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Abstract: Hesitant fuzzy sets (HFSs), which were generalized fromyfisets, constrain the membership degree of an element to be
a set of possible values between zero and one; furthermon® ibr more decision-makers select the same value, it is coiyted
once. However, a situation where the evaluation value isateu several times differs from one where the value appedysonce.
Multiset hesitant fuzzy sets (MHFSs) can deal effectiveithva case where some values are repeated more than once RSarirH

this paper, the new comparison method and corresponditendis of multiset hesitant fuzzy elements (MHFES) are thioed. Then,
based on the traditional TODIM and Choquet integral methadwsvel approach for multi-criteria group decision-mak{MCGDM)
problems, where the criteria are interdependent or intieesand the decision makers have a bounded rationalitypizgsed for ranking
alternatives. Finally, an example is provided in order tafyehe developed approach and demonstrate its validity feasibility.
Furthermore, comparative analysis is presented by utjihe same example as well.

Keywords: Multi-criteria group decision-making, multiset hesitdntzy sets, TODIM, Choquet integral

1 Introduction Zadehs FSs, were introduce@, 7,8]. To date, IFSs and
IVIFSs and their extensions have been widely applied in
In many cases, it is difficult for decision-makers to solving MCDM problems$,10,11,12,13,14,15,16,17] ;
precisely express a preference when attempting to solvBowever, in actual decision-making problems, the degrees
multi-criteria decision-making (MCDM) problems with in FSs, IFSs and IVIFSs can be a set of real numbers or
inaccurate, uncertain or incomplete information. Zadehgntervals instead of only one.
fuzzy sets (FSs)], where the membership degree is To manage situations where people are hesitant in
represented by a real number between zero and one, aexpressing their preference regarding the relevant abject
regarded as an important tool to solve not only MCDM in a decision-making process, hesitant fuzzy sets (HFSs),
problems, 3], but also for working with fuzzy logic and another extension of traditional FSs, provide a useful
approximate reasoningd], and pattern recognition5]. reference. HFSs were originally defined by Tort8,[L9]
However, a major drawback of FSs is that single valuesand allow a membership degree to have different possible
cannot convey information precisely. precise values between zero and one. Recently, HFSs
In fact, the information regarding alternatives, when have been the subject of a great deal of research and have
referring to a fuzzy concept, may be incomplete, i.e., thebeen widely applied to MCDM or multi-criteria group
sum of the membership and non-membership degree odecision-making (MCGDM) problems. For example,
element in the universe can be less than one. The FSome work on the aggregation operators of HFSs have
theory fails when it comes to managing the insufficientbeen undertaken 2p,21,22,2324,25,26] and the
understanding of membership degrees. Thus, Atanassovisorrelation coefficient, distance and correlation measure
intuitionistic fuzzy sets (IFSs) and interval-valued for HFSs were developed??,28,29,30. Furthermore,
intuitionistic fuzzy sets (IVIFSs), both extensions of Zhang and Wei 31] developed the E-VIKOR method to
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solve MCDM problems with HFSs. Zhang and X827 of the criteria are assumed to be independent of one
proposed the TODIM method, which was based onanother. However in real life decision-making problems,
measured functions with HFSs. Qian and War8g][ the criteria of the problems are often interdependent or
generalized HFSs and utilized the aggregation operatorgteractive. This phenomenon is referred to as correlated
to solve MCDM problems. Zhu et al34,35] proposed criteria in this paper. The Choquet integral?] is a
dual HFSs and outlined their operations and propertiespowerful tool for solving MCDM and MCGDM problems
However, in any associated distance measures, twavith correlated criteria and has been widely used for this
hesitant fuzzy elements (HFEs) should be of equal lengttpurpose 43,44,45,46,47,48,49,50]. For example, Yager
and must be arranged in ascending order. If the two HFE$43] extended the idea of order induced aggregation to the
being compared have different lengths, then the value ofChoquet aggregation and introduced the induced Choquet
the shorter one should be increased until both are equabrdered averaging (I-COA) operator. Meyer and Roubens
In order to address these shortcomings, Wang et38é]. [ [44] proposed the fuzzy extension of the Choquet integral
proposed an outranking approach with HFSs to solveand applied it to MCDM problems. Yu et af] used the
MCDM problems. Furthermore, Chen et @7] proposed  Choquet integral to propose a hesitant fuzzy aggregation
interval-valued hesitant fuzzy sets (IVHFSs) and someoperator and applied it to MCDM problems within a
aggregation operators and applied them to MCGDMhesitant fuzzy environment. Tan and Cherlg]
problems. Wei and Zhao 3f] introduced Einstein introduced the intuitionistic fuzzy Choquet integral
operations to IVHFSs and applied them to MCDM operator. Tan 47] defined the Choquet integral-based
problems. Farhadinia3p] discussed the correlation for Hamming distance between interval-valued intuitionistic
dual IVHFSs and Peng et al4(Q] introduced a MCDM  fuzzy values and applied it to MCGDM problems.
approach with hesitant interval-valued intuitionistiezy =~ Bustince et al. 48] proposed a new MCDM method for
sets (HIVIFSs), which is an extension of dual IVHFSs. interval-valued fuzzy preference relation, which was
Having reviewed the extant research, Rodriguez e#d]. [ based on the definition of interval-valued Choquet
summarized the current state of, and proposed futuréntegrals. Wei et al. 49 developed a generalized
directions for, HFSs. However, four main shortcomings of triangular fuzzy correlated averaging (GTFCA) operator
the existing methods of dealing with HFSs have emergedased on the Choquet integral and OWA operator. Finally,
from the research to date. (1) The aggregation operatorg/ang et al. 0] developed some Choquet integral
that are involved in those methods are related to differenfaggregation operators with interval 2-tuple linguistic
operations, which also lead to different rankings. information and applied them to MCGDM problems.
Moreover, it is very difficult for decision-makers to A further problem is that the aforementioned MCDM
confirm their judgments when using operators that haveand MCGDM methods that are used within a hesitant
similar characteristics and which always need a largefuzzy environment are based on rational choices.
amount of computation. (2) Both distance measures andHowever, a decision-maker is usually influenced by his or
similarity measures should satisfy the condition that allher personality, psychological state and risk preferesce a
HFEs must be arranged in ascending order and be ofvell as by environmental and other factors. Therefore in
equal length as we discussed earlier. However, in suclthe actual decision-making process, decision-makers have
cases, different methods of extension could producea bounded rationality. As a means of overcoming this
different results. (3) The existing comparison methodsshortcoming, prospect theory (PT) was firstly developed
have certain problems when reflecting the preferences ofy Kahneman and Tverskyp]] in 1979. Subsequently
decision-makers. (4) The existing methods do not clarify:cumulative prospect theory (CPT), which introduced
how to solve a situation where there is a repeated value itapacity probability and contributed a solution for the
the evaluation of alternatives; and in particular, whetherproblem of strong dominance and any number of
decision makers can give more than one value (possibleutcomes not resolved by PT, was also developed by
membership degrees of an element) for each criterion oKahneman and Tversky in 19957]. To date, PT and
not. At the same time, the situation where the evaluationCPT theories and applied research have been widely used
value is repeated more than once is actually different fromin the asset pricing modeb§], behavioral financed4],

