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Abstract: Recently the authors introduced in [1] the notions ofqk-derivative andqk-integral of a function on finite intervals. As
applications existence and uniqueness results for initialvalue problems for first and second order impulsiveqk-difference equations
was proved. In this paper, we study the existence and uniqueness of solutions for a boundary value problem of nonlinear second-order
impulsiveqk-difference equations with integral boundary conditions.Two results are obtained by applying Banach contraction principle
and Leray-Schauder’s Nonlinear Alternative. Some examples are presented to illustrate the results.
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1 Introduction and Preliminaries

In this article, we investigate the following nonlinear
second-order impulsiveqk-difference equation with
integral boundary conditions














































D2
qk

u(t) = f (t,u(t)), t ∈ J := [0,T ], t 6= tk,

∆u(tk) = Ik (u(tk)) , k = 1,2, . . . ,m,

Dqk u(t+k )−Dqk−1u(tk) = I∗k (u(tk)) ,
k = 1,2, . . . ,m,

u(0) = 0, u(T ) =
m

∑
i=0

αi

∫ ti+1

ti
u(s)dqis,

(1)

where 0= t0 < t1 < t2 < · · · < tk < · · · < tm < tm+1 = T ,
f : J ×R → R is a continuous function,Ik, I∗k ∈ C(R,R),
∆u(tk) = u(t+k )− u(tk), u(t+k ) = limh→0 u(tk + h) for k =
1,2, . . . ,m, and 0< qk < 1, αk ∈ R for k = 0,1,2, . . . ,m
are constants.

The notions ofqk-derivative andqk-integral on finite
intervals were introduced in [1]. For a fixedk ∈ N∪{0}
let Jk := [tk, tk+1] ⊂ R be an interval and 0< qk < 1 be a
constant. We defineqk-derivative of a functionf : Jk → R

at a pointt ∈ Jk as follows:

Definition 1.1.Assumef : Jk →R is a continuous function
and lett ∈ Jk. Then the expression

Dqk f (t) =
f (t)− f (qkt +(1− qk)tk)

(1− qk)(t − tk)
, t 6= tk,

Dqk f (tk) = lim
t→tk

Dqk f (t),
(2)

is called theqk-derivative of functionf at t. We say thatf

is qk-differentiable onJk providedDqk f (t) exists for allt ∈
Jk. Note that iftk = 0 andqk = q in (2), thenDqk f = Dq f ,
whereDq is the well-knownq-derivative of the function
f (t) defined by

Dq f (t) =
f (t)− f (qt)
(1− q)t

. (3)

In addition, we should define the higherqk-derivative
of functions.

Definition 1.2.Let f : Jk →R is a continuous function, we
call the second-orderqk-derivativeD2

qk
f providedDqk f is

qk-differentiable onJk with D2
qk

f = Dqk(Dqk f ) : Jk → R.
Similarly, we define higher orderqk-derivativeDn

qk
: Jk →

R.
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Theqk-integral is defined as follows:
Definition 1.3. Assume f : Jk → R is a continuous
function. Then theqk-integral is defined by
∫ t

tk
f (s)dqk s = (1− qk)(t − tk)

∞

∑
n=0

qn
k f (qn

kt +(1− qn
k)tk),

(4)
for t ∈ Jk. Moreover, if a ∈ (tk, t) then the definite
qk-integral is defined by
∫ t

a
f (s)dqk s =

∫ t

tk
f (s)dqk s−

∫ a

tk
f (s)dqk s

= (1− qk)(t − tk)
∞

∑
n=0

qn
k f (qn

kt +(1− qn
k)tk)

−(1− qk)(a− tk)
∞

∑
n=0

qn
k f (qn

ka+(1− qn
k)tk).

Note that if tk = 0 and qk = q, then (4) reduces to
q-integral of a function f (t), defined by
∫ t

0
f (s)dqs = (1− q)t

∞

∑
n=0

qn f (qnt) for t ∈ [0,∞).

For the basic properties ofqk-derivative andqk-integral
we refer to [1].

