
Appl. Math. Inf. Sci.9, No. 4, 1953-1960 (2015) 1953

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.12785/amis/090435

Digital Cohomology Operations

Ozgur Ege1,∗ and Ismet Karaca2

1 Department of Mathematics, Celal Bayar University, 45140 Muradiye, Manisa, Turkey
2 Department of Mathematics, Ege University, 35100 Bornova,Izmir, Turkey

Received: 5 Nov. 2014, Revised: 5 Feb. 2015, Accepted: 6 Feb.2015
Published online: 1 Jul. 2015

Abstract: In this paper, our aim is to study the digital version of Steenrod Algebra. For this purpose, we define the digital cohomology
operations and deal with main properties of digital Steenrod squares. Moreover, some related results are given for digital images. We
finally explain the theory with nice examples.
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1 Introduction

Digital topology is a growing area in the mathematics and
computer vision with nice applications. Since many
concepts in Algebraic Topology are useful, researchers
benefit from these to get important results in this field.

Cohomology operations are algebraic invariants for a
space. These operations are beneficial because the
cohomology and the cup product sometimes fail to
seperate two spaces. We can say that if two spaces have
isomorphic cohomology groups but the behaviour of the
ring structure or cohomology operations is different, then
they are not homeomorphic. It is known that the
cohomology operations of a space are more useful
invariants than its homology. Researchers firstly construct
homology for their works and then since this structure is
not enough, they develop the cohomology. Cohomology
operations could not be directly produced from the
algorithms previously mentioned for computing the
homology. Finding an effective method for the
construction and computation of the cohomology
operations is always desirable in algebraic topology.

Steenrod squares are important classes of cohomology
operations in Algebraic Topology. Steenrod Squares can
be explanatory on the structure of a topological space.
There are several methods for constructing Steenrod
squares. It can be developed a method with using
cohomology operations.

Up to now, many researchers have studied on
cohomology operations. Real [25] gives the formulae to
obtain an algorithm for calculating Steenrod squares.

Gonzalez-Diaz and Real [13] present a combinatorial
method for computing cup-i products and Steenrod
squares of a simplicial setX . Their aim is to obtain a
method which gives an explicit formula for the
component morphisms of a higher diagonal
approximation via face operators ofX . They give a
generalization of the method to Steenrod reduced powers.

In [14], since there is no extensive knowledge about
the algorithmic structure of cohomology operations, it is
established an algorithm for computing homology which
allows us the computation of the cup product and the
effective evaluation of the primary and secondary
cohomology operations on the cohomology of a finite
simplicial complex. It is also given a program in
Mathematica for cohomology computations.

Gonzalez-Diaz and Real [15] develop a software to
obtain simplicial formulation. It provides a way to design
an efficient algorithm for computing any Steenrod
cohomology operation on any cohomology class of any
degree.

Gonzalez-Diaz and Real [16] give a method to
compute cohomology operations on finite simplicial
complexes. They also deal with a procedure for
calculating primary and secondary cohomology
operations. It is given a solution to the problem of
computing Steenrod squares, reduced pth powers and
Adem secondary cohomology operations.

In [17], it is determined combinatorial descriptions of
Steenrodkth powers in terms of face operators and
developed some techniques to obtain a formula for
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cohomology operations. Gonzalez-Diaz and Real [18] use
formulas which are obtained by them to compute Adem
cohomology operations. They also improve an algorithm
for this process.

Ege et al. [12] deal with relative and reduced
homology groups of digital images. Ege and Karaca [11]
propose a mathematical construction that can be used for
defining the simplicial cohomology theory of digital
images. They show that the Kunneth formula for
cohomology doesn’t hold in digital images. It is also
defined the simplicial cup product and proved its some
properties for digital images. Karaca and Burak [22]
study the relative cohomology groups of digital images.
They give a method to compute the cohomology ring of
digital images and some examples about cohomology
ring.

Here is a summary of the present paper. In Section 2,
we introduce the necessary backgrounds on digital
topology and digital cohomology theory. Section 3 is
dedicated to digital cohomology operations, digital
Steenrod squares and other related results. Finally, we
give a conclusion about these topics.

2 Preliminaries

Let X be a subset ofZn for a positive integern whereZn

is the set of lattice points in then-dimensional Euclidean
space andκ be represent a specific adjacency relation for
the members ofX . A digital image consists of(X ,κ).
Definition 2.1. [5]. Let l,n be positive integers, 1≤ l ≤ n
and two distinct points

p = (p1, p2, . . . , pn), q = (q1,q2, . . . ,qn) ∈ Z
n

p andq arekl-adjacent if there are at mostl indicesi such
that|pi − qi|= 1 and for all other indicesj such that

|p j − q j| 6= 1 and p j = q j.