that where a value appears only once. For exampletax decisions$5] and risk investmentd6]. Subsequently,
decision-makers may deem that the possible membershi@omes and Lima §7,58] proposed the TODIM (an
degrees by which an alternative is assessed against ttecronym in Portuguese of interactive and multi-criteria
criterion excellent are 0.5, 0.6 and 0.6, which is expressediecision-making) method based on PT, which could solve
by 0.5, 0.6 in the form of an HFE. However, the set of MCDM and MCGDM problems where the criteria values
evaluation values 0.5, 0.6 are different from 0.5, 0.6, 0.6,were in the form of precise values. More recently, the
which can lead to information loss in the data collection TODIM method has been widely applied to various fields,
process. Fortunately, as they are generalized from HFSsuch as the evaluation of residential propert&d,[the
multiset hesitant fuzzy sets (MHFSs) can overcome thesselection of natural gass destinatid@®], oil spills in the
shortcomings and deal with the case where some valuesea p1] and project investmen6p].

may be repeated more than once in an HFS. Furthermore, However, TODIM also plays an important role in
in those decision-making methods mentioned above, mostolving MCGDM problems where decision-makers have
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bounded rationality, whilst the Choquet integral has awhere {x : f(x) > t} € P(X) for Wt € R". If
critical role in handing MCGDM problems with X = {x3,%p,...,X} is a finite set, then the discrete
correlated criteria. Therefore, developing a method ofChoquet integral can be described as:

combining these two methods in order to solve multiset
hesitant fuzzy MCGDM problems with correlated criteria

is seen as a valuable research topic.

The rest of this paper is organized as follows. In or
Section 2, the Choquet integral is reviewed and a
definition, as well as the properties, of HFSs is provided.
Moreover, the accuracy function and comparison method
are also introduced. Section 3 provides a definition of
MHFSs and introduces a related operation and novelwhere (o(1),0(2),...,0(n))
comparison method. In Section 4 the extended TODIM(1,2,...,n), such that 0< f(x

J fdu= . 1Ot (H(Aot) ~ H(Agiize): - ()

= 3 (1000) = 1000 (Ao (3

is a permutation of
o) < flXoz) < ... <
{Xo(i)axg(i+1), e 7X0(n)}

method based on the Choquet integral within a multisets (Xo(m): F(Xa(0) = 0,Aq()

hesitant fuzzy environment is developed and applied toandH(Aa<n+1>) —0.

MCGDM problems. In Section 5 an example to illustrate

the practical application of the developed approach is
provided. Finally, some conclusions are drawn in Section

6.

