
Appl. Math. Inf. Sci.9, No. 4, 2047-2056 (2015) 2047

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.12785/amis/090444

Research on Multidisciplinary Analysis Tool based on
Parametric Model of Hypersonic Morphing Waverider

Yanbin Liu1, Liangqiang Zhou2,∗ and Yuping Lu1

1 College of Astronautics, Nanjing University of Aeronautics and Astronautics, 29 Yudao St.,Nanjing 210016, China
2 College of Sciences, Nanjing University of Aeronautics andAstronautics, 29 Yudao St.,Nanjing 210016, China.

Received: 14 Nov. 2014, Revised: 14 Feb. 2015, Accepted: 15 Feb. 2015
Published online: 1 Jul. 2015

Abstract: Hypersonic waverider design is a challenging task due to thestrong coupling relations between the integrated system and
flight performance, thus the development of the multidisciplinary analysis tool is necessary to implement the complex design demands.
In this paper, the multidisciplinary design methods are studied to construct the control-related analysis tool for hypersonic morphing
waverider. First, the realization process of the integrated design is provided for the morphing waverider in terms of the hypersonic
flight characteristics. Then the nonlinear parametric model of hypersonic morphing vehicle is built with the consideration of the shape
parameterization and force estimation. Afterwards, the multidisciplinary analysis platform is implemented in relation to the control-
related requirements. Finally, a simulation example is given to verify the feasibility of the presented methods for hypersonic morphing
waverider.
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1 Introduction

A prominent feature of the hypersonic waverider
manifests in the strong coupling relationship among the
various components, such as the aerodynamic shape, the
propulsive performance and the control action [1].
Correspondingly, the flight system must be highly
integrated to achieve the excellent properties, but such
design ideas are challenging due to the significant
differences in comparison with the traditional design
procedure [2]. As a result, the application of the
multidisciplinary tool is critical to realize the waveriding
flight goal, and this work will provide helpful information
for the further studies concerning the vehicle structure
definition, flight control design and multidisciplinary
optimization iteration.

For the analytical demands of the control-related
design, the model coefficients of the hypersonic wavrider
need to be acquired first. However, these modeling data
may be difficult to get due to lack of the enough flight
tests in the conceptual design stage [3]. On the other
hand, the dynamic analysis based on the computational
fluid dynamics theories is too complicated to guarantee
the efficient and rapid design course [4]. Whereas the

parametric modeling approaches can provide a powerful
mean to obtain the model dynamics, and this makes the
multidisciplinary analysis and design tactics become
possible for hypersonic morphing waverider. More
importantly, if the control-integrated design and analysis
tool can be developed in advance, the trade-off
relationship between the system overall capacity and
control ability is found earlier, and this will escape the
potential risks due to the unsuitable marriage of the
system stability and control response [5]. Also, the
parametric model provides an effective way to consider
the morphing impact in relation to generalized stability.
By the compromise of the control action and morphing
effect, the flight performance will ameliorate accordingly
such that the optimum system states can constantly keep
throughout the given flight envelope.

The parametric modeling methods apply some key
parameters to describe the vehicle shape, and then the
aerodynamic forces are calculated in line with this
designed structure such that the flight performance is
relevant to the resulting shape variables. Some parametric
design approaches include the quadric curve method [6],
B-spline method [7], class-shape-transformation method
[8] et al. These parametric methods are used to
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characterize the vehicle units such as the fuselage, wing
and engine, followed that the further works including the
shape optimization, dynamic analysis, and control design
are conducted. However, the geometrical shape of
hypersonic waverider is more complex than that of the
conventional vehicle, this mainly reflects in the
airframe/engine integration and especial wave-riding
configuration. Therefore, the parametric results with
respect to the hypersonic waverider tend to be
non-analytic functions with the nonlinear and strong
coupling characteristics [9]. In this aspect, a parametric
design method is proposed to describe the waverider
forebody in [10] wherein the energy equation and wedge
angle are used to outline the overlooking and side shape
in order to decrease the design parameters. Beside that,
the control-oriented modeling [11] and adaptive control
strategy [12] are developed for hypersonic vehicle in
terms of the established parametric model. At the same
time, the parametric modeling methods offer the valid
means to study the control trade issues with consideration
of the multidisciplinary factors [13]. All in all, the
combination of the multidisciplinary analysis tool and
parametric modeling idea can promote the integrated
design of hypersonic waverider, resulting in the
improvement of flight performance accordingly.

