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Abstract: In this study we develop sufficient condition in order to detime the solution of delay differential equation is ositiry
or not oscillatory further we also obtain a polynomial apgmeation to determine the stability of the solutions.
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1 Introduction delay differential equations. Further we also obtain a
polynomial as an approximation to determine the stability

Delay differential equations (DDES) appear in the modelsOf the solutions. First of all we need the some

throughout the several applications, see for example [1]Preliminaries.

Much of the work that has been done treats DDEs with . i ) ]

one or a few discrete delays. A number of realistic Proposition 1If the function {t) is exponentially

physiological models however include distributed delaysbounded, k., if for some K> 0 and some reaf, we have

and a problem of particular interest is to deterrmilne th_e|f(t)| < KelL/, t € [0,e0) then the corresponding Sumudu

stability of the steady state solutions. For applications i integral

physiological systems, see [2, 3, 4]. The results

concerning existence, uniqueness and continuous 1 r°

dependence of Egg) can be found in [5, 6, 7] and the F(u) = S[f(t)] = a/ e uf(t)dt

asymptotic behavior of the solutions has been studied 0

elsewhere, see, e.g., [8]. From the theoretical point of converges, and thus the Sumudu transform is defined, for

view the most important class of functiohé&) for which 1

the Sumudu transform is defined is the set ofallu>Yyor— < v

exponentially bounded functions. A functidiit), defined

on [0,), is exponentially bounded there if there is a ProofSee [9]

positive K € RT and a real number,%,, such that

(1)) < Keb t e [0,00). It is straightforward to see, for Remarkior related current studies with Sumudu

example thét all of’ thé generalized exponential fuﬁctionstransmrm we re]‘er to {0 - [14). We further note that,

lie in this class of functions under these circumstances;(u) is defined for all
: 1 i . 1 1

complex u= o + — for which Reu= o < = so that

. In this study We'proveacriteria as suf.ficient-condition F(u) is defined in the whole right half complex plane

in order to determine whether solution is oscillatory or 1 . t

non oscillatory for delay differential equation. The Reu< 3 The smallest value of for which [f(t)| < Ke?,

present approach is based on the method of Sumudt € [0,) for some K > 0 is called the abscissa of

transform which was not used yet to study oscillation of convergence df (u).
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Consider the system of

dy

t
= = py+/O D(t—s)y(s)ds+F (1),

1)

and

dy t

3 = P+ [ Dt-9y(s)ds @

0

in which p is ann x n constant matrixD(t) annx n
matrix of functions continuous on[0,c), and
F :[0,0) — R" continuous. We suppose further that
|F(t)] and|D(t)|] may be bounded by a functidte® for
K >0 anda> 0. That is,F andD are said to be of
exponential order.

Theorem 1Let Z(t) be the nx n matrix whose columns
are solutions of E¢2) with Z(0) = I. Then the solution of
Eq (1) satisfying y0) = yp is given by

YO =2+ [ 20-9FEds @

ProofNotice thatZ(t) satisfies Eq2) thus
dz

t
= Z(t)+/0 D(t—s)Z(s)ds

We first suppose thaE and D are in L1[O, ). If we
convert Eq(1) into an integral equation, we have

t t t
y(t):y(O)—i—/O F(s)ds+/0 [p—k/ D(x—s)dx} y(s)ds
S
and ad andF are inL!, we have

t
YOI < y(0)|+k+k | Iy(s)/ds

somek > 0 and 0< t < «. By Gronwall's inequality we
have

()] < [Iy(0)] + K €.
Thus bothy(t) andZ(t) are of exponential order, so then

the transform exists and taking their Sumudu transforms,

we have

t
dz(t) = pZ+/ D(x—s)Z(s)ds
dt 0
and upon transforming both sides, we obtain

Z(u)—2Z(0)
u

= pZ(u) +uZ(u)D(u)

further we have

Z(0) = (1 —up—u?D(u)) Z(u)

and because the right side is nonsingular, so it follows

that(l —up—u’D (u)) is also nonsingular for appropriate

u. (Actually, Z(u) is an analytic function of s in the
half-planeReu> a, where|Z(t)| < ké. Then we have

Z(u)= (1 —up—u?D(u))

Now, by taking Sumudu transform for both sides of Bq(

Y(u)—-y(0)
u

= pY(u)+uY(u)D(u) +F (u),
(I —up—u?D(u))Y (u) = y(0) + uF(u)
so that we get

Y(u) = Z(u)y(0) + uZ(u)F(u)
= Z(u)y(0) + S( tZ(t — s)F(s)ds)

0
- S(Z(t)y(OH—/OtZ(t —s)F(s)ds) .

