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Abstract: Srivastavaet al. [14] introduced the incomplete Pochhammer symbols that leach toatural generalization and
decomposition of a class of hypergeometric and other mklatections to mainly investigate certain potentially wuseflosed-form
representations of definite and semi-definite integralsadibus special functions. Here, in this paper, we use tregiat transforms
like Beta transform, Laplace transform, Mellin transforvidhittaker transformsK-transform and Hankel transform to investigate
certain interesting and (potentially) useful integrahsfrms the incomplete hypergeometric type functigngz] andp/q[z. Relevant
connections of the various results presented here witletimslving simpler and earlier ones are also pointed out.

Keywords: Gamma function; Beta function; Incomplete gamma functiohcomplete Pochhammer symbols; incomplete
hypergeometric functions; Beta transform; Laplace tramsf Mellin transform; Whittaker transformk-transform; Hankel transform

1 Introduction and Preliminaries We also recall the Pochhammer symbd), defined (for
A €C) by

The incomplete Gamma type functions lilgs,x) and

I (s,x), both of which are certain generalizations of the

classical Gamma functioii (z), given in @) and @),

respectively, have been investigated by many authors. They ), : = { 1 (n=0)
incomplete Gamma functions have proved to be important AA+1)--(A+n-1) (neN:={12 -~}24)
for physicists and engineers as well as mathematicians. I(A+4n) B
For more details, one may refer to the books2[5, 20, = T (A eC\Zy),
22] and the recent paper3,[L3,14,17,18] and [19] on the
subject.
The familiar incomplete Gamma functiopss, x) and B _
I (s,x) defined by whereZ, denotes the set of nonpositive integers (seg,
. [15, p. 2 and p. 5]).
y(s,X) 1= /0 t> e 'dt (O(s)>0;x>0), (1) The theory of the incomplete Gamma functions, as a
part of the theory of confluent hypergeometric functions,
and has received its first systematic exposition by Tricomi
F(sx) = /ootsfleftdt ) [21 in the early 1950s. Musallam and Kallz,9]
X considered a more general incomplete gamma function
(x>0; O(s) > 0whenx=0), involving the Gauss hypergeometric function and

established a number of analytic properties including

respectively, satisfy the following decomposition formul . . .
recurrence relations, asymptotic expansions and

y(sX)+T(sx)=r(s) (O(s)>0), computation for special values of the parameters. Very
wherer (s) is the well-known Euler's Gamma function recently, Srivastavaet al. [14] introduced and studied
defined by some fundamental properties and characteristics of a
_ © 1 family of two potentially useful and generalized
(s ':/o e dt (0(s) > 0). 3) incomplete hypergeometric functions defined as follows:
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2 Integral Transform of the Incomplete
y [(abx),a&... ap; Z] _ Hypergeometric functions
pYa L=
by, -, bg; In this section, we shall prove six theorems, which exhibit
o (a;X)n(az)n---(ap)n 2" 5) certain connections between the integral transforms such
nZO (b1)n- - (bg)n “nt as Euler transform, Laplace transform, Mellin transform,
Whittaker transforms, K-transform and Hankel transform
and and the generalized incomplete hypergeometric type
(a1,X),82,--- ,ap; | | functions p¥glZl and ply[Z given by 6) and 6),
plq b, ,bq; Z| .= respectively.
o [a1;Xn(82)n - (@p)n 2" ©) Theorem 1. Suppose that ¥ 0,a, 3 c Cand pqe

nZO (b1)n- -~ (bg)n o’

where(ag; X)n and[as; X, are interesting generalization of
the Pochhammer symbQ@} )y, in terms of the incomplete
gamma type functiong/(s,x) and I (s,x) defined as
follows

(A;x)v::w (A,veC; x> 0) @)
and
[A;x]v::w (A, veC;x>0). ®)

These incomplete Pochhammer symbdgls;x), and
[A;X]y satisfy the following decomposition relation:

AX)v+ Ay =A)y (A,veC;x>0).
9)

Np := NU{0}. Then we have

B (o .8y = D)

a,(ag, X),az, -+ ,ap,
p+1¥o+1 (G:—Lg bi b:' } (11)
and

: r(a)r (B)
B{prq[YZ]-a,B}ZWX

a,(ag,X),az, - ,ap,
prifgr1 El!iﬁ) bj b;)' Y}a 12)

where B{f(2) : a,} denotes the Eule{Betg) transform
of f(z) defined by(seee.qg, [12)]):