2 Preliminaries

Example 1. Let X = {x3,%2,X3}, X1 < X2 < X3, and
f(x) = 2% then f(x1) < f(x) < f(x3s), soO
0(1) = 1,0(2) = 2,0(3) = 3,A1 = {X1, X2, %}, A
{X2,x3},As = {X3}. Suppose u(x1) = 0.3,1(x2)
0.25 u(xs) = 0.37,u{xq, %z} 0.52, i{x1, X3}
0.65, u{xz,x3} = 0.45 u{xs,x2,xs} = 1; if they are

calculated by using Eq. (3), then the following is

In this section, fuzzy measure, the Choquet integral ancbtained:

the definition of HFSs are reviewed. Some operations and, fdu

comparison laws of HFSs, which will be utilized in the
latter analysis, are also presented.

2.1 Fuzzy measure and the Choquet integral

Let X = {x1,%,...,%n} be the set of the criterid&(X) be
the power set oK, then the fuzzy measuyeis defined as
follows.

Definition 1[63].A fuzzy measureu on the seiX is a set
function p : P(X) — [0,1] and satisfies the following
axioms:

(D(2) =0, u(X) = 1;

(2)ifB C C C X,theru(B) < u(C);

(3u(B U C) = u(B) + U(C) + p(B)u(C)for
VB,C C X,BUC = &, wherep € (—1, +).

In Definition 1, if p = 0, then the third condition is
reduced to the additive measure:

for vB,C C X,andBNC = @, u(BUC) = u(B) + u(C).

If the elements oB are independent, then foB C X,

B) = i)
u(B) K;u(m)

In Definition 1, if p = 0, then the fuzzy measure is a

1)

probability measure and the elements are independent;

(fx1) — f(Xo0))u(A) + (f(x2) —
foa)u(de)  +  (f(xa) f(32))H(Ag)

(24 —0) x 14 (22— 24) x 0.45+ (2% — 2%2) x 0.37.
If x; =1,% = 2,x3 =3, then we havd, fdu = 4.38.

2.2 HFSs and their operations

Definition 3[18,19].Let X be a universal set; an HFS &n
is in terms of a function that when applied Xoreturns a
subset of0, 1], which can be represented as follows:

E = {(xhe(x))[xe X}, (4)

where hg(x) is a set of values irf0,1], denoting the
possible membership degrees of the elenxentX to the
setE. hg (x) is called a hesitant fuzzy element (HFEY],
andE is the set of all HFEs.

Torra [18,19] defined some operations on HFEs, and
Xia and Xu R0] defined some new operations on HFEs as
well as the score functions.

Definition 4[20]. Let hy,h, andh be three HFEs)A > 0,

and four associated operations can be defined as follows:
(1) @-unionhy @ ho = Uy chy oo {1 + Vo — Y1 X Vol

%2) &-intersection; @ hy = Uy, ehy poen, {1 X Y2}
3) MultiplicationAh= Uyen{1— (1—y)x};

—1<p <0, then a redundant relation exists among (4) Exponentiatiorh, =Uyen{na}.
elements; ifp > 0, then a complementary relation exists Example 2. Let hy = {0.1,0.2} andh, = {0.1,0.3,0.5}

among elements.
Definition 2[42]. Let u be a fuzzy measure on

(X,P(X)), f : X = [0,+), then the Choquet integrdl
on with respect tu can be defined as follows:

+oo
/fdu:/ u({x: £(x) > thdt,
X 0

be two HFEsA = 2, and then we could get:
(1) h? = {0.1%,0.2%} = {0.01,0.04};

(2) 2h; = {0.19,0.36};

(3) hy @ h, = {0.28,0.37,0.55,0.44,0.60};
(4)hy®hy ={0.02,0.03,0.05,0.06,0.1}.
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Definition 5[20Q]. For a HFEh, s(h) = ﬁ Y yen Yis called
the score function oh, wherel(h) is the number of
elements irh. For two HFEsh; andhy, if s(hy) > s(hy),
thenhy > hy; if s(hy) = s(hy), thenhy = h,.

The shortcoming of using Definition 5 when
comparing two HFEs, is illustrated in the following
example.

Example 3. Let h; = {0.5},h, = {0.2,0.8} and
hs = {0.2,0.5,0.8} be two HFEs. It becomes clear that
hy # h, # hz. However, by applying Definition 5,
s(hy) = s(hy) = s(hg) can be obtained, and thus
h; = hy = hg, which is contradictory to our intuition.

introduced.
Definition 8[18].Let X be a universal set; an MHFS oh

is in terms of a function that returns a multi-subsefiofl
when applied toX. It can be represented in the following
way:

E = {(xHe(¥)xe X}, (6)

whereHg (x) is a set of values if0, 1], denoting the set of
the possible membership degrees of the elemenX to
the setE. In any He(x), the values are allowed to be
repeated several timeldg (X) is called a multiset hesitant
fuzzy element (MHFE), andE is the set of all

Moreover, it is noted that different aggregation HFEs.Seemingly, any HFS is a special case of a MHFS.

operators based on different operations could lead tqapparently, the operations on HFEs in Definition 4 can
different aggregation results, which also lead to différen g|so be suited for MHFES.

rankings B6].