Sincey, Z, andF are of exponential order and continuous.
Thus, the proof is complete f@ andF being inL[0, c).

We provide some sufficient conditions under which
oscillation phenomenon occurs for the linear \olterra
integral equation of convolution type with delay

y(t) = f(t)+/ot iai (t—9s)y(s—r)dst>0 (4)

where f € C(R",R), &(.) € LL.(RY), ri € R, for
i =1,2,3,...n. Our approach is based on the method of

Sumudu transform.

In this section, we establish some results which we
need in the proofs of our main result. In order to
guarantee the existence of Sumudu transforms of
solutions of Ead), we assume that for the functioh
there exist two real numbeksc R and% € R such that

®)
(6)

f(t)] < Keb, t>0
lai(t)] < Keb, t>0, i=1,23...,n,
Then we can state the following lemma.

Lemma 1Assume that E&] and Eq6) are holds. Then
every solution of E¢f) has Sumudu transform.

ProofConsider a solutiony of Eq@) with initial

functiong € C([—r,0],R); by using Eqd) and Eqgp), we
have

yol <eb+ 3 [ jalt-s—r)lo(ds

+ii/0t a(t—s—r)| (9| ds
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Multiplying both sides of this inequality bye‘%, and  wheret > 0 andFc(u) denotes the Sumudu transform of
taking into account E&) and Eq6) we obtain f(t+c). Then, we find

n i 0 . 1 [ t+c t . .
e blyt)| < K+Kzle*5'/ e b|g(s)|ds U/o /0 e ug (t+c—9s)y(s—ri)dsdt
i= —Ti c o
= %/ y(s—ri)/ e*fia;(t+c—s)dtds
0 0

o ot

+é/ /e‘ﬁa;(t—s)yc(s—ri)dsdt
0 Jo

By Gronwall’s inequality, it follows =K1+ Ko.

n it s
+K e‘b‘/ e 8 [x(s)|ds
izi 0

()| < n,elatm)t t>0 Itis easy to see that

Ki= @+ B (WA (U), Kz =A(U) [ (W) +e o))

where
9)

noo. o0 where
n1:K<1+ e‘E/ _e—5|(p(s)|ds>, L o 0

= =i o = _/ Ye(s—ri)e  u / e ug (t)dtds

n f uJo c-s
=KYen, ¢ _(s0)
2 e Bi (u):/o Ye(s—ri)e U ds
0 ri

which is a sufficient condition for the existence of the (u) = @(s)e” (STJOdS

Sumudu transform of. i

andA;(u) is the Sumudu transform ef (t). The functions
Lemma2lf Y(u) is the Sumudu transform of a @& (.), Bi(.) andy;(.) are entire functions of the complex
nonnegative function () and has the abscissa of variableu € C. By substituting Ecff) into Eq@) we have
convergence% > —oo, then Y(u) has a singularity at the

n n
point u= £ on the complex plang. Ye(u) = Fe(u) + thl + Z(Bi (U) + i (U)) Ai(u)
i= i=
Now we shall present the main results for the + i e*rUiAi(u)Yc(u).
oscillation of \olterra integral equation E4(via the i;

method of Sumudu transform. Lg¢(t) denotey(t + c),

wherec € R. Then the Sumudu transforia(u) of yc(t) DefineH (u) = 1— g e A (u). If H (u) = 0 has no real
exists and has the same abscissa of convergen¢éuas i=1

by noting the following formula roots, then we have
. 1o Fe(w+ 3 O+ 3 (B (U)+ i (W) AW)
Yo(u) = &f (v(u) 5 [ vve udt) | e 472 o)

The last integral defines an entire function of the complex|, the following theorem we study the oscillation of delay

variableu € C. It is clear thatY(u) andYc(u) have their  gigerential equations Edj by Sumudu transform method
singularities at the same points on the complex plane. Onys fgjiows.

the other hand, the translation of Bjjaélong a solutiory

by c € R is the following equation Theorem 2Assume that the following conditions are
satisfied
t+c n
y(t+c)=f(t+c)+ A _Zlai(tJrC—S)Y(S—ri)dS t>0. a,a; aas,...,an, abscissas of convergencefofu)
= @) Ag (u),Az(u),Az(u)... Ay (u) respectively and

Multiply both sides of Eq), by %e*ta and integrating it g;uTeg({S&taiéa;ﬁéﬂ' A i:ngtIJZEUQ has asingularity on
from O to oo, we obtain =4 y =a, 1)

Ye(u) = Fe(u)

1 /> _
e
uJo

e n H (u) = 0 has no real root da, «) . (12)

0 ;a@ (t+c—s)y(s—ri)dsdt (8)  Then every solution of Ed)is oscillatory.

cl
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ProofTake a solutiory of Eq(@); and in the contradictory,
we assume thay is not oscillatory. Then there exists a
sufficiently largeT > 0 such that eithery(t) > O or
y(t) <Ofort>T.