The following statements can be obtained from
Definition 2.1:
• Two pointsp andq in Z are 2-adjacent if|p− q|= 1.
• Two points p and q in Z

2 are 8-adjacent if they are
distinct and differ by at most 1 in each coordinate.
• Two points p and q in Z

2 are 4-adjacent if they are
8-adjacent and differ in exactly one coordinate.
• Two points p and q in Z

3 are 26-adjacent if they are
distinct and differ by at most 1 in each coordinate.
• Two points p and q in Z

3 are 18-adjacent if they are
26-adjacent and differ at most two coordinates.
• Two points p and q in Z

3 are 6-adjacent if they are
18-adjacent and differ in exactly one coordinate.

A κ-neighbor [5] of p ∈ Z
n is a point ofZn that isκ-

adjacent top whereκ ∈ {2,4,8,6,18,26}. The set

Nκ(p) = {q | q is κ −adjacent top}

is called theκ-neighborhood of p. A digital interval [4] is
defined by

[a,b]Z = {z ∈ Z | a ≤ z ≤ b}

wherea,b ∈ Z anda < b.
A digital imageX ⊂ Z

n is κ-connected [21] if and
only if for every pair of different pointsx,y ∈ X , there is a
set{x0,x1, . . . ,xr} of points of a digital imageX such that
x = x0, y = xr and xi and xi+1 are κ-neighbors where
i = 0,1, . . . ,r−1.
Definition 2.2. [5]. Let (X ,κ0) ⊂ Z

n0, (Y,κ1) ⊂ Z
n1 be

digital images andf : X −→ Y be a function.
• If for every κ0-connected subsetU of X , f (U) is a
κ1-connected subset ofY , then f is said to be
(κ0,κ1)-continuous.
• f is (κ0,κ1)-continuous⇔ for everyκ0-adjacent points
{x0,x1} of X , either f (x0) = f (x1) or f (x0) and f (x1) are
aκ1-adjacent inY .

A (2,κ)-continuous functionf : [0,m]Z −→ X such
that f (0) = x and f (m) = y is called a digitalκ-path [5]
from x to y in a digital imageX . In a digital image(X ,κ),
for every two points, if there is aκ-path, thenX is called
κ-path connected. A simple closedκ-curve of m ≥ 4
points [9] in a digital image X is a sequence
{ f (0), f (1), . . . , f (m − 1)} of images of the κ-path
f : [0,m − 1]Z −→ X such that f (i) and f ( j) are
κ-adjacent if and only ifj = i± modm.

Let (X ,κ0)⊂ Z
n0, (Y,κ1)⊂ Z

n1 be digital images and
f : X −→ Y be a function. If f is (κ0,κ1)-continuous,
bijective andf−1 is (κ1,κ0)-continuous, thenf is called
(κ0,κ1)-isomorphism [8] and denoted byX ∼=(κ0,κ1) Y .

A point x ∈ X is called aκ-corner [3] if x is κ-adjacent
to two and only two pointsy,z ∈ X such thaty andz are
κ-adjacent to each other. Ify,z are notκ-corners and ifx is
the only pointκ-adjacent to bothy,z, then we say that the
κ-cornerx is simple [2]. X is called a generalized simple
closedκ-curve [23] if what is obtained by removing all
simpleκ-corners ofX is a simple closedκ-curve. For aκ-
connected digital image(X ,κ) in Z

n, there is a following
statement:

|X |x = N3n−1(x)∩X .

κ ∈

{

2n (n ≥ 1),3n −1 (n ≥ 2),3n −
r−2

∑
t=0

Cn
t 2n−t −1

(2≤ r ≤ n−1, n ≥ 3)

}

,

(1)

whereCn
t = n!

(n−t)!t! .

