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Abstract: In this paper, the pitch, the angle of pitch, and the distidmuparameter of the closed ruled surfaces, generatechigge,
bi-normal, normal vectors, and unit Darboux vector of a doil spherical motion, are studied on the Frenet frame.
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1 Introduction In this paper, the pitch, the angle of pitch, and
distribution parameter of the closed ruled surface each of
which generated by tangent, bi-normal, normal vectors,

For the analysis of spatial motions in differential and unit Darboux vector on unit dual sphere, respectively,

geometry P, 6] and in kinematics of the spatial are investigated.

mechanisms 11-13], the use of dual vectors, dual

quaternion, and dual matrix algebra over the ring of dual

numbers is a very direct method. Important properties of 2 The Pitch of a Closed Ruled Surface
real vector analysis of real matrix algebra are valid for the

dual vectors and dual matrices. The principal part of this| et 4/ and H denote the fixed and moving line-spaces,
method is based on work by E. StudyZ]. The essential  yegpectively. According to the result of E. Study, unit dual

idea is to replace points by straight lines as fundamentalpneresk’ and K centered at a poini correspond to
building blocks of geometric structure. The set of orientedihese  spaces onD-module, respectively. Also,

one-to-one correspondence v_wth the points of a unit dualone—parameter spatial motish/H'. Let us take a Iine?
sphere in the dual spa@¥ of triples of dual numbers.

o , . onH. That is to say, we consider a fixed poXtof the
The definition of the Steiner vector for the real unit

. : . , .
sphere 1] is extended 2] to the definition of dual Steiner ?rgggsuglrﬁfeh de;t(r;‘a?c(l;l)n\?vrgrci ?;Oégle”-éi/ tI;e’ (t)rr]te)i t“srfrgce
vector. In P], an expression of the pitch of a closed ruled

, o . . )
surface is derived in terms of the elements of the dualOnH - The variation of the poinX according to the fixed

Steiner vector. Using this expression, the spatialSPhereK’, i.e., the variation of the lin& onH'is
extensions for planar2] and spherical 1, 4] theorems e — X
called Steiner theorems and Holditch theorems are given. di X = ¥YAX,

The motion corresponding to the dual spherical closed — — .
motion K /K’ on D-module is the one-parameter motion Where the vectot’ =¢+ eP = (W, 4, 45) with Y =
H/H’ on the line-space. The closed ruled surfd¥e, Y+ ey, i =1,2,3, is called the instantaneous Pfaffian

H !/
which is drawn by the lin&X of H on the fixed spack!’, vector of the mot|orH/H.. ] X%
the pitch, and the angle of pitch of the closed ruled _*}The ruled surfacéX) is given by X = X (t) = X (t) +
surface(X) are studied inJ). X (1), whereX = Y(t) is the unit dual vectorial function
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parameterized by € R. The dual curvgX) is the dual

Theorem 1. On the one-parameter dual motioryK’, the

spherical formation of the ruled surface. For the dual arctangent, bi-normal, and normal vectors of a dual curve

%emendCD =d¢ +ed¢* on the dual spherical cunaé —
(t),

do? = (dX,dX ) = (dX dX) +25<d7,d7>

is valid. The distribution parameter of the ruled surface is

defined p] by
1 (dX,dX) d¢-dg* d¢*

d (dx.ax) o7 do-

(X) ata point X are given by

o1 (
\/1-X2
-1
= — (XlR_i+X2R_2>) ;
\/1-X2
B =R,
respectively, where % (Xg, Xo, X3).

— —
—XoRy + X1R2) ,

1
Definition 1. Let K be the moving unit dual sphere. Proof. Suppose thaR = 32 ,where{ﬁl,ﬁz,ﬁg} is

Subject to the condition that the pitch of the motion is
nonvanishing, a new coordinate system is introduced by

{§1>,R_2>,3 = ﬁ;}. This frame is called a canonical
is the

coordinate frame. For this casel—>,J = %ﬁ; = %3
instantaneous Pfaffian vectds]|

The declaration of the variation of a point Bf€ K
according to the canonical
one-parameter motiok /K’ is given ] by

4% =T A% = (B2 %)
=3 (%/\Y) =3 (XlR_;—XzR_;),

where @ = WR; Wo= s + eys,

X = X4R; + XoR5 + XsRs, andX; = x + ex, i = 1,2,3.