In order to overcome this counterintuitive problem,

Farhadinia §4] defined a new score function.
Definition 6[64]. Let h = Uych = {yj|i = 1,2,...,1(h)}

be an HFE, wheré(h) is the number of elements in
Then the score function dfis defined as

I(h

)
s<h>=7 (5)
T 8()
where {d(j)|j = 1,2,...,1(h)} is a positive-valued

monotonic increasing sequence of the inglex
Compared to the score function in Re20], the new

Example 4. Let Ha {0.1,0.2,0.1,0.3} and

Hg = {0.2,0.3,0.3} be two MHFEs andA = 2.
According to Definition 4,the following results can be
obtained:

(1) H2
{0.01,0.04,0.01,0.09};

(2) 2Ha = {0.19,0.36,0.19,0.51};

(3) Ha@Hs = {0.28,0.37,0.44,0.51,0.37,0.51,0.28,0.37,0.36,0.44, 0.37,
0.44};

(4)Ha® Hg = {0.02,0.03,0.04,0.06,0.03,0.06,0.02,0.03,0.06,0.09,0.03, 0.09}.
Definition 9. For a MHFE Ha,

a(Ha) = (HA 1ZVHA€HA(SHA M—lA)Z can be defined as
an accuracy function oHa. Where sy, is the score

= {0.12,0.2%,0.1%,0.3%} =

score function can overcome the counterintuitive function defined in Definition 5 ant{Ha) is the number
problem. However, this new score function was alwaysof elements irHa.

defined based on the assumption that: the values in the The accuracy function is similar to the sample

concerned HFEs are arranged in an ascending order; andariance in statistics and can reflect the fluctuation of
if two HFEs are not of equal length, then the shorter oneevaluation values of MHFESs; the greater the amplitude of
should be extended by adding its largest number untiffluctuation is, the larger the hesitant degree. Then the
both HFEs are the same. Therefore, this extension methotanking of any two MHFEs can be obtained by combining

has the same drawback to those approaches discuss#te score function and the accuracy function.

earlier. Based on Definitions 5, 7 and 9, some new comparison
Definition 7[65]. Let h; andh, be two HFEs on X, and methods for MHFESs are defined as follows.

then the following comparison method exists: Definition 10. Let Hy andHg be two MHFEs on X, all

hy < hp iff ) o(i) < v o) 1 < i <In. Note that all elements in MHFEs be arranged in ascending order, and
! o(j)

elements in HFEs are arranged in ascending order, an,

yh is referred to as thg-th largest value irh;. Two

HFEshl andh, should have the same length. If there are

fewer elements i, than inhy, an extension olfi; can be

created by subjectively repeating its maximum elemen

until it is of equal length td,.

However, if HFEs are extended in the way outllned
above, the initial evaluation values of decision-makers

will be changed.

3 MHFSs and their operations

R/vhere Yiia

andy 2) pe referred to as the-th largest value in
HA and Hg respectlvely Then the following comparison
methods can be g|ven
(1) Ha < Hg iff yH

a(j)

<y a(j) andyA (IHa) < VB(lHB),
S HA’VHE(s) S HB,j =12,...,ly, and
= min(l{,,lHg) (IH, andly, represent the number of

elements irHp andHg respectively);
(2) Ha = Hp iff Ha < Hg andHg < Hp;
(3) Ha £ Hg and Ha < Hg iff s(Ha) < s(Hg) or iff
S(Ha) = s(Hg) anda(Ha) > s(Hg).

Here s(-) and a(-) respectively represent the score
function referred to in Definition 5 and the accuracy
function referred to in Definition 9. Note that means

In this section, the definition of MHFSs, along with some inferior to. Apparently, ifHa < Hg, thenHa < Hg.

associated operations and a novel comparison method,

Example 5. Let Hp = {0.2,04,04,06} and
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Hg = {0.3,0.4,0.5} be two MHFEs.
(1) By applying the score function in Definition 5, d(AB) _[} o1
S(Ha) = 0.4 ands(Hg) — 0.4. Heres(Ha) = s(Hg), and Zz

| min  [ya(x) — y(x)[P
HAGA) y (3 Tta () ¥ ) <HB %)

thusHa = Hg. 1 N
(2) According to the novel score function in Definition 6, + Z min - Jys(x) — ya(x)[?)]P .
S(Ha) = 0.46 and S(Hg) = 0.46, whereHg becomes HB0%) 1) i o) YA SHACK) .
{0.3,0.4,0.5,0.5} as required. The®(Ha) = S(Hg) can (7)

be obtalned and thud$, = Hg. h b | .