Definition 2.3. [19]. Let (X ,κ) be a digital image inZn,
n≥ 3 andX =Z

n −X . ThenX is called aclosed κ-surface
if it satisfies the following.
1. In case that(κ ,κ) ∈ {(κ ,2n),(2n,3n −1)}, where the
κ-adjacency is taken from (1) withκ 6= 3n −2n −1 andκ
is the adjacency onX , then

• for each point x ∈ X , |X |x has exactly one
κ-componentκ-adjacent tox;
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• |X |x has exactly twoκ-componentsκ-adjacent tox;
we denote byCxx andDxx these two components; and

• for any pointy ∈ Nκ (x)∩ X , Nκ (y)∩Cxx 6= /0 and
Nκ(y)∩Dxx 6= /0, whereNκ(x) means theκ-neighbors ofx.
Further, if a closedκ-surfaceX does not have a simpleκ-
point, thenX is called simple.
2. In case that(κ ,κ) = (3n −2n −1,2n), then

• X is κ-connected,
• for each pointx ∈ X , |X |x is a generalized simple

closedκ-curve.
Moreover, if the image|X |x is a simple closedκ-curve,
then the closedκ-surfaceX is called simple.

Example 2.4.[19] MSS
′

18 = {c0 = (1,1,0),c1 =
(0,2,0),c2 = (−1,1,0),c3 = (0,0,0),c4 = (0,1,−1),
c5 = (0,1,1)} ⊂ Z

3 is a minimal simple closed
18-surface (see figure 1).

Fig. 1: MSS
′

18

Definition 2.5. [5]. Let (X ,κ1) ⊂ Z
n1 and (Y,κ2) ⊂ Z

n2

be digital images and f ,g : X −→ Y be two
(κ1,κ2)-continuous functions.f andg are called digitally
(κ1,κ2)-homotopic inY if there is a positive integerm
and a functionH : X × [0,m]Z −→ Y such that

• for all x ∈ X , H(x,0) = f (x) andH(x,m) = g(x),
• for all x ∈ X , Hx : [0,m]Z −→ Y defined by

Hx(t) = H(x, t)

for all t ∈ [0,m]Z is (2,κ2)-continuous,
• for all t ∈ [0,m]Z, Ht : X −→ Y defined by

Ht(x) = H(x, t) for all x ∈ X is (κ1,κ2)-continuous.
The function H is called a digital(κ1,κ2)-homotopy
betweenf andg.

We notice that a digital image(X ,κ) is said to beκ-
contractible [4] if its identity map is(κ ,κ)-homotopic to
a constant function ¯c for somec ∈ X which is defined by
c̄(x) = c for all x ∈ X .

Let (X ,κ) be a digital image and its subset be(A,κ).
(X ,A) is called a digital image pair withκ-adjacency and
when A is a singleton set{x0}, then (X ,x0) is called a
pointed digital image.

Definition 2.6. [26]. Let S be a set of nonempty subset a
digital image(X ,κ). Let the following statements hold:

• If p andq are distinct points ofs ∈ S, thenp andq
areκ-adjacent,

• If s ∈ S and /06= t ⊂ s, thent ∈ S.
Then the members ofS are called simplexes of(X ,κ).

An m-simplex is a simplexS such that|S| = m + 1.
Let P be a digitalm-simplex. If P

′
is a nonempty proper

subset ofP, then P
′

is called a face ofP. We write
Vert(P) to denote the vertex set ofP. A digital
subcomplexA of a digital simplicial complexX with
κ-adjacency is a digital simplicial complex contained in
X with Vert(A)⊂Vert(X).

Definition 2.7. [1]. Let (X ,κ) be a finite collection of
digital m-simplices, 0≤ m ≤ d for some non-negative
integerd. If the followings hold, then(X ,κ) is called a
finite digital simplicial complex:

• If P belongs toX , then every face ofP also belongs
to X .

• If P,Q ∈ X , thenP∩Q is either empty or a common
face ofP andQ.

Let (X ,κ) ⊂ Z
n be a digital simplicial complex. If

there is an ordering on the vertex set of(X ,κ), then it is
calledoriented simplicial complex [1].

Definition 2.8. [1]. Let (X ,κ) ⊂ Z
n be a digital oriented

simplicial complex withm-dimension.Cκ
q (X) is a free

abelian group with basis all digital(κ ,q)-simplices inX .
A homomorphism

∂q : Cκ
q (X)−→Cκ

q−1(X)

called the boundary operator. Ifσ = [v0, . . . ,vq] is an
oriented simplex with 0< q ≤ m, ∂q is defined by

∂qσ = ∂q[v0, . . . ,vq] =
q

∑
i=0

(−1)i[v0, . . . , v̂i, . . . ,vq]

where ˆvi means the vertexvi is to be deleted from the array.
We remark that forq < 0,m < q, sinceCκ

q (X) is the trivial
group, the operator∂q is the trivial homomorphism forq≤
0, m < q.