In this paper, the design methods of the
multidisciplinary analysis tool are investigated for
hypersonic morphing waverider. There are three aspects
of this problem have to be addressed. The first question
involves the realization process of the analysis tool that
guides the following research. The second problem
relates to the parametric modeling with the integration of
the multidisciplinary contents. The third aspect deals with
the development of the platform tools in accordance with
the control constrains. Lastly, a simulation example tests
the reliability of the presented methods for hypersonic
morphing waverder.

2 Realization process of multidisciplinary
analysis tool

The typical waverider configuration has the following
features: 1) the vehicle forebody is considered as the
compression section of the engine, whereas the afterbody
is taken into account as the expansion part; 2) the
integration of the vehicle fuselage and engine makes the
aerodynamic force and thrust interact each other due to
the shock wave action, leading to the waveriding
performance restricted by the multidisciplinary elements
such as aerodynamic, propulsion and control. Thus, the
trade-off analysis is crucial for hypersonic waverier to
seek the equilibrium relations in the different disciplines
[14]. In this study, we select a basic appearance of the
waverider as the analysis object, as shown in Figure 1.

For Figure 1, the realization process of the
multidisciplinary design based on the parametric model is
demonstrated in Figure 2.

Fig. 1: Typical configuration of hypersonic morphing waverider.

Parametric waveriver shape

orces

 estimate

Nonlinear waverider model 

Multidisciplinary analysis

Fig. 2: Realization process of multidisciplinary design.

Figure 2 shows that the proposed realization process
of the multidisciplinary design is based on the parametric
model involving the multidisciplinary details. In fact, as
long as the waverider shape is determined, the according
forces are computed by applying the engineering
estimation methods. At the same time, the control action
and morphing effect are reflected in this parametric model
using the fundamental force actions. Furthermore, the
analysis tool of hypersonic morphing waverider is
developed in terms of the above realization process, thus
the iterative design becomes possible. Finally, by the
evaluation of the dynamic characteristics and trim states,
the trade-off relationship among the different disciplines
can be found accordingly for hypersonic morphing
waverider, this will be helpful to the follow-up work, such
as the robust adaptive control law design and flight
trajectory optimization.
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3 Parametric modeling of hypersonic
morphing waverider

The geometrical parameterization of the waverider shape
is the basis of the parametric modeling, and how to
accurately describe the waveriding motion will decide the
intrinsic properties of the built model, thereby affecting
the credibility of the multidisciplinary design. In this
work, the quadratic curve methods are applied to portray
the waverider section, and these curves include circle,
ellipse, hyperbola, parabola, etc. By selecting the distinct
shape parameters, the combination of the quadratic curves
can approach the real vehicle configuration [15]. In
particular, the waverider configuration is dived into two
kinds of the basic shape: the fuselage class and elevon
class. As far as the waverider airframe is concerned, the
according profile equations need to be defined first, and
then the change tendency along with the body axis is
determined accordingly; whereas the elevon shape is
assumed as the flat. Correspondingly, the whole
waverider shape is constituted by these configurations
with regard to the fuselage class and elevon class.

Once the parametric shape of hypersonic waverider is
known, the aerodynamic force and propulsive force can
be reckoned using the engineering estimate approaches
[16]. In this paper, we select the Dahlem-Buck method
and Prandtl-Meyer equation to compute the according
forces. When thei th surface panel of hypersonic
waverider lies in the windward region, its pressure
coefficient Cpi is calculated by the Dahlem-Buck
equation, and this is expressed by















Cpi =CpD
Cpcone(Ma≤20)
Cpcone(Ma=20)

CpD =

{
[

1.0
sin3/4(4δ )

+1
]

sin2 δ δ ≤ 22.5◦

Kb sin2 δ δ > 22.5◦

(1)

where






























Kb = 2.38+0.03792δ −0.002521δ 2

+0.00004583δ 3+2.917×10−7δ 4

Cpcone = 2eξ sin2 θ
ξ = 0.18145−0.20923η+0.09092η2

+0.006876η3−0.006225η4−0.000971η5

η = ln
√

Ma2
∞ −1sinθ

(2)

whereδ denotes the airflow impact angle;θ represents the
surface inclination. The relations among them are given by