The distribution parameter of the ruled surface is

1 XoXg

a P~ 1-x3°

wherep = % is the pitch p] of the motionH /H’.

3 The Distribution Parameter of a Closed
Ruled Surface

coordinate frame on

3
a unit dual orthogonal frame for 3-spaDé. SinceX is on
the unit dual spherk, we may write that

Y = Xlﬁl + Xzﬁz + )(333 =xT R,
2 2 w2 y2
HYH = Xl +X2 +X3 - 1: (1,0),
X1
whereX = | X2 |, andX is the dual vector corresponding
X3

to X. The displacements & with respect t&k andK’, the
dual moving, and fixed sphere, respectively, are given by

dR= QR dR=QR

0 Q3 —Q
Q=|(-Q3 0 Qg

Q -0 0
and
0 Qf —Q,
Q=(-Q, 0 Q) |.
Q, —Q1 0

Then the displacements of with respect t& andK’ are
given by

dX =dX"R+XTdR= (dX" + XTQ)R (1)

On the one-parameter dual spherical motion, the fixedgnd

point X € K constructs a dual curve d&'. The tangent,

bi-normal, and normal of the dual curyX) at a pointxX

dX =dTR+XTdR=(dT+XTQ)R  (2)
respectively. Sinc& andQ’ are anti-symmetric matrixes,

are _ we have
- X ¥aX Q"=-0, 0T=-0

df7H H@ AX| For any fixed vecto?, we get
9 di X AdZX dX =0, d'X =0.

di X A d%YH Therefore from equationd) and @), we get
N=BAT, dxT +xTQ =0, .
respectively. dXT = —XTQ=x"Q" 3)
(@© 2015 NSP
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and
dXT+XTQ' =0,
dXT = - XTQ=xTQ'T. @

Now, suppose thaX is fixed inK and let us calculate its
velocity d; X with respect tK’. Then we obtain that

diX =d'X —dX

=XT(Q'-0Q)R

If we define a new dual vector whose components in the

relative system ar#{ = Q/ — Q;, wherei = 1,2,3, and

U= (4,4, 44)
— WR+ WR,+ WRs,
then we get

& X =PAX, 5)

— ) .
where ¥ is the Pfaffian vector corresponding to the dual
spherical motiorK /K’. To calculate the acceleratign=

d?X of X, we have

BX =PAPAX)+¥AX
(BB (BB DX
#[ X (B X)BTaX
—W2Y+<¢>,7>@+@AY.

By using the matrix form, the relation8)(and @) yield

J

diX = MX
and _
J=d?X = (M2 +M)X,
where
0 ¥ 4
M=| % 0 —-¥
- 4 0
and

. 0 —gs %
M=dM=|[ % 0 —u|.
-“% Yy 0

Hence we obtain

W22 Wy, gy
M? = ( WY —w2oy2 gy )
WY gy 2oz
—W2owZ Wy g
= ( WYy WEur gy )
WY gy 2oy

If ¥ = Y R, then = Y5 = 0. Thus,

0 -40
M=|4 0 0],
0 00

and hence the velocity vector Bf< K is given by
—¥X
di X = MX = | WX
0
= =
= Y5(—XoR1 + X1R2)

and

de X

Jor ]
o

Yh(—XoR1 + X1Ro)
WE(XZ+XP)

-1

\/1-X2

By using the same arguments, it is easy to see Bat
3. Therefore

W ZB/\?ZB3/\—71(X2§]>_—X1§2>)

1-Xx2

(Xzﬁ3 A 31 — Xlﬁg A ﬁz)

(XaR; — X4 R5).

-1

1-Xx2
—1

This completes the proof.

(Xzﬁz + Xlﬁl) .

From Theoreml, the following corollary can be
obtained.

Corollary 1. On the one-parameter motion/K’, the unit
Darboux vector is

1T +KE

Do =
" VPR
1 T

= = =
= Nezae: \/ - (—X2R1+X1R2) + KRz,
1-X3

wherek = ky + €kj and 1 = ky + k5 are the first and
second dual curvatures, respectively, and

X = (X1, X2, Xa).