1
B{f(2):a,B) = /O 211 2P~ (2)dz

Proof Applying (5) to the Euler (Beta) transform irl8),

(13)

Remark 1. We repeat the remark given by Srivastava We get

et al [14, Remark 7] for completeness and an easier

reference. InJ), (2), (5), (6), (7) and @), the argument
x> 0 is independent of the argument C which occurs

in the 6) and @) and also in the result presented in this

paper. Since (see,g, [14, p. 675])
[(A3%)n] < [(A)nl @and|[A;X]n] < [(A)n]

(neN;A €C;x>0), (10)

the precise (sufficient) conditions under which the infinite

series in the definitions5f and @) would converge
absolutely can be derived from
well-documented in
hypergeometric functiopFy (p,q € N) (see, for details,

those that are
the case of the generalized

[ 702 puivaaz

1
_ / A1(1—2)B1x
0

ZO<au:x>n<az>n---<ap>n 2",

(b1)n- - (bg)n n!

By changing the order of integration and summation in and
using the Beta functioB(a, 3) (see, e.g.,15, p. 8)):

(14)

/ fa-1(1_f-1gt (O(a) > 0;0(B) > 0)

[10, pp. 73-74] and]6, p. 20]; see alsod]). B(a.B) =
FOrB) 4 gec\zz)

Integral transforms are widely used to solve Fa+p) o
differential equations and integral equations. So a lot of (15)
work has been done on the theory and applications of
integral transforms. Most popular integral transforms areV® get
due to Euler, Laplace, Fourier, Mellin, Hankel and so on. 120,_1 B-1
Here, in this paper, we use the integral transforms like /o (1-2"""pylyzdz
Beta transform, Laplace transform, Mellin transform, (@1:X)n(@2)n-- - (@p)n
Whittaker transformsK-transform and Hankel transform = : P
to investigate certain interesting and (potentially) usef — n=0 (B1)n--- (bg)n
integral transforms for incomplete hypergeometric type r(a+nrp) y" (16)

functionspyg(Z andplq(Z. r(a+B+n) nl
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which, upon usingX), yields our desired result (). and terminating at the end poings+ic (o € R) with the
It is easy to see that a similar argument as in the proofusual indentations in order to separate one set of poles
of (11) will establish the resultl2). This completes the from the other set of poles of the integrand. Then we have

proof of Theorem 1.

Theorem 2. Suppose that ¥ 0, O(s) > 0, a € C,
p,q € Ng and || < 1. Then we obtain

L{Z* pyalyZ}

I(a a,(ag,x),az,- - ,ap;
T o b ﬁ] (17)
and
L{Z"* prolyZ}
_ r(a) a?(alax)7a27"' ,ap; y
o piila by by s)’ (18)

where L{f(z)} denotes the Laplace transform f{z)
defined by (seel?):

L{f(2)} = / e 5% (2)dz (19)
0
Here we assume both sides of above results.exist

Proof Applying (5) to the Laplace transform inLg), we
get

T

(aa; )n(az)n ‘(@) (y2"
g nZO (b1)n--- (bg)n n (20)

By changing the order of integration and summation an
using the known Laplace transform (see, e.dll, [

Eq.(2.2))):
Ly =" 0w s 10 >0,
(21)
we get
/Oooz"’*lefszpyq[yjdz
i (al;x)n(aZ)n"'(ap)n r(a+n)( ) (22)

:n:() (br)n---(bg)n 7"
which, upon usingX), yields our desired resulL().

By following the same procedure as in the proof of

the result 17), one can easily establish the resulB)

Therefore, we omit the details of the proof of the result

(18). This completes the proof of Theorem 2.

Mellin transform
assertions giving Mellin-Barnes contour
representations of the incomplete
hypergeometric functiongy, [z andplq[Z.

Lemmal(see L4, Theorem 18])Let £ = £ ;.+ix) bE

a Mellin-Barnes-type contour starting at the poimt- i

is based on the preliminary
integral and its inverse Mellin transform nt

generalized

pYa [(AD’X)E Z} = ph {(al,x),az,-.. 'Gp: z}

Bq, bl,"',bq;
_ 1 I(by)--- T (by)
2 (a1)---T (ap)
/ y(@ar+sx)I (az+s)---I (ap+9S)I (—9)
e F(by+s)---T (bg+s)
I(-s)(-2%ds (23)
and
[P0 [
_ 1 I (by)---I(bg)
S 2mil ()T (ap)
/ Mar+sx) (ag+9)---I(ap+9)(—9)
e [(by+s)---I(bg+s)
I (-s)(-2%s (24)
where|arg(—z)| < TT.