δ = π/2− cos−1 −n·V
|n||V| ,−90◦ ≤ δ ≤ 90◦

θ = π/2−arccosnx,−90◦ ≤ θ ≤ 90◦

V∞ =Vxex +Vyey +Vzez
ni = nx

i ex + ny
i ey + nz

i ez

(3)

where V∞ is the free stream velocity;ni indicates the
normal direction of thei th surface panel. Therefore, the
total pressure coefficients are obtained in the following

forms [17].














Cx =−∑Cpinx
i

∆Si
Sre f

Cy =−∑Cpin
y
i

∆Si
Sre f

Cz =−∑Cpin
z
i

∆Si
Sre f

(4)

where ∆Si and Sre f are the surface element area and
vehicle reference area, respectively. Similarly, the
moment coefficients are decided by















CMx = ∑Cpi(Zin
y
i −Yin

z
i )

∆Si
Sre f lre f

CMy = ∑Cpi(Xin
z
i −Zinx

i )
∆Si

Sre f lre f

CMz = ∑Cpi(Yinx
i −Xin

y
i )

∆Si
Sre f lre f

(5)

where ri = Xiex + Yiey + Ziez which denotes the
displacement from theith surface panel to the vehicle
focus, andlre f is the reference length. In addition, the
total forces and moments are computed by











Fx =−∑ pinx
i ∆Si

Fy =−∑ pin
y
i ∆Si

Fz =−∑ pin
z
i ∆Si

pi = 0.5Cpiρ∞V 2
∞ + p∞

(6)







Mx = ∑ pi(Zin
y
i −Yin

z
i )∆Si

My = ∑ pi(Xin
z
i −Zinx

i )∆Si
Mz = ∑ pi(Yinx

i −Xin
y
i )∆Si

(7)

whereρ∞ andp∞ represent the density and pressure of free
steam, respectively. Thus, the lift and drag of hypersonic
waverider are gotten as follows [18].

{

L = Fx sinα −Fz cosα
D =−Fx cosα −Fz sinα (8)

After obtaining these aerodynamic forces, the next
work is to estimate the propulsive force required for the
model establishment. In this paper, we adopt the
two-dimensional engine structure to estimate the thrust
[19], and it is shown in Figure 3.
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Fig. 3: Propulsive system configuration of hypersonic waverider.

According to Figure 3, the propulsive system
configuration of hypersonic waverider consist of the first
compression section, second compression section,
diversion segment, airflow transition layer, engine inlet,
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combustion chamber, first nozzle and second nozzle.
Followed these, when the free flow passes through the
lower surface in the first compression section, the oblique
shock equation is used by [20]



































Ms1sin(βs1− δ1) =

√

1+ γc−1
2 M2

∞ sin2 βs1

γcM2
∞ sin2 βs1−

γc−1
2

Ps1 = P∞

[

1+ 2γc
γ+1(M

2
∞ sin2 βs1−1)

]

Ts1 = T∞
Ps1
P∞

2+(γc−1)M2
∞ sin2 βs1

(γc+1)M2
∞ sin2βs1

tan(δ1) =
2cotβs1(M

2
∞ sin2 βs1−1)

M2
∞(γc+1−2sin2 βs1)+2

(9)

whereγc is the gas constant, whereasMs1,Ps1,Ts1 are the
compressed airflow parameters in the first compression
section. Also, the calculation process of the second
compression section is similar to the first part.
Afterwards, the airstream enters into the diversion
segment where the air mass flow rate is adjusted in line
with the inlet cowl accordingly [21]. The resulting
airstream state values are solved based on the isentropic
equation of the variable area, and this is expressed by
















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




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
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













[

1+ γ−1
2 M2

c f

]

γ+1
γ−1

M2
c f

=
(

Ac f
As2

)2
[

1+ γ−1
2 M2

s2

]

γ+1
γ−1

M2
s2

pc f = ps2

[

1+ γ−1
2 M2

s2

1+ γ−1
2 M2

c f

]