() Accordmg to the comparison method in Definition 7, Ee(rel)HA( dg”?li;s X) dentotels t Ee num Ifr ofe emenlts '3
(X)) andHg(x) respectively. Especially, a generalize

\év()e ShSVfé z 0$5}yas r:c:firl—;?jjé Hg, whereHg becomes multiset hesitant distance of two MHFBda(x) and

H can be denoted as below:
(4) According to the proposed comparison method in B(X)
Definition 10, we havéy = min(lp,,lng) = Ing = 3 and _

d(H min xi)|P

VHG,£1> < y,:’;”,y,:’f) < ygéz) and VHG,£3> < Vﬁéa, but (Ha(xi),Ha(x)) = [Z(IHA(X.) B A R a) IVA( i) — ye(%)]
0(lHg)) 1
yoUkalafy T e 06 £ 0.5, so we haveH £ H. Mo 3 min 00— )l
Then a(Ha) = 0.0267, and a(Hg) = 0.01. Here Ha(Xi) v () EFta() AP o
a(Ha) > s(Hg), and thusHa < Hsg. (8)

Apparently, if the comparison methods in Definition 7 If Ha(X) = @ orHg(x) = & for all elementsq € X, then

1
are utilized by subjectively adding the maximum elementd(A,B) = [Asn (|H ) ¥ y(x)eHs(x) YB(XN)P)]P or
to MHFEs, then the initial evaluation values of 1 R
decision-makers will be changed and at the same time ifd(AB) = [ Zizl(—lHA(xi) 3 ya0x)eHatx) Ya()P)] P

will influence the final ranking. However, the proposed (1) Apparently, if o = 1, then Eq.(7) is reduced to the
comparison method could overcome these shortcomingmultiset hesitant normalized Hamming-Hausdorff
and is also suitable for HFSs. distance betweeA andB:

Definiton 11. If A = {(x,Ha(X))|x € X} and

~ 101 1

d(AB)=-2 5(; min th() ya(xi)|
B = {(x,Hg(X))|x € X} are two MHFSs on NS 2 THAX) yu () ERA(x) B EHB(X)
X = {X§,%X,...,%}, then A < B iff 1 . ‘
Wi € X, Ha(X) < Ha(X)- am o VAX.SQ'.S'W'VB(X')‘VA()“”)'
Example 6. ¥e(%)€Ha () ©

Let A = {(x1,{0.1,0.2,0.4}),(x2,{0.2,0.3})} and (2)If p=2,then Eq.(7)is reduced to the multiset hesitant
B = {(x,{0.1,0.2,0.5}),(x2,{0.3,0.3})} be two normalized Euclidean-Hausdorff distance betwdeand
MHFSs. Based on Definition 10, B:

Ha(x1) = {0.1,0.2,0.4} < Hg(x1) = {0.1,0.2,0.5} and

Ha(x2) = {0.2,0.3} < Hg(x2) = {0.3,0.3} can be ~ 1 11 2

obtained. Séh < B. d(A’B)_[ﬁZZ(MAm) yA(meHA(mVB(’“?;w B b

Definition 12. Let A = {(x,Ha(X))|x € X}, 1 .
| min —|ys(x) — ya(x)[?)]?.
He(X) yg(x ) ERg (%) YA S EHACK)

B = {(x,Ha(x))[x € X} andC = {(x,Hc(x))[x € X} be (10)

three MHFSs orX, andd represent the distance of two

MHFSs if it satisfies the following conditions: Proposition 1. Eq. (7) satisfies all the conditions in

(1)0<d(AB)=1; Definition 11.

(2)d(A,B) = d(B,A); Proof. (1) Since x € X,ya(xi) € Ha(x),ys(X) €

(3)d(AB) =0iff A=B; . He(x).0 < |ya(x) — () < 1,  then

(4) If A<B<C, then d(AB) < d(AC) and 0 < ax) —  w)|P < 10 <

d(B,C) < d(A,C). m(xg;ig » alé) = weo)P < 1,

Definition 13. If A = {{x,Ha(X))|x € X} and S .

HOAb b e X} 0 < zyA et T AGK) — 600 < Ty

y8(%)€HB (%)
B = {(xHs(x)))x € X} are two MHFSs on 0< =3, neny) M [yaks) = y(x))° < 1.
X = {X1,%,...,%}, then a generalized multiset hesitant ¥e(x)€Hp ()

; ; - Slmllarly
normalized distance betwe@nandB could be defined as 17 , _ NP
follows: 0= i Zis(x)eHs(x) VA(Xi?;I}TA(Xi)WB(X‘) —ya(x)[” < 1.
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S0 0< —=— 3 jux)eHats) . MiN  Jya(xi) — y8(x)|P + The MCGDM ranking/selection problems with
L HA< ) ¥8(x)eHB (%) multiset hesitant fuzzy information consists of a group of
min  ys(%) — ya(x)P < 2,0 < alternatives, denoted byA = {aj,ap,...,an}. The
Ihg (%) Vo (% )R (x ) YA EHAG) alternatives could be of any type, and each alternative is
1 1 o evaluated based on the criteria denoted by
§(|H o z VB(Xcr)T’;ISB( k) — w)” + c= {c1,Ca,...,Cn}. &j is the value of the alternativa
A(6) ya (%) EFA () for the criterionc;, andaij = {y|k = 1,2,....1(aij)}(i =
i min |yB( i) —ya(%)|P) < 1. 1,2,....,n;j = 1,2,....m} are in the form of MHFEs,
Ha () yg(x eHg(x) YA EHALK) which are given by several decision-makers. Furthermore
Thus I(aj) represents the number of elementsajp and the
0 < +3Ma3(= o ZYA(X)EHA _miﬂ ya(%) —  corresponding weight vector = (wy,Wa,...,Wm). This
1 v 0o ) method is suitable if the number of decision-makers is
ye(xi)|P min |yB(x,) - small. A situation could arise where decision-makers
lHg (%) Yo (%) SR (x ) YA EHA K evaluate these alternatives based on the given criterd, an
ya(x)[?)) < 1 ie., one decision-maker could give several evaluation values.
0 < J[ign L1, 1 _ _ min X) — In particular, in the case where two or more
B [”2'712('HA<X0EVA()Q)EHA()Q)Vs(m)eHB(m IYa%) decision-makers give the same value, it is counted
wex)P  + 1 min |VB(X|) _ repea}tedly.a” is the set of evaluetion velues fo_r all
IHB(xa) o(4) =g () YAO$) EHA (%) decision-makers. The approach is an integration of
1 MHFSs and TODIM based on the Choquet integral to
ya(xi)[?))]P <1 solve MCGDM problems mentioned above.
So0<d(AB)<1. Step 1. Normalize the decision matrix.
(2)d(A,A) = 0 can be obtained. For MCGDM problems, the most common criteria are of
(3) Clearly,d(A,B) = d(B,A). maximizing and minimizing types. In order to unify all