We notice that∂q−1◦ ∂q = 0 [1] for q ≥ 0.

Definition 2.9. [1]. Let (X ,κ) ⊂ Z
n be a digital oriented

simplicial complex withm-dimension.
• Zκ

q (X) = Ker ∂q is called the group of digital
simplicialq-cycles.

• Bκ
q (X) = Im ∂q+1 is called the group of digital

simplicialq-boundaries.
• Hκ

q (X) = Zκ
q (X)/Bκ

q (X) is called theqth digital
simplicial homology group.

Let ϕ : (X ,κ1) −→ (Y,κ2) be a function between
digital images. If for every digital(κ1,m)-simplex P
determined by the adjacency relationκ1 in X , ϕ(P) is a
(κ1,n)-simplex inY for somen ≤ m, thenϕ is calleda
digital simplicial map [10].

Definition 2.10. [11]. Let (X ,κ) be a digital simplicial
complex andR be an abelian group. The digital simplicial
cochain complex(C (X),δ ) is defined as follows. For any
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q ∈ Z, the q-dimensional digital cochain group with
coefficients inR is the group

Cq,κ(X ,R) = Hom(Cκ
q (X),R).

If R = Z, thenR is omitted from the notation. Elements of
Cq,κ(X) are called digital cochains and denoted bycq.
The value of a digital cochaincq on a chaindq is denoted
by < cq,dq >. The q-th coboundary map
δ q : Cq,κ(X) −→ Cq+1,κ(X) is the dual of the boundary
operator∂q+1 defined by

< δ qcq,dq+1 >=< cq,∂q+1dq+1 > .

We have the following statements from [11]:
• Zq,κ(X) = Ker δ q is the group of digital simplicial

q-cocycles.
• Bq,κ(X) = Im δ q−1 is the group of digital simplicial

q-coboundaries.
• Hq,κ(X) = Zq,κ(X)/Bq,κ(X) is the qth digital

simplicial cohomology group.

Theorem 2.11.[11]. If (X ,κ) is a single vertex, then

Hq,κ(X) =

{

Z, q = 0
0, q 6= 0.

Ege and Karaca [11] give the definition of digital
simplicial cup product for digital images. They define the
digital simplicial cup product

⌣: Cp,κ(X ,R)×Cq,κ(X ,R)−→Cp+q,κ(X ,R)

of cochainscp andcq by the formula

< cp ⌣ cq, [v0, . . . ,vp+q]>=< cp, [v0, . . . ,vp]> .

< cq, [vp, . . . ,vp+q]>

wherev0 < .. . < vp+q in the given ordering and. is the
product inR. They also show that the digital simplicial
cup product is bilinear. It is shown that there exists the
following equality:

δ (cp ⌣ cq) = δcp ⌣ cq +(−1)pcp ⌣ δcq.

It is obtained the cup product on digital simplicial
cochains is associative. Ifcp ∈ H p,κ(X ,G1) and
cq ∈ Hq,κ(X ,G2) are digital cocycles, then
cp ⌣ cq = (−1)pqcq ⌣ cp. Let (X ,κ1) ⊂ Z

n1 and
(Y,κ2) ⊂ Z

n2 be digital images. Iff : (X ,κ1) −→ (Y,κ2)
is a digitally continuous map andcp ∈ H p,κ(X ,G1) and
cq ∈ Hq,κ(X ,G2) are digital cocycles, then
f ∗(cp ⌣ cq) = f ∗(cp) ⌣ f ∗(cq). They conclude that the
digital simplicial cohomology ring ofX is the graded
abelian groupH∗,κ(X) with the graded multiplication
given by the digital simplicial cup product.

3 Digital cohomology operations

In this section, we define a digital cohomology operation,
digital Steenrod square and give some theorems with
examples.

Definition 3.1.Let (X ,κ) and(Y,κ ′
) be digital images. A

digital cohomology operation of type(n,A;q,B) is a
transformation

θ : Hn,κ(X ,A)−→ Hq,κ(X ,B)

defined for all digital images(X ,κ), with fixed positive
integersn,m and abelian groupsG1,G2 and satisfying the
property f ∗θ = θ f ∗; that is, the following diagram

Hn,κ
′

(Y ;G1)
θ

//

f ∗

��

Hq,κ
′

(Y ;G2)

f ∗

��

Hn,κ(X ;G1) θ
// Hq,κ(X ;G2)

is commutative for all digital simplicial mapsf : X −→Y .
Let us give some important examples on digital

cohomology operations.