γ
γ−1

Tc f = Ts2

[

1+ γ−1
2 M2

s2

1+ γ−1
2 M2

c f

]

θc f = tan
(

tanθco2+tanδcowl
2

)

(10)

Followed that, the airflow state parameters in the
airflow transition layer are decided by the oblique shock
equation in Equation (9), but the airflow turning force
appears in terms of the impulse theorem [22]. Once the
airstream passes through this transition layer, its flow
direction will parallel to the engine axis. We assume that
the isentropic relation is satisfied at the inlet, so the
computational procedure is same with Equation (10).
After traversing this section, the airflow is mixed with the
fuel in the combustion chamber, and then we have [22]




























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
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
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
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





M2
3

(

1+ γ−1
2 M2

3

)

(1+γM2
3)

2 =
M2

2

(

1+ γ−1
2 M2

2

)

(1+γM2
2)

2

+
M2

2

(1+γM2
2)

2
∆T
T2

P3 = P2

[

1+γM2
2

1+γM2
3

]

T3 = T2

[

1+γM2
2

1+γM2
3

]2(
M3
M2

)2

∆T =
[

fst φ
1+ fst φ

][

H f ηc
cp

−
(

1+ γc−1
2 M2

2

)

T2

]

(11)

where fst denotes the proper fuel-air ratio;φ indicates the
stoichiometric ratio; ηc represents the combustion
efficiency; cp is the heat capacity at constant pressure.
Next, the airstream flows out of the combustion chamber

into the afterbody nozzle where the gas parameters are
obtained according to Equation (10). Furthermore, the
engine thrust are computed based on the momentum
theorem [23], and this is written by

T = ṁa [V1− (1+ f )Vw]− (Pw−P∞)Aw − (P1−P∞)Ai
(12)

where f denotes fuel-air ratio, and ˙ma is the air mass flow
rate which is considered on condition that the second
shock surface stands at the rear of the inlet cowl tip, as
illustrated in Figure 4.
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Fig. 4: Schematic diagram of second shock surface.

According to Figure 4, the equivalent height of the
entering airflow is acquired by

Hie = |OK′|+ |K′K|

=
|G′D|sinβs2 sinβs1

sin(βs2+θco1−θco2)sin(βs2−α−θco1)

+ |GP|sinβs1
sin(βs1−α−θco1)

= (Lco2 tanθco2+hi)[cotθco2−cot(βs2+θco1)]
sin(βs2+θco1−θco2)

· sinθco2 sinβs2 sinβs1
sin(βs1−α−θco1)

+ [(Lco2 tanθco2+hi)cot(βs2+θco1)+Lncl−Lco2]
sin(βs1−α−θco1)

·sinθco1sinβs1

(13)

Therefore, the air mass flow rate without the sideslip
angle is approximately determined by

{

ṁa = P∞M∞Aie

√

γc
RT∞

Aie = HieWni

(14)

where Wni is the forebody width. As soon as the
aerodynamic force and the propulsive force are identified,
the mathematical model of hypersonic morphing
waverider is established as follows [24].



























V̇ = T cosα−D
m − µ sinγ

(h+Re)2

γ̇ = L+T sinα
mV − [µ−V 2(h+Re)]cosγ

V (h+Re)2

ḣ =Vsinγ
α̇ = q− γ̇
q̇ = My/Iy

(15)
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whereV , α, h, q and γ indicate the velocity, angle of
attack, altitude, pitch rate and flight path angle,
respectively. These parameters make up of the flight states
influenced by the morphing effect and control action in
relation to the trim point and dynamic characteristics.

4 Design methods of control integrated tool
facing multidisciplnary analysis

According to Figure 2, the suitable control law needs to be
designed to realize the multidisciplinary analysis, so the
small perturbation linearization method is used to transfer
the nonlinear model to the following linear model.