Remark 2 (see L4, Remark 7]). In their special case
when p—1 = q = 1, the assertions2@) and @4) of
Lemma 1 would immediately yield the corresponding
Mellin-Barnes type contour integral representations for
the incomplete Gauss hypergeometric functieps and

d2l‘ 2, respectively.

Theorem 3. Suppose %> 0, 0(s) > 0, we C and
p, q € Np. Then we have

~ T(by)---T(bg)
)= Fan - Fay)

S.w (@5

M {pyq—wt

" y(@+sx)(ax+9)--
[(bi+s)---I

l'(ap+s)l'(—
(bg+s)

and

- I (bg)
M{ plg[—wWt]);s} = —————< %
{P ql— } /-(ap)
MNai+sx)(az+9)-- l'(ap+s)l'(—s)
[(bi+9)---(bg+9)
where M{ f (2); s} denotes the Mellin transform of(Z)
defined by(see, e.g.[7, p.46, Egs. (2.1) and (2.2)]:

WP (26)

M {f(2);s} :/mzs‘lf(z)dz: f(s,0(>0  (27)

f(s) =M ()] = » - /fT(s)t‘sds (28)

Here we assume that both members of the Mellin
transforms exist
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ProofSettingz= —¥ in (23), we get also 6, p. 79)):

3 I(by)--- T (bg) /mt"‘le“/ZWA (t)dt
pYal—wt] = ZmF(a) ( )>< 0 . M )
/ y(ag+sx)I (a2+s) F@p+9r(-s) _FGHptvl(G—p+v) (33)

F(by+s)---T (bg+5) F1-A+v)
1
r(-s) (VTV)Sds (29) (D(viu) > —5) :

Using 8) in the resulting identity, Equation29) we obtain
immediately leads to25). 2 (aX)n(@)n- - (@p)n

Following the same procedure, one can easily establish .2 =8 °
the result 26). nZO (b1)n- - (bg)
W' (G+Hu+p+n (3—H+p+n)

: (34)
Theorem 4. Suppose that * 0, p, d,A, u e Cand O™ F1-A+p+n)
p, g € No. Then the following integral relations hald which, in view of 6), yields our desired resul8().
© 1. ot It is easy to see that a similar argument as in the proof
/0 e Wi u(3t) pya[wi]dt of (30) will establish the result31). This completes the
roof of Theorem 4.
rG+u+prG-u+p) P

= 67p

ra—a
1 1 ( +P) Theorem 5. Suppose thatx 0,0(u) > 0,p,v,we C
S HUApP, S —HAp,(a1,X), 8, 8 W andp, g € Np. Then the following integral formulas hald
X pr2Ygt1 | 2 =

D ® P
(1=A+p),by,- ,bg; / tP‘lKv(ut)qu[vvtz]dt=} 2) ey
(30) 0 4\ u 2
and prv p—v (al X) ao,---,ap; 4w (35)
. p+2yq 2 9 2 9 s Ny ) s 4p ?
/0 tP~Le 32y, | (3t) pgwildt by, bg;
and

F(3+u+p) (53— H+p) ,
ra=A+e) /0 tP~ Ky (ut) plg[wt’]dt = - <2> [_(piv)

—5F

}+u+p }—u+p (a1,), & ap; W A ?
><p+2rq+1[2 '3 (a1,%), 82, p-g]. p+v p—v(alx) a.- .ag: AW (36)
(1_/\+p)7b17...7bq' Xp+2rq 2 ) 2 ) s )y A2,y ) p,? .
(31) bl7 7bq;
Here we assume that both members of the WhittakeHere we assume that both members of thé&rafisform
transform transform exist exist

ProofFor simplicity and convenience, le¥’ be the left-  ProofBy applying 6) to the integrand of35) and then
hand side of30). Settingdt = v in ., we have interchanging the order of integral sign and summation,
which is verified by uniform convergence of the involved
series under the given conditions, we get