Example 3.2.Let (A,κ) and(B,κ ′
) be digital images. If

f : A −→ B is a digital homomorphism, thenf induces
digital homomorphisms

f ∗ : Hn,κ(X ,A)−→ Hn,κ(X ,B)

for all n. Thus f defines a digital cohomology operation of
type(n,A;n,B) for anyn.

Example 3.3. Let R be a ring. If
θ n : Hn,κ(X ,R) −→ H2n,κ(X ,R) is a digital map defined
by

θ n(x) = x ⌣ x,

where⌣ is the digital simplicial cup product, thenθn is a
natural transformation since

f ∗(x ⌣ x) = f ∗(x)⌣ f ∗(x).

As a result,θ n is a digital cohomology operation of type
(n,R;2n,R) for anyn.

We remark that θ is not always a digital
homomorphism, sinceθ (x+ y) 6= θ (x)+ θ (y) in general.
So we can give the following.

Corollary 3.4. A digital cohomology operation does not
require it to be a digital homomorphism.

We deal with a digital Steenrod square and its
properties as a special digital cohomology operation.

Definition 3.5. The ith digital Steenrod square,i ≥ 0, is a
digital cohomology operation

Sqi : Hn,κ(X ;Z2)−→ Hn+i,κ(X ;Z2)

which is a digital homomorphism satisfying following
axioms:
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Axiom-1: Sq0 = 1.
Axiom-2: If deg x = i, thenSqi(x) = x2.
Axiom-3: If i > deg x, thenSqi(x) = 0.
Axiom-4: Sq1 is a Bockstein homomorphism for the
coefficient sequence

0−→ Z2 −→ Z4 −→ Z2 −→ 0.

Axiom-5: (Adem relations) If 0< a < 2b, then

SqaSqb =
[a/2]

∑
j=0

(

b−1− j
a−2 j

)

Sqa+b− jSq j.

Theorem 3.6.(Cartan formula) Forx,y ∈ H∗,κ(X ,Z2) and
x× y ∈ H∗,κ(X ,Z2), we have

Sqn(x× y) =
n

∑
i=0

Sqi(x)× Sqn−i(y).

Proof. The proof is the same as in Algebraic Topology.�

We now give a formula which exists in Algebraic
Topology.

Proposition 3.7. For x,y ∈ H∗,κ(X ,Z2) and
x ⌣ y ∈ H∗,κ(X ,Z2), we have

Sqn(x ⌣ y) =
n

∑
i=0

Sqi(x)⌣ Sqn−i(y).

The following example shows that the Proposition 3.7
doesn’t hold in digital images.

Example 3.8. Let X = [0,1]Z × [0,1]Z × [0,1]Z be the
digital image with 6-adjacency (see figure 2).

Fig. 2: X

From [11], we have

Hn,6(X ;Z2) =







Z2, n = 0
Z

5
2, n = 1

0, n 6= 0,1.

Let x,y ∈ H0,2(X ;Z2). Since

0= Sq2(x ⌣ y) =
2

∑
i=0

Sqi(x)⌣ Sqn−i(y)

= Sq0(x)⌣ Sq2(y)+ Sq1(x)⌣ Sq1(y)+

Sq2(x)⌣ Sq0(y)

= x ⌣ 0+ Sq1(x)⌣ Sq1(y)+0⌣ y

= Sq1(x)⌣ Sq1(y) ∈ Z
5
2,

we conclude that the Proposition 3.7 doesn’t hold.

Proposition 3.9. Sqi commutes with δ , that is, the
following diagram is commutative:

Hn,κ(X ×Y ;Z2)
δ

//

Sqi

��

Hn+1,κ(X ×Y ;Z2)

Sqi

��

Hn+i,κ(X ×Y ;Z2) δ
// Hn+i+1,κ(X ×Y ;Z2)

Proof. Let x× y ∈ Hn,κ(X ;Z2). Since

Sqi(δ (x× y)) = Sqi(x× δ (y))
= Sqi(x)× Sq0(δ (y)) (by T heorem 3.6)

= Sqi(x)× δ (y) (by Axiom 1)

= δ (Sqi(x)× y)

= δ (Sqi(x× y))

(by T heorem 3.6,Axioms 1 and 3),

we get the required result.�

Theorem 3.10. If f : (Y,κ ′
) −→ (X ,κ) is a digital

simplicial map, thenf ∗Sqi = Sqi f ∗ for everyi.