{

ẋp = Apxp +Bpu
zp = Hpxp

(16)

where the state vectorxp = [∆V,∆γ,∆h,∆α,∆q]T ; the
control input vectoru = [∆φ ,∆δe]

T ; the output vector
zp = [∆V,∆h]T . And then we define the track error vector
as

e1 = rd −Hpxp (17)

where the command signal vectorrd = [∆Vd,∆hd ]
T , and

we let

x2 =

∫ t

0
e1(τ)dτ (18)

In the combination of Equations (16) and (17), we have
(

ẋp
ẋ2

)

= Ax+Bu+Gr

=

(

Ap 0
−Hp 0

)(

xp
x2

)

+

(

Bp
0

)

u+

(

0
I

)

r
(19)

Then, the error vector is redefined as the following
form.

e =

(

r−Hpxp
x2

)

=

(

I
0

)

r+

(

−Hp 0
0 I

)(

xp
x2

)

= Mr+Hx
(20)

At the same time, we select the quadratic performance
index as

J =
1
2

∫ ∞

0
(eT Qe+ uT Ru)dt (21)

When substituting Equation (20) into Equation (21),
we get

J = 1
2

∫ ∞
0 (xT HT QHx+2rT MT QHx

+rT MT QMr+ uT Ru)dt
(22)

For the above equation, the according standard
equation with respect to the Riccati and its adjoint vector
are provided by

{

Ṗ =−PA−ATP−HT QH +PBR−1BT P
ġ = (PBR−1BT −AT )g− (HT QM+PG)r

(23)

In Equation (23), there exists a unique positive definite
solutionP> 0 such that the control law of the linear model
in Equation (16) is obtained as the following form [25].

u =−Kxx−Krr (24)

where
{

Kx = R−1BT P
Kr = (PBR−1BT −AT )−1(HT QM+PG)

(25)

According to the resulting control law, we further
study the design issues of the multidisciplinary analysis
tool, as demonstrated in Figure 5. The main functions of
this tool need to involve the parametric modeling,
aerodynamic and propulsive force calculation, dynamic
characteristic analysis, control integrated iteration and so
on.

Parametric modeing 

module

Shape parameters

Force estimate module

Contour data

Shape parameterization

module

Dynamic feature 

analysis module

Control action module

Control integrated 

iteration module

Analysis results

Graphical user interface and post-processing module 

Fig. 5: Module diagram of Multidisciplinary analysis tool.

Figure 5 shows that the multidisciplinary analysis tool
completes the shape parameterization for a given
waverider configuration first, and then the relevant forces
are estimated to construct the parametric model. Followed
that, the dynamic characteristics are analyzed in terms of
the task demands, and simultaneously the LQR control
action are exerted. Afterwards, the integrated iteration is
conducted combined with the control effect. Finally, the
multidisciplinary analysis results are fed into the
post-processing module, at the same time the shape
parameters are re-adjusted in the graphical user interface
accordingly. By the continuous iteration, the optimal
shape parameters are determined for the given flight
condition. Furthermore, the shape deformation regarding
the different flight condition will depend on these optimal
parameters so as to guarantee the matching relations
between the morphing process and control action.

5 Tool software development and simulation
example

In this paper, the analysis tool of hypersonic morphing
waverider is developed based on MATLAB and ANSYS.
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First, we define the pivotal shape characteristic
parameters, inputing them to the developed MATLAB
GUI, and then provide the parameter constraints to
compute the geometric structure. Afterwards, these shape
parameters are brought in ANSYS wherein the waverider
figure is acquired, and the following work is to deal with
grid generation and to return them to MATLAB. Based on
that, we further conduct the force estimation and model
establishment in MATLAB wherein simultaneously
accomplishing the control law design and control
integrated iteration. Accordingly, the development course
of the tool software is shown in Figure 6.

Shape input 

parameters

in GUI

GeoPara.txt
Paramaters

Constraints

Data input 

and shape 

generationConstraints

Paramaters

Data mesh

generation

Mesh data
Panel.txt

Force

estimate and 

modeling

Mesh data

Multidisciplinary

demands

Control law 

and

integrated

iteration

MATLAB ANSYS

Fig. 6: Tool software development process.

In Figure 6, the tool software development process of
hypersonic morphing wareider contains the following four
steps:

(1) The tool GUI is designed in MATLAB, and the
waverider shape parameters are provided in relation to the
corresponding computation conditions, as well the
restrictions are calculated according to the real waverider
structure. Moreover, the shape parameters and constrains
are written into the file of GeoPara.txt.