The book by Kac and Cheung [2] covers many of the
fundamental aspects of the quantum calculus. In recent
years, the topic ofq-calculus has attracted the attention of
several researchers and a variety of new results can be
found in the papers [3]-[15] and the references cited
therein.

Impulsive differential equations serve as basic models
to study the dynamics of processes that are subject to
sudden changes in their states. Recent development in this
field has been motivated by many applied problems, such
as control theory, population dynamics and medicine. For
some recent works on the theory of impulsive differential
equations, we refer the interested reader to the
monographs [16]-[18].

In this paper we prove existence and uniqueness
results for the impulsive boundary value problem (1) by
using Banach’s contraction mapping principle and
Leray-Schauder’s nonlinear alternative. The rest of this
paper is organized as follows: In Section 2 we present an
auxiliary lemma which is used to convert the impulsive
boundary value problem (1) into an equivalent integral
equation. The main results are given in Section 3, while
examples illustrating the results are presented in Section
4.

2 An auxiliary lemma

Let J = [0,T ], J0 = [t0, t1], Jk = (tk, tk+1] for
k = 1,2, . . . ,m. Let PC(J,R) = {x : J → R : x(t) is
continuous everywhere except for sometk at whichx(t+k )

and x(t−k ) exist and x(t−k ) = x(tk), k = 1,2, . . . ,m}.
PC(J,R) is a Banach space with the norm
‖x‖PC = sup{|x(t)|; t ∈ J}.

Lemma 2.1. Let T 6=
m

∑
i=0

αi(ti+1− ti)(ti+1+ qiti)
1+ qi

. The

unique solution of problem(1) is given by

u(t)

=
t
Λ

m

∑
i=0

αi

∫ ti+1

ti

∫ s

ti

∫ τ

ti
f (r,u(r))dqi rdqiτdqis

+
t
Λ

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

Hik

+
t
Λ

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

f (τ,u(τ))dqk−1τdqk−1s )

+Ik (u(tk)))αi(ti+1− ti)

−
t
Λ

m

∑
k=1

(

∫ tk

tk−1

∫ s

ttk−1

f (τ,u(τ))dqk−1τdqk−1s+ Ik(u(tk))

)

−
t
Λ

m

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

(T − tk) (5)

−
t
Λ

∫ T

tm

∫ s

tm
f (τ,u(τ))dqm τdqms

+

∫ t

tk

∫ s

tk
f (τ,u(τ))dqk τdqk s

+ ∑
0<tk<t

(

∫ tk

tk−1

∫ s

tk−1

f (τ,u(τ))dqk−1τdqk−1s+ Ik (u(tk))

)

+ ∑
0<tk<t

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

(t − tk),

with ∑0<0(·) = 0, where constantsΛ , Hik are defined by

Λ = T −
m

∑
i=0

αi(ti+1− ti)(ti+1+ qiti)
1+ qi

, (6)

and

Hik =
αi(ti+1− ti)(ti+1+ qiti − tk(1+ qi))

1+ qi
,

i = 0, . . . ,m, k = 1, . . . ,m.
(7)

Proof. Takingq0-integral for(1) from 0 tot, it follows that

Dq0u(t) = Dq0u(0)+
∫ t

0
f (s,u(s))dq0s. (8)

For t = t1, we have

Dq0u(t1) = Dq0u(0)+
∫ t1

0
f (s,u(s))dq0s. (9)

Using q0-integral for (8) and setting u(0) = A and
Dq0u(0) = B, we get

u(t) = u(0)+Dq0u(0)t +
∫ t

0

∫ s

0
f (τ,u(τ))dq0τdq0s

= A+Bt+
∫ t

0

∫ s

0
f (τ,u(τ))dq0τdq0s.
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In particular, fort = t1

u(t1) = A+Bt1+
∫ t1

0

∫ s

0
f (τ,u(τ))dq0τdq0s. (10)

For t ∈ J1 = (t1, t2], q1-integrating(1), we have

Dq1u(t) = Dq1u(t+1 )+

∫ t

t1
f (s,u(s))dq1s.