(4) For any three MHFSs, < B < C,Vx € X,ya(x) €  Criteria, itis necessary to normalize the evaluation v&lue
Ha(x), (%) € Hs(X),)e(X) € He(x), then (Note:if all the criteria are of the maximizing type and
yo(j)(xi) < ya(j)(x_) < ya(j)(xi) and have the same measurement unit, then there is no need to
/3“ y B )' o0 C ) ' normalize them). Suppose that the matrix
Vi HA() (x) < Y (Ihgx) (x) < Ve Hc(4) (x) is obtained R = (aij){n % m}, where aj = {y|117y|2’7ylkj}(| _
according to Definition 10. Thus, it can be seen that1,2,....,n;j=1,2,....mk=12,...,1(aj)) are MHFEs,

ye (%) — ya(xi) > (%) — ya(xi) = 0,|ye(X) —ya(%)| > is normalized into the corresponding matrix

y8(xi) - ya(Xi)!. Therefore R = (g;)n x m}, where &; = {}}.}%,.... ¥} =
) = OOl 2 e = OOk 1 n =12, mk =12, @g). (@) s the
VC(KQIITC(M)WA(XO ekl 2 VB(><ar)2|Hn5(><a)|yA(Xi) - number of the elements af;. o .
1 . For the maximizing criteria, the normalization formula is
B)IP): 7 > min - Jya(x) -
HA(G) ya(x)EF1a () Y X1 EHC (4) =y k=12 1(a)); (11)
Ye(x)|?) > J
1 z min |VA( ) B Y00 P) for the minimizing criteria,
IHa(x ¥B(%) Mg ( '
Slrrglli';\m(/ S H=1-k=12..0@) (2
ooy 2e)eHex)  min - [ye(d)  — yax)P) = seemingly, the normalization values
C;_) Yl )EHa:) & = {5 ¥Hi=12...nj=12. . mk=
| min [w() - y)P). 1,2, 1(aj)) are also MHFEs.
HB(%) yg(4 € (4) YA 4 SHACK) Step 2. Confirm the fuzzy measures of the criteria of C
Thusd(A C) = d(A,B). It can be proved that and the criteriasets of C.
( C)= (B,C) Based on these fuzzy measures, the corresponding the

weight of criteria can be obtained as follows:

Wo(j) = H(Ag(j) — H(Ag(j11). i =1,2,....m. (13)
4 The extended TODIM method based on the W @ (+1/

Choquet integral for MCGDM with MHFEs Here Agj) = {Co(j):Co(j+1):---»Ca(m): Co(m)}=g,and
(0(1),0(2),...,0(n)) is a permutation of(1,2,...,n).
W . . . L
In this section, the extended TODIM method based on theVj = i” (1 =1,2,...,m) is the weight of the criterion

Choquet integral is proposed in order to solve MCGDM cg ;) to the reference crlterion andwg|) = We(m)-
problems within a multiset hesitant fuzzy environment.  Step 3. Calculate the dominance degree.
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The dominance degree of the alternatige over  the risk; c3 are the growth prospects; ang is the
alternative ax concerning the criterioncj can be  social-political impact. The environmental impact refers
calculated using the following expression: to the impact on the companys environment and the
®j(a,8y) = processes used in making the product, such as the
management methods and work environment. The risk
involves more than one risk factor, including product risk
and development environment risk. The growth prospects

&j 7 B O dj = &j include increased profitabilty and returns. The

ajj > & (14) social-political impact refers to the governments andlloca
‘ o L residents support for company. The four criteria are
5 W—” Qjj < aj Orajj < aj correlated with each other in the assessment process. The

evaluation valuesyj(i = 1,2,3,4,5;j = 1,2,3,4) should

determined according to the decision-makers preferencélecision-makers based on their knowledge and

d@a, denotes the distance between two MHFEs  €Xperience. In the case where two decision-makers give
agdjéka-kjgls defined in Definition 135, and ag canI%tE)Je the same valu.e then it is counted re_peatedlyapnt the _
compajlred by utilizing the ranking m:athod ofJ MHEEs in S€t of evaluation values for two decision-makers.The five

Definition 10. Furthermore, (1) ifi; >~ &;, then it will po§S|bIe alterna.tlveew =1,2,3,4, 5) are to be.evaluated
represent the gain af; over a, concerning the criterion USINg the multiset hesitant fuzzy information of two
G (2) If &; = &, then®(a,a) is nil. (3) If &) < a; , decision makers as presented in the following.
then it will represent the loss @ overay concerning the
criterionc;.
Step 4. Calculate the overall dominance degree.