(2) The shape generation program is edited in
ANSYS, and at the same time the shape parameters and
constrains are inputted, leading to the waverider shape
generation. Followed that, the mesh data of the waverider
structure is obtained in line with the pre-defined rules.

(3) The forces are estimated according to the loaded
mesh data, and then the parametric model is established.
At the same time, the dynamic features and trim states are
gotten accordingly.

(4) The control action is introduced into the
parametric model such that the control integrated iteration
can be accomplished based on the multidisciplinary
demands. Whats more, the analysis results are feedbacked
to the input interface, and also some post-processing work
will be continued.

To illustrate the effectiveness of the proposed methods
and built tool, a simulation example of hypersonic
waverider is offered wherein the vehicle properties are

applied in Reference [22], so the developed analysis tool
of hypersonic morphing waverider is demonstrated in
Figure 7.

Fig. 7: Developed analysis tool of hypersonic morphing
waverider.

According to Figure 7, we know the tool interface
comprises four blocks: the shape parameter input,
modelling and analysis, changing impact of the shape
parameters and control integrated analysis. In fact, as long
as the shape parameters are provided, the dynamic
features and trim states can be obtained, and these results
are provided in Figures 8 and 9.

Fig. 8: Trim states of hypersonic morphing waveride.
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Fig. 9: Dynamic characteristics with regard to 8 Mach and 28km.

According to Figures 8 and 9, we find that the tool
interface can provide facilities with the dynamic features
analysis and equilibrium point contradistinction for the
given flight velocity and altitude, and this makes the
motion trends are intuitively compared when the flight
conditions change. Furthermore, when considering the
change of the shape parameters, the influences on the
dynamic and static characteristics are demonstrated in
Figures 10 and 11.
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Fig. 10: Influence on trim states and lift-drag ratio with regard to
forebody angle change.
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Fig. 11: Influence on trim states and lift-drag ratio with regard to
elevon area change.

Figures 10 and 11 tell us that the trim states and
lift-drag ratio change with the variations of the forebody
turning angle and elevon area, which are relevant to the
control action. This is because that the forebody turning
angle change has the direct effect on the air mass flow
rate, leading to the change of the propulsive force,
whereas the elevon area decides the control efficiency.
Therefore, the good control law needs to be designed to
ensure the satisfied flight performance and to suppress the
uncertain disturbances in the morphing process.

To further embody the coordinated relationship
between the shape deformation and control quality, the
subsequent results are obtainted in the simulation
interface, and they are provided in Figures 12 and 13.

According to Figures 12 and 13, we find that the
system outputs (V andh) can rapidly track the command
signals (∆Vd = 100m/s and∆hd = 100m/s) from the trim
point (V0 = 2400m/s and h0 = 27000m) when the LQR
control action is enforced. Nevertheless, the changes of
the forebody tuning angle and elevon area play an
important role in the control inputs and equilibrium states
including the angle of attack, equivalence ratio and elevon
deflection angle. In particular, these trim values are
related with the flight performances, for example, the
scramjet work well if the angle of attack can be limited
within a certain range; whereas the elevon deflection
angle is determined by the actuator ability intimately
associated with the waverider weight and overall
dimension. As a result, the appropriate compromise
between the shape deformation and control action are
helpful to improve the flight performance and control
quality, thereby implementing the continuous waveriding
flight.
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Fig. 12: Response to command signals with regard to LQR
control action and forebody tuning angle change.

6 Conclusion

In this paper, the multidisciplinary analysis tool based on
the parametric model is discussed and developed for
hypersonic morphing waverider. First, the implementation
process is given to guide the following work. Next, the
parametric model is established depending on the shape
parameterization and force calculation by applying the
quadratic curve methods and engineering estimation
means. Afterwards, the control system is designed using
the LQR control approaches, and the control action is
introduced to the waverider model such that the control
integrated design is realized based on the
multidisciplinary analysis ideas. Finally, the development
process of the tool software is proposed, and a simulation
example is provided to illustrate the effectiveness of the
presented methods. We believe this developed tool will be
helpful to the further studies such as the control
performance analysis and multidisciplinary optimization
design.

Fig. 13: Response to command signals with regard to LQR
control action and elevon area change.
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