© sy\p-1
.Zz/ - e VAW, (V) x %
0 (5) V) /tp_lKV(ut)pyq[Wtz]dt

o (a;X)n(@2)n - (@p)n  (wv)"
. dv. n
nZO (b1)n- - (bg)n onon! _ ZO al' )(ap) (Vr;? y
n H
Changing the order of integration and summation, we get / tp+2”‘1K wtdt @37)
v(ut)dt.
Y 5p < (@@ @ph (W) 0
N nZO (b1)n--- (bg)n onn! Now, if we use the integral formula involving theé-
® function (seee.qg, [7, p. 54, Eq.(2.37)]; see als6,[p. 78]):
/ VP LeV/2, | (v)dv. (32) o
0 / P~ 1K, (at)dt = 2022 P T (p ) 38)
Now, if we use the integral formula involving the 2
Whittaker function (seee.g, [7, p. 56, Eq.(2.41)]; see (O(a)>0; O(p) > |O(v)]),
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we find
[ K (ut) gyl = 20-2(u)
0

< (@1 X)n(@2)n--- (@p)n  (4W)"

) nZO (by)n- - (bq)n u2nn!

p+v p—v
><I'< . +n)l‘( . +n),

which, on using %), yields our desired resul8b).

(39)

which, on using the known identity (se=g, [15, p. 5, EQ.
(23)))
(=1)"

(A)fn = ma

in view of (5), yields our desired result().

It is easy to see that a similar argument as in the proof
of (40) will establish the result41). This completes the
proof of Theorem 6.

It is easy to see that a similar argument as in the proof

of (35) will establish the result36). This completes the
proof of Theorem 5.

Theorem 6. Suppose ¥ 0,0(u) >0,p, v,we Cand
p, g € Np. Then the following integral formulas hald

°° 1/2\° (&Y
P13, (ut V\/tzdt:—(—> -2
/0 v(ut) pyg(wt] 5\ 4 (1+Tp)
p+v v—p .
« p+2yq 2 ) 2 7(alax)7 a-27 7ap1 _ 4_VV (40)
bla"'abq; u
and
o 1/2\P ['(p_JrV)
p-1 24— = (£ 2
|2 ) gt 2(u> FarTE
p+v v—p .
Xp+2rq 2 9 2 7(alax)7a27 7ap1_4_W ’ (41)
bla"'abq; u

where(—-0(v) < O(p) < %). Here we assume that both
members of the Hankel transform exist

ProofBy applying 6) to the integrand of40) and then

interchanging the order of integral sign and summation,

which is verified by uniform convergence of the involved
series under the given conditions, we get

|30 ut prglwt?la
0

3 Special Cases and Concluding Remarks

We consider some further consequences of main results
derived in the preceding sections. To do this, we recall the
following two standard formulael] p. 79, Egs. (14-15)]:

J_1/2(2) = 1/7_% cosz and Jy»(2) = 1/7_% sinz. (45)

Settingv = i% for the parameter values of the Bessel
function of first kind in 40) and @1), we obtain two
further pairs of integral formulae as follows:

Case lv = %;sz,D(u) >0,p,u,we Candp, qe Np.

1 2)p-3 (%7
tP~Lsin(ut) pyy[wt?]dt = rr(
/o (ut) pyg[wt] \/_up—% l'(1+12”)
ﬂ’ﬂ’(al’x)’a27...7ap; 4w
X p+2¥q 4 4 2
bla"'abq;
(46)
and
® o1 2—2 (%2
tP~Lsin(ut) ,rg[wt?]dt = n(
J, sy it VRS
20+1 1-2p
7—7avxaa7"'7a; 4w
bla"'abq;
(47)