Based on Step 3, the overall dominance degreg of
over ax can be calculated according to the following
expression:

0.4,0.5,0.7 0.5,0.5,0.8 0.6,0.6,0.9 0.5,0.6
0.6,0.7,0.8 05,06 06,0.7,0.7 04,05
R=| 06,08 020305 0606 0507
05,0507 04,05 08,09 03,0405
0.6,07 0507 07,08 03,0304

m
S(a,a) = ) Pj(a,a).i=12....,nk=12...n 5.1 An illustration of the proposed approach
=1
(15) The procedures of obtaining the optimal alternative, by
using the developed method, are shown as follows.
Step 1. Normalize the decision matrix.
Because all the criteria are of the maximizing type

Step 5. Calculate the global value.
Based on Step 4, the global valgéa) of & can be
obtained using the following expression:

¢@) and have the same measurement unit, there is no need for
n normalization andR = (&jj)s4-
Tre10(ai,a) —min{ % S(ai )} Step 2. Determine the fuzzy measure of the criteri@.of
_ €m & . Suppose that
T 2 1=h2e o) = 040u(cy) = 025p(cs) = 037p(cy) =
max 2 0@.a)} —min{ 5 o(@.ad) 0.201(c1,C2) = 0.6041(C1,Ca) = 0.70,u(c1,Cs) = 056,
(16) H(C2,Ca) = 0.68pu(cCa) = 043p(csCs) =

0.54,u(cy,c2,C3) = 0.88,u(c1,C2,Ca)
0.75,u(cp,c3,€4) = 0.73, pu(cy,c3,¢c4) = 0.84, and
u(cy,co,c3,¢4) = 1. Assume the criteria sets of
C = {c1,Cp,C3,¢4} are ordered ascy < Cp < €1 < Cs,
according to EQ.(13), the following results can be

Step 6. Rank the alternatives.
The greater the value ¢f(a ), the better the alternative
a.

. . obtained.
5 An illustrative example Wa(l) _ HAow) - u( Aa<z>) _
1:Ca(2):Ca(3):C - .C -
In this section, an example is adapted from Schmeldlety(C . Ca(g )0< )(CG(C)) 2 = ( o)
[66] for further illustration of the feasibility of the \l/lv 152,53, =4 2{ 1,C ) - (A ) B
proposed approach. There is an investment company,?? - “ a(3) -

which wants to invest in a project. There are five possibleH H(Co(2),Co(3),Co(a)) - H(Cq @) -
alternatives in which to invessy is a car companyay is ~ H(C2,C1,C3) — H(C1,C3) = 0.88-0. 70 0 18

a food companyag is a computer compangy is anarms =~ Wo3) = H(As3) — H(Ag@) = H(Co(3),Co(a) —
company; andas is a TV company. The investment H(Co4)) = H(C1,C3) — H(C3) = 0.70—0.37=0.33;
company must make a decision according to theWga = H(Asw) — H(Ass) = H(Coa) — 0 =
following four criteria:c; is the environment impact; is u(c3) —0=0.37;
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SO W = Wgs = 0.37 and yiwij = 2.7027 can be
obtained.

5.2 A comparison analysis and discussion

Step 3. Calculate the dominance degree. According to Egln this section, in order to validate the feasibility of the
(14), for the convenience of analysis and computationproposed multiset hesitant fuzzy MCGDM approach

8 =2.25A =1 andd(gjj,ax;) can be calculated by using
Egs. (8)-(9). The evaluation valugg; and &; can be
compared by utilizing Definition 10. The dominance
degree matrices concerning the criteci@cy,c3 and cq,
could respectively be obtained as follows.

(Dl(ahak)

0 -0.2234-0.2643-0.1000-0.211
01659 O 00732 01484 Q0742
= | 0.1962-0.1000 O 01817 01285
0.0742-0.1998-0.2447 0 —-0.1730
0.1573-0.1000—-0.1730 01962 0

Po(a;, )

0 0.1025 01550 01162 —0.213

—0.2532 0 01397 00949 —0.2342

= | —-0.3826-0.3449 0 —-0.2869-0.3826

—0.2869 02342 01162 0 —0.2869
0.0866 00949 01550 01162 0

d3(a;,ak)

0 01571 0 -0.2213-0.231
-0.1887 O 01112-0.2750—-0.2109
= 0 —01335 0 —-0.3466—-0.2583
0.1842 02290 02290 O 01360
0.1924 01756 02151-0.1634 O