Now if we consider the casgt) > 0 fort > T. (The case
y(t) <0 fort > T can also be treated in a similar way).
Let us take a number> T such thatyc(t) > 0 fort > 0,
namely, the functiony.(t) is a nonnegative function.
Assume that% is the convergence of (u), so Y¢(u) is

analytic on the half-plan&eu> %. By Lemma 2,Y;(u)

can not be analytically continued to the point % from
the right side since there is no complex neighborhodd of

on which we can find an analytic function which agrees

with Yc(u) for Reu> %. By assumptions E4() and
Eq@2), we see that the function on the right side of
Eq(10) is analytic forReu> max(a, £). If a> #, and in
the view of Eq(1), F(u) has a singularity ofiReu= a,
and Ai(u), i = 1,2,3,...,n, are analytic inReu> a.
Taking the Eql2) into account, we see that(u) has a
singularity Reu= a, which contradicts thatY;(u) is
analytic inReu> &. If a< #, by Eq@1) and Eq(2), the
function on the right side of EqQ) is an analytic in the
regionReu> a and atu = a. This implies thatY;(u) is
analytic even in the stripa < Reu< {. This is a

contradiction. Ifa = %, by the assumptions Ef{) and
Eq@2), we see that the function on the right side of
Eq(10) is analytic inReu= a, butY.(u) has a singularity
at Reu=a = %, which is a contradiction. The proof is

complete.

Theorem 3Assume that the following conditions are
satisfied

a,a1, ap,as,...,an abscissas of convergencerofu),
A1 (U),A2(u),Asz(u)... Ay (u) respectively
thereis ane {1,2,3,...n} such that
a > maxa,a;,a_1,8+1,---,an}- A(u) has a
singularity onReu= a;, but is analytic ati = a,

(13)

H (u) = 0 has no real root ofg;, ). (14)

ndent Then every solution of E(s oscillatory.

The proof is similar to the proof of Theorem 2.

Now we note that in Ed), if a(t) = cw(t),i=1,2,...,n,
¢ are real numbers, them(t), (i = 1,2,...,n), have th
same abscissa c# If % > a, wherea is the abscissa of

Theorem 4Assume that the following conditions are
satisfied

a and% are the abscissas of convergenc€ afi) andD(u),

andé > awhereD(u) is the Sumudu transform wi(t).

D(u) has a singularity oReu= %, but is analytic ati= 3.
(15)

H (u) = 0 has no real root o{— (16)

)
|-

d
Then every solution of the Volterra integral equation

y(t):f(t)+/otw(t—s)_icix(s—ri)ds t>0 (17)

is oscillatory.

ProofSincea;(t) = ciw(t), we can easily see that Edf)
has the following form

n

Folt)+ 3 @+ D(u) 3 0 (B (0) + 4 ()

e A

(18)

n .

whereH (u) =1—-D(u) 5 ¢ e t. The rest of the proofis
i=1

similar to the one of Theorem 2.

However, by the following example we show that for some
\olterra integral equations, if Eg6) or Eq(L6), or both,

are not true then all solutions of the equation do not need
be oscillatory.

Example 1Consider the Volterra integral equation
t
yi(t) = 1+/ 2y(s—1)ds t>0 (19)
0

by using Sumudu transform to Eif) we have

10 e
1+2e u/ e uy(t)dt
Y(u) = L :

1
u

1-2ue”
The abscissas of convergencefofu) and D(u) are O,
namely,a = % = 0. Note thatD(u) = 2u is singular at
U= andD (%) = % is singular at the poinp = 0. This
means that Eq) is not satisfied. Furthermore

'(5)

the functionL(p) = (p—2)e P has only one real root
p € [0,»). So Eq(6) does not hold. On the other hand, if

— 1_ge*p: p;ze*p atu= E
p p p

convergence ofY(u), then it is not possible to apply we only consider the solutions of the delay differential
Theorems 2 and 3. To cover the latter case, we have thequation

following theorem.