Theorem 2. Consider a point T on the unit moving dual
sphere K of the dual-spherical motion /K’
corresponding to one-parameter spatial motioryHH,
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such that during the motion fH’, the Iine? draws a  Theorem 5. Consider a point [ on the unit moving %al
ruled surface (T) on the fixed space H Then the sphere K such that during the motion/H’, the lineDg

distribution parameter of this ruled surface is draws a ruled SurfacéDO) on the fixed space 'HThen
1 W the distribution parameter of this ruled surface is
3
<d>T Y3 (1) - klkéf_-l—kzké k§+p
Proof. The declaration of the variation of a poift d Do ke -+ k5 ke

according to the canonical coordinate frame of the _ _ _ _
one-parameter motioki /K’ is where p is the pitch of the motion ang, k, are the first

and second dual curvatures, respectively.
& = UAT —w(RAT)
Proof. The declaration of the variation of the poiby
- % (xzﬁi+x1§§) ) according to the canonical coordinate frame on the
/1-Xx2 one-parameter motiok /K’ is
The distribution parameter of the ruled surface is dq D_S _ ¢> A D—S _ —TY4

(}) :d¢-d¢*:qf§-w3:qf_§:p VT2+K2, /1—X2
.

d dg? ;i s S :
The distribution parameter of the ruled surface is
whered® = d¢ + ed¢* denotes the dual arc element of

the ruled surfaceT ). (}) _ kiki kol k5
d Do a k% + k% kz

(XlR_; + Xzﬁg) .

+ P,
Theorem 3. Consider a point B on the unit moving dual °
sphere K such that during the motion/H’, the line B
draws a ruled surfacéB) on the fixed space'HThen the
distribution parameter of this ruled surface is undefined.

whered® =d¢ +ed¢* is the dual arc element of the ruled
surface(Dy).

Proof. The declaration of the variation of the poiBt

according to the canonical coordinate frame on theq The Pitch and the Angle of Pitch
one-parameter motiok /K’ is

— = There are four cases of the pitch and angle of pitch of the
df@ ~WAE - s (R3A§) =0, closed ruled surface$T), (N), (B), and (Dg) on the
N canonical coordinate frame.
sinceﬁ = R3. So on the motiorK/K’, the pointB is

fixed and the distribution parameter of the ruled surface isTheorem 6. The pitch, the angle of pitch, and the dual
undefined. angle of pitch of the closed ruled surfa¢&) on the

Theorem 4. Consider a point N on the unit moving dual canonical coordinate frame are vanishing.

sphere K such that during the motion/H’, the line N Proof. We know that
draws a ruled surfac€N) on the fixed space’HThen the

distribution parameter of this ruled surface is T 1 (—Xzﬁi n XlR_S)
(1) v V1%
d/y U - . SN
i i _ # 7 [
Proof. The declaration of the variation of the point 'S Va“dj’ Whgre =t +et’ andX =X +&x, R =
according to the canonical coordinate frame on thefi +&r; fori=1,23, and
one-parameter motiok /K’ is
W — W — W Y3 — — ?:;(_XZI'_{‘FXlr_Z))a
diN=WAa :w3(R3/\ ):71 ”: (Xle—Xle). \/1-%3
V- 73 - 1
o . t = (Mﬁ—f—)\zl’_f—ng-kxlg),
The distribution parameter of the ruled surface is 1-x2
} — w_sf — X3X5X0 « X3X3X1 «
a) " us P: whereA; = 522 —x; and A, = — 252k + . The dual
. AT T =
whered® = d¢ +ed¢* is the dual arc element of the ruled vector B = é tedt =¥ for ¥ =WRs, Yo =Yg+
surface(N) andp is the pitch of the motion. £ys3 is the Steiner vector, wherd = (§ Y3) T3 andd* =
(@© 2015 NSP
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(§ W) T4+ (§ ws) r. Consequently, the angle of pitch is Proof. We know that
vanishing, i.e., 1 R .

W = (Xj_Rj_ + Xsz)

A = <3,?>
(o) gt on) -
-3

and the pitch is defined as
It = <E‘>,T>> + <3?>
From the equations
<37?*> = <<]{lﬂ3> T,
1

ALT1 + Aofh — XZE + Xlg) >

/

w

:_Jﬁ(]{%)&@,@

’ 1—x§< %)X1<r_3>’r—§>
and
<?,?>=<<fw§)@+<fwa i,
L (%t ia)
1-x2

and

the pitch is
I+ =0.