D4y, ax)

0 0.0775 —0.2869 00949 0137

—-0.2869 0 —-0.3514 00448 Q0873

= | 0.0775 Q0949 0 01095 01484

—0.3514-0.1658—-0.5495 0 00448
—0.5106-0.3101-0.5495-0.1658 O

Step 4. Calculate the overall dominance degree.

based on TODIM and the Choquet integral, a comparative
study was conducted with other methods. These methods
can be divided into two categories: one is that the criteria
are independent of each other, as shown in X0,21],
Wei [22], Zhang et al. 24], Chen et al. 27], Xu [28,29],
Farhadinia 80], Zhang and Wei31], Zhang and Xu 32,
and Wang et al.36]; and the other is that the criteria are
considered as correlated with one another, as shown in
Xia et al. 23] and Yu et al. #5].

The analysis was based on the same illustrative
example.
Case 1. The hesitant fuzzy methods with criteria are
assumed to be independent of one another. Suppose the
weight vector of criteria is known, which can be
determined in Step 2, then the compared results can be
obtained as shown in Table 1.

Table 1. Comparison of different methods in the case
that the criteria are independent

Methods Ranking of alternatives
Xu [20,2]] py<ag<ax<ag<ay
Wei [22] py<ap<ay<ag<a
Zhang p4] a3<ay<a<a<as
Chen et al.27] py<auy<ap<a <as
Xu [28,29 py<aa<uy<ax<as

Farhadinia 80| p<auy<ap<a<as
Zhangand Wei3l] az<aj<ax<a; <as
Zhangand Xu32] a<az<ax<a <as
Wang et al. 8| ay<az<ax<a<as
Proposed method a4 <az<a; <az < as
From Table 2, it can be seen that the result of the
proposed approach is different to the methods of Xy [
21] and [22], and the reason is because those methods use
an aggregation operator to deal with the hesitant fuzzy
formation. It should be noted that it is easy to use an
operator when using these methods. However, different
aggregation operators also lead to different rankings.

According to Eq.(15), the overall dominance degreer  thermore, it is difficult for decision makers to choose

matrix could be shown as follows:
o (ai,ay)

0 0.1137 —0.3962-0.1102-0.519

—-05629 0 —-0.0263 00130 —0.2872

= | —-0.1089-0.4835 0 —0.3423-0.3641

—0.3798-0.3709-0.4490 0 -0.2791
—0.0743-0.1396-0.3525-0.0168 O

Step 5. Calculate the global value.

The global value of the alternatia is calculated by
using Eq.(16), giving:
&(a1) = 0.6331% (ap) = 0.6872% (a3) = 0.2009% (a4) =
0;¢(as) = 1.
Step 6. Rank the alternatives.

Based on Step & (a1) < &(as) < &(a1) < &(a) <
& (as) could be obtained, therefore the rankimg< az <
a; < ay < ag is obtained. Thus, the best alternativads

which kind of explicit operators are utilized. Compared
with the proposed approach, Zharl], Chen et al. 27],

Xu [28,29 and Farhadinia 30], Zhang and Wei 31],
Zhang and Xu 32] and Wang et al. 36, the ranking
results are the same and the best alternative is always .
However, those methods have certain shortcomings when
using aggregation operators and distance measures.
Especially, those distance measures should satisfy the
condition that all HFEs must be arranged in ascending
order and be of equal length. If the two HFEs being
compared have different lengths, then the value of the
shorter one should be increased until both are equal.
Moreover, the proposed method simultaneously considers
the bounded rationality of decision makers and the
correlated criteria.

Case 2. The hesitant fuzzy method with the criteria
considered to be correlated with one another.
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The methods proposed by Xia et #3[ and Yuetal. to deal with MCGDM problems where the data are
[45] based on the correlated criteria are used here in théMHFSs. Finally, an illustrative example was given to
same illustrative example. In order to better validate theverify the proposed approach. The primary characteristic
method, the fuzzy measure with the values mentionedf the proposed approach is that MHFSs could overcome
previously is used. Subsequently the compared results catihe shortcomings in traditional HFSs where if two or

be obtained as shown in Table 2. more decision-makers set the same value, it is only
Table 2. Comparison of different methods in the case thatounted once. The new comparison method can also
the criteria are correlated avoid the defects in the existing score functions of HFEs.
Methods Ranking of alternatives Furthermore, the proposed approach with MHFSs can
Xiaetal. R ag<a<ap<a<as better cope with multiset hesitant fuzzy MCGDM
Yuetal. pl] ag<ay<a<as<a problems where the criteria are interdependent or
Proposed method a4 <ag <y < a; < as interactive and the decision makers have a bounded

From Table 2, it can be seen that the methodsrationality. Further research will investigate how to abta
proposed by Xia et a3 and Yu et al.p5 and the the optimal values of criteria by a specified model within
method proposed in this paper have different rankingsa multiset hesitant fuzzy environment.

They all have considered the interactive phenomena

which might occur among criteria, but the method

proposed by Xia et alf3] and Yu et al. #5] involves an  Acknowledgement
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