_ o (a1;X)n(@)n - (@p)n  (W)" y Case v = —1;x>0,0(u) > 0, p, u,we C andp, q € No.
nZo (b1)n- -+ (bg)n n! 210-3 2041
® ptan-1 / tP~tcoqut) [Wtz]dt—\/ﬁ() : (%)
/0 tPH20-13 (Ut dit. (42) A FETE
Now, if we use the integral formula involving the- 2p+11-2p (ag,x),ap,---,ap;, 4w
function (see, e.g.7] p. 57, Eq. (2.46)]): Xpu2Vg| 4 7 4 TR TR &
) 1o M55 by, -+ bg;
P13, (at)dt=2"ta P—2 " 43
| @y FareE (43) (48)
3 and
O(a) > 0,—-0(v) <O(p) < —), o p-3 (20l
( 2 / tP~tcogut) prq[wtz]dt:\/r_r(z) Z ( 5
we obtain 0 w2z [(14+=%7)
/ P13, (ut) pygwt?]dt = 2P~ (u) P x 2p+1’1—2P-,(a1,x),az,--- ,ap, 4w
0 ><|o+2’_q 4 4 2l
 (a;X)n(@2)n - (@p)n (4W)" T (P57 +n) (44) by,---,bg;
nZO (ba)n--- (bg)n u?n! I'(ZJFP%—n)7 (49)
(@© 2015 NSP
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We, now, briefly consider some further consequenceg5] Y. L. Luke, Mathematical Functions and Their
of the results derived in this section. Following Srivastav ~ Approximations Academic Press, New York, San Francisco

et al. [14], when x = 0, both pyy (p,q € N) and ply and London, 1975. . .
(p,q € N) would reduce immediately to the extensively [6] A.M. Mathai and R. K. Saxendzeneralized Hypergeometric
investigated generalized hypergeometric functigh, Functions with Applications in Statistics and Physical

(p’ ge N) Furthermore, as an immediate consequence of SCienceSLeCt.Ure Note Series No. 348, Springer, 1973.
the definition 6) and €), we have the following [71A. M. Mathai, R. K. Saxena and H. J. Haubold@he H-

decomposition formula: Function Theory and ApplicationsSpringer, Dordrecht,
2010.
(a1,x),az,--- ,ap; (a1,X),az, - ,ap; [8] F. Al-Musallam and S. L. Kalla, Asymptotic expansions
pYa by, bg; Z| + plq by, ,bg; z for generalized gamma and incomplete gamma functions,

Applicable Anal66 (1997), 173-187.
= ag, - ,ap;z (50) [9] F. Al-Musallam and S. L. Kalla, Further results on a
- A by, ,bg; ’ generalized gamma function occurring in diffraction theor
Integral Transforms Spec. Funat(3-4) (1998), 175-190.
in terms of the generalized hypergeometric functiffy  [10] E. D. Rainville, Special FunctionsMacmillan Company,
(p,q € N). Therefore, if we sex = 0 or make use of the New York, 1960; Reprinted by Chelsea publishing Company,
result 60), Theorems 1 to 6 yield the various integral Bronx, New York, 1971.
transforms involving the generalized hypergeometric[11]J. L. Schiff, The Laplace Transform, Theory and
function pF. Applications, Springer-Verlag New York, Inc., 1999.
The generalized incomplete hypergeometric typel[12]1. N. Sneddon,The Use of Integral TransformsTata
functions defined by5) and @) possess the advantage = McGraw-Hill, New Delhi, 1979. . o
that a number of incomplete gamma functions andl[13] H. M. Srivastava and P. Ag_arwal_, Certain fractionakgnal _
hypergeometric function happen to be the particular cases Operators and the generalized incomplete Hypergeometric
of these functions. Further, applications of these fumstio __functions, Appl. Appl. Math. 8(2) (2013), 333-345.
in communication theory, probability theory and [141H-M. Srivastava, M. A. Chaudhry and R. P. Agarwal, The
groundwater pumping modeling are shown by Srivastava |hncomplete P(_)chha(;nmzler sgn;bols_ and thellr apph(;anons o
et al. [14]. Therefore, we conclude this paper by noting Sypergeometr'c and related functioriategral Transforms
S pec. Funct23 (2012), 659—-683.
that, the' results deduced apove are S|gn|f|can_t and'caﬂ5] H. M. Srivastava and J. Chdlgeta and g-Zeta Functions and
lead to yield numerous other integral transforms involving

. . . ; L Associated Series and Integralssevier Science Publishers,
various special functions by suitable specializations of A sterdam. London and New York. 2012.

arbitrary parameters in the theorems. More importantly,.16] 4. M. Srivastava and P. W. Karlsson, Multiple Gaussian
they are expected to find some applications in probability” Hypergeometric Series, Halsted Press, (Ellis Horwood
theory and to the solutions of integral equations. Limited, Chichester), John Wiley and Sons, New York,
Chichester, Brisbane and Toronto, 1985.
[17] R. Srivastava, Some properties of a family of incomplet
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