The dual angle of pitch is
N1 =|T—E)\T =0.

Hence(T) is an extendable ruled surface.

Theorem 7. The pitch, the angle of pitch, and the dual

angle of pitch of the closed ruled surfa¢®l) on the
canonical coordinate frame are vanishing.

V/1-X2

is valid, whereN — A +¢&n andX = X' + 82, R =
Ti>+£r_i*‘>,i:1,2,3, and

1
ﬁ:
\/1—x2
1 ok
RO ((x;——xix3xl> (£t
\/1-x2 x3—1

X3X5EX
+ (XZ——X32 . i)r_z>+xlr71>+X2r72>).

(X1 +X2T3)

3

Sinc_§ the Steiner vector is definedﬁs: 3+8d_>¢ = f@
for ¥ = W4RS, Yh = s+ e, where d = (§ ys) 7% and

df = (§ W3) T3+ (§ Ws) rh, the angle of pitch is vanishing,
ie.,

AN = <€,ﬁ>
= <(]{Uf3) @,\/%X%(xlr_{+xzr_ﬁ)> =0,

and the pitch is defined as
In= <$,ﬁ> + <3,I’?>

From the equations
<7,EZ> = <<]{lﬂ3> i,
-1 ik
— (<Xi — X‘ZX3X1) (gt
\/ 15 x3-1

X3XaX
+ <xz— x32 3 j)r_2>+x1€+ng>>
3

- (f)i)
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X 1
—722 (fdla) <@7r_2>>7 djo: ﬁ<—xﬁr_1>+kzxir_2>—kzng
1-x5 \VKI+K5
and since we have +k2x1@ + kl% +KT3
e j _ j - Kk Kk XaXt
<r3’r1>_ <r3’r1> -l ko 2§+ %1 ko— 7 +k* (x2T1 +x173) |.
g k{4 K5 X5 —
an
<r_3>, r72>> =— <%, @> , From the definition of the Steiner vector, the angle of pitch
is
the pitch is o
IN =0. )‘Do = <g,do>
The dual angle of pitch is
= < <f WB> r_3>7
/\N =|N—E)\N =0.

So(N) is an extendable ruled surface.

(—X2I’1 +x1r2)+k1r3 >
Theorem 8. The pitch, the angle of pitch, and the dual \/k§+k§ \/1—x§
angle of pitch of the closed ruled surfa¢®) on the
canonical coordinate frame are vanishing. =

e fy,
- : 3 : K+ K

Proof. This is clear since we hav® = R?, so this ruled

surface is extendable.

and the pitch of Dg) is given by
Theorem 9. The pitch, the angle of pitch, and the dual

angle of pitch of the closed ruled surfa¢Bo) on the Ip, = <¥,£>+<3,¥0>.
canonical coordinate frame are given by

|Do=ﬁ{ki<fw3>+kl(fw§):|7 From
\/ii (7{“’3) @ d0> \/k2+k2 [\/fzxiz (7{‘!’3> <r_3>r71>>
and '<12><1X2 (7{ w3> r_3>r72> +k1 (7{ %)

/\Dozﬁ{@(]{wg)wl(]{%)} and

Ap, =

|

—
) (@)= ((fws)
1
ks +k
v —XoT1 +X4T3) + ke T3 >
respectively. \/ k2 -+ k3 \/ 1-%3

Proof. We know that [

—koxo < ) 2 =
o0 TS I oA

1 [ T (—X2§i+xlﬁg)+;<§§] +\/k12X71X2(7{¢3> %, 2>+k1<]{lﬂ§)]

N
\/T +K \/1_)(3?

— ﬁ - and since we have
is valid, whereDg = d +£d*, k = ki +&kj, T = ko +€k3,
X = Zﬁ—sgandﬁ):ﬁﬂ—e?fori:1,2,3.Wehave <r_3>,¥>:—<%,r_{>
d—> (—xzr_1>+x1r_2>)+k1r_§ ) and —)? ?—)
Jerg |12 (B.15) == (13.78),
(@© 2015 NSP
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the pitch is

Ipg

e ()]

The dual angle of pitch ofDg) is

/\D0 = |D0 —8)\D0
1 i .
N [kl (74%>+k1 (7{%)}

2 (fe)

This completes the proof.

—&
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