Proof. Let α ∈ Hq,κ(X) and consider the map

f ∗ : Hq,κ(X)−→ Hq,κ
′

(Y ). Since

f ∗Sqi(α) = f ∗(α ∪α)

= f ∗(α)∪ f ∗(α)

= Sqi( f ∗(α))

= Sqi f ∗(α),

we obtain the required result.�

The following theorem exists in Algebraic Topology
and thus we don’t prove it but we give an example.

Theorem 3.11.Let k be a natural number andx be a
generator withdeg(x) = 1.
a) Sqi(xk) =

(k
i

)

xk+i.
b)

Sqi(x2k
) =







x2k
, i = 0

x2k+1
, i = 2k

0, i 6= 0,2k.
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Example 3.12.Let

MSS18={p0 = (0,0,1), p1 = (1,1,1), p2 = (1,2,1),

p3 = (0,3,1), p4 = (−1,2,1), p5 = (0,0,1),

p6 = (0,0,1), p7 = (0,0,1), p8 = (0,0,1),

p9 = (0,1,2)}

with 18-adjacency. It is a minimal simple closed
18-surface [19] (see Figure 3).

Fig. 3: MSS18.

Karaca and Burak [22] compute the cohomology groups
of MSS18 as follow:

Hq,18(MSS18) =







Z, q = 0
Z

3, q = 1
0, q ≥ 2.

Let x ∈ H0,18(MSS18) with deg(x) = 1. If we takek = 1
andi = 2, from the Theorem 3.11a), it is easy to see that

Sq2(x) =

(

1
2

)

x1+2 = 0.

In fact, we haveSq2(x) ∈ H2,18(MSS18) = 0.
We recall that a cohomology operationθ is said to be

stable operation if it commutes with the suspension
isomorphism; notationally, σ ◦ θ = θ ◦ σ where

σ : Hn,κ(X ;Z2)→ Hn+1,κ ′

(SX ;Z2).
Now let’s define suspension for digital images.

Definition 3.13. A suspensionSX of a digital image is
defined by

SX = X × [0,m]Z/X ×{0,m}

wherem > 0 is an integer and[0,m]Z is a digital interval.

Theorem 3.14.The digital Steenrod square operation is
stable.

Proof. Let (X ,κ) be a digital image and(SX ,κ ′
) is the

suspension ofX . Consider the following diagram.

Hn,κ(X ;Z2)
σ

//

Sqi

��

Hn+1,κ ′

(SX ;Z2)

Sqi

��

Hn+i,κ(X ;Z2) σ
// Hn+i+1,κ

′

(SX ;Z2)

Since σ is a kind of coboundary operation, by the
Proposition 3.9, we conclude that

σ ◦ Sqi(x) = Sqi ◦σ(x)

for all x ∈ Hn,κ(X ;Z2). As a consequence, we get the
required result.�

In the Euclidean space, the suspension of the unit
circleS1 is the unit sphereS2 but this is not valid in digital
images. Boxer [7] defines sphere-like digital image as
follows.

Sn = [−1,1]n+1
Z

\ {0n+1} ⊂ Z
n+1,

where 0n denotes the origin ofZn.
Although there is a relation∑Sn ≈ Sn+1 where∑ is a

suspension andSn is then-sphere in Algebraic Topology,
this relation doesn’t hold in digital images. Let’s show it
by the following example.
Example 3.15.Consider the digital 1-sphereS1 in Z

2

which is defined by

S1 = {c0 = (1,0),c1 = (1,1),c2 = (0,1),c3 = (−1,1),

c4 = (−1,0),c5 = (−1,−1),c6 = (0,−1),c7 = (1,−1)}

with 4-adjacency (see Figure 4).

Fig. 4: Digital 1-sphereS1

The suspension ofS1 is defined by

SS1 = S1× [0,4]Z/S1×{0,4}.

So we have the following digital image:

But the digital 2-sphereS2 with 6-adjacency is given as
follows:

As a result, we get the suspension the digital 1-sphereS1
is not the digital 2-sphereS2, i.e.SS1 6≈ S2.

c© 2015 NSP
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Fig. 5: SS1

Fig. 6: Digital 2-sphereS2

4 Conclusion

The aim of this paper is to give characteristic properties
of digital Steenrod squares and digital cohomology
operations. Since these operations are useful invariant for
digital images, we first deal with digital cohomology
groups. Then we define the digital Steenrod squares and
give their axioms. We finally make some examples about
digital Steenrod squares.
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