X,N,x) be a PN-space.

(i) If Sgoy —limxjq = Ly andSg) — limyjq =
Lo, thens(;z) —lim (X4 +Yju) = L1+ La.

(i) If s§~ —limxjq = L. and o € R, then
S(erjsNt) —lim aXjk = alL.

(i) 1f Sy~ —lim ;i = Ly andSy ) —limy;q =
Lo, thenSﬁ,';Nt) —lim (Xjkl _yjkl) =L1—Lo.
Proof (i). Let Sg;Nt) — limxjq = Ly and

S(G';Nt) —limyjy = L2, € >0 and A € (0,1). Choose
y € (0,1) such that(1—y) % (1—y) > 1—A. Then, we
define the following sets:

Ky (y,€) = {(j,k,l) € lrst t Nty (€) < 1—y},
J

KZ(Vag) = {(Jakal) S Ir,S,t: NXjk|7L2(€) S 1_V .
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SinceSg ) —limxjq = Ly, we haved{ ({K1(y,£)}) =0 M =M(e), T = T(e), P = P(¢) € N such that for all
for all s">O and sinceSt Y — limyyg = L t J,p=M.kq=Tandl,u=P;the set
9 st Yin = L2, we ge

3 ({Ka(y,€)}) = 0 for all & > 0. Now let CKD E e Ne o (£)<1—A
K(y.e) = Kui(y.€) N Ka(y,€). Then observe that {(J’ 1) € st gy —xgmy (£) < }

3 ({K(y,e)}) = 0 for all € > 0 which implies

030 ({lrst/K(y,6)}) =L If (j,k 1) € lrst/K(y,€), then
we have

has triple natural density zero.
Now using a similar technique in the proof of
Theorem 3.4, one can get the following result at once.

£ £ .
N, ‘ >N 1 (SYseNy, (S Theorem 3.6.Let (X,N, %) be a PN-space anis; be a
(0 —t2)+ (L) (8) = N Ll(2) Ny LZ(Z) triple lacunary sequence. Then, a triple sequence

S(1-y)xl-y)>1-A. X=(xju) € Xis nggt)— convergent if and only if it is

PN) ,
This shows that 5o — Cauchy in PN-spack.

0 . Proof. Omitted.
88 ({ (i) € lrst s Ny 1) (ype1p) () S1=A}) =0
50,84 — lim (X +Yju) = L1+ Lo. 4 Conclusion

i PN) _limxiu — : . -

. (i Lets(sr,st._llm Xjw =L, €>0andA € (0,1). | this paper we obtained some results on statistical

First of all, we consider the case af= 0. In this case convergence for triple sequences in probabilistic normed
space. As every ordinary norm induces a probabilistic
Nox;yg —oL (6)=No(g)=1>1-A. norm, the results obtained here are more general then the

, ) corresponding of normed spaces.
So we obtairNz — lim0x;y = 0. Then from Theorem 3.3,

we havesgfg'l> —lim0x;y = 0. Now we consider the case
a # O.Sincesg,':\'t> —limxj = L, if we define the set Acknowledgement
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