y(t)—2y(t-1)=0
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with the initial functionsA € C([-1,0],R) andA (0)=1  In general

by using Sumudu transform we have Vo) = bu¥, 1+ Vn 1
142 1/0 ~uy(t)dt n Lau
+2e7i | g
Y = S Y = Sy ¥a (U] (26)
1-2ued 7 SubstitutingY,,_1 into Eq@6) we have
these solutions are also the solutions of the abgve \olterra bubY-2+Yn—2 NV
integral equation. But it is clear that(t) = &P is a Yo (u) = l’lai o~ : (27)

nonoscillatory solution for this delay differential
equation. So the Volterra integral equation has aThe repeated applications of this procedure terminates at

nonoscillatory solution. Yo and one arrives at
Yo(u) = Jn-1 | DUz By s
2 Polynomial approximations of the l-au (1-au® (1-au®
characteristic equation N bty b UM Yo (u)
. _ _ _ , (1—au)" (1—au)"
Similar to the ordinary differential equations, several i1 Gl
properties of delay differential equations can be e by bTUT T Yo (U) (28)
characterized and examined by using the characteristic & (1—au™! (1—au)"

equations. For example, consider the first order delay . . )
differential equation given as follows. By using EqR6), we haveyy in terms of{yo, 1, ..., Yn-1} -

n—1pn—i—1,n—i—-1
d 1 b u Vi
d—{ —ay=by(t—1). (200 Yn=3S (go TA—ay™
Then applying the for example Laplace transform of both +q1 u"1 Yo (u) L (29)
sides of Eg20), we can obtain (1—au)" ‘
Y (u) —y(0) On using the linearity of the inverse transform

—aY(u) =bS(¢) (21) J-i-1

n—-1
. . . ~ VSt ———— |y,
where@(t) is an shifted initial function on € [0,1) and Y i; <(1— au)”") Y
Yo is the initial condition at the poirtt= 0. We note that

Yo can be different than the value limy ¢ (t)). Here the _ e b1y (30)
Sumudu transform is defined as & (n—i—1)! '

1 [ _

S[f(t)] = _/ o bt (t)dt att = 1, the EqB0) becomes

uJo n—-1 el
on the finite time. Further, note that this is equivalent to Yn= Z} mbn_'_l Vi (31)
applying the Sumudu transform on the function which is i= '
extended by zero ofil, »). For the first interval0, 1] the 1Yo (u)
Sumudu transform of(t) can be expressed as Here we neglected the tenﬁl—l (170)n . The

—au
_ buS(¢)+y(0) justification for this lies in the fact that stability should

(22) not depend on the form of the initial function, i.¢.is

Y(u)
) . chosen so as to make this term negligible. Since for any
and can be calculated by evaluating the inverse SumUdbositive integern the statey, depends on all previous

1—au

transform ofS(y(t)) att = 1 (denoted by5; *) terms. Thus the characteristic equation of this map will be
1 1 obtained by substituting =A' (A =0)andj =n—i—1,
y1=S"[S(yY)](1) =S " [S(y)] (23) 50 EqRO), can be written in the form of
By using the following notation o1 (b)J
n n—1 A
Yo(u) = S(9), Xa(u) = S(y), (24) ATATE Y 0 (32)
equations Ed{2) and Eqg3) can be written as The sum can be recognized as the exponential function
Yi(u) = buYo + yo j
= 1 /(b b
11— au " (X) _ e/\ﬁ r (n’ 7) (33)
=St M) (25) 20 T
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by substituting Eg3) into Eq@3), we have [12] A. Kiligman & H. Eltayeb, A note On Integral Transforms
and Partial Differential Equationspplied Mathematical
b -
8 ol (N2 Sciences4(3)(2010), pp. 109-118.
fn(A) = A" — A" 1lePes r(fn/)\) =0, (34)  [13]A. Kilicman, H. Eltayeb & K. A. M. Atan, A Note On
The Comparison Between Laplace and Sumudu Transforms,
Bulletin of the Iranian Mathematical Societyol. 37, No. 1

as amthorder polynomial approximation to determine the (2011), pp. 131-141.

Siag!:!:y of egrat'on.ﬁﬁ?' tS|r}ce v(;/%replaced the ,?”gmt%l [14] A. Kihigman, H. Eltayeb and P. Ravi Agarwal, On Sumudu
stability problem wi at of a difierence equation, the Transform and System of Differential Equatiorgystract

condition for stability now can be stated [ag < 1. and Applied Analysisvolume 2010, Article ID 598702, 11
pages doi:10.1155/2010/598702.
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