Using the second impulsive condition of(1) with (9), one
has

Dq1u(t) = B+

∫ t1

0
f (s,u(s))dq0s+ I∗1(u(t1))

+

∫ t

t1
f (s,u(s))dq1s.

(11)

Applying q1-integral to(11) for t ∈ J1, we obtain

u(t) = u(t+1 )+

[

B+
∫ t1

0
f (s,u(s))dq0s+ I∗1(u(t1))

]

(t − t1)

+

∫ t

t1

∫ s

t1
f (τ,u(τ))dq1τdq1s. (12)

The first impulsive condition of(1) with (10) and (12)
implies

u(t) = A+Bt1+
∫ t1

0

∫ s

0
f (τ,u(τ))dq0τdq0s+ I1(u(t1))

+

[

B+
∫ t1

0
f (s,u(s))dq0s+ I∗1(u(t1))

]

(t − t1)

+

∫ t

t1

∫ s

t1
f (τ,u(τ))dq1τdq1s

= A+Bt+
∫ t1

0

∫ s

0
f (τ,u(τ))dq0τdq0s+ I1(u(t1))

+

[

∫ t1

0
f (s,u(s))dq0s+ I∗1(u(t1))

]

(t − t1)

+

∫ t

t1

∫ s

t1
f (τ,u(τ))dq1τdq1s.

Repeating the above process, fort ∈ J, we obtain

u(t) = A+Bt

+ ∑
0<tk<t

(

∫ tk

tk−1

∫ s

tk−1

f (τ,x(τ))dqk−1τdqk−1s+ Ik (u(tk))

)

+ ∑
0<tk<t

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

(t − tk)

+

∫ t

tk

∫ s

tk
f (τ,u(τ))dqk τdqks. (13)

For t = T , we have

u(T ) = A+BT

+
m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

f (τ,x(τ))dqk−1τdqk−1s+ Ik (u(tk))

)

+
m

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

(T − tk)

+

∫ T

tm

∫ s

tm
f (τ,u(τ))dqm τdqms.

From the first boundary conditionu(0) = 0, it follows that
A = 0.
On the other hand, we have

m

∑
i=0

αi

∫ ti+1

ti
u(s)dqis

= B
m

∑
i=0

αi(ti+1− ti)(ti+1+ qiti)
1+ qi

+
m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

f (s,u(τ))dqk−1τdqk−1s

+Ik (u(tk)))αi(ti+1− ti)

+
m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

Hik

+
m

∑
i=0

αi

∫ ti+1

ti

∫ s

ti

∫ τ

ti
f (r,u(r))dqirdqiτdqis,

with ∑0<0(·) = 0.
It follows from the second boundary condition that

B =
1
Λ

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

f (s,u(τ))dqk−1τdqk−1s

+Ik (u(tk)))αi(ti+1− ti)

+
1
Λ

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

Hik

+
1
Λ

m

∑
i=0

αi

∫ ti+1

ti

∫ s

ti

∫ τ

ti
f (r,u(r))dqirdqiτdqis

−
1
Λ

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

f (τ,x(τ))dqk−1τdqk−1s+ Ik (u(tk))

)

−
1
Λ

m

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

(T − tk)

−
1
Λ

∫ T

tm

∫ s

tm
f (τ,u(τ))dqm τdqms.

Substituting the values of constantsA andB into (13), we
obtain(5) as requested.�

3 Main Results

In view of Lemma 2.1, we define an operator
A : PC(J,R)→ PC(J,R) by

(A u)(t)

=
t
Λ

m

∑
i=0

αi

∫ ti+1

ti

∫ s

ti

∫ τ

ti
f (r,u(r))dqirdqiτdqis

+
t
Λ

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

Hik

+
t
Λ

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

f (τ,u(τ))dqk−1τdqk−1s

c© 2015 NSP
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+Ik (u(tk)))αi(ti+1− ti)

−
t
Λ

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

f (τ,u(τ))dqk−1τdqk−1s

+Ik(u(tk))) (14)

−
t
Λ

m

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

(T − tk)

−
t
Λ

∫ T

tm

∫ s

tm
f (τ,u(τ))dqm τdqms

+

∫ t

tk

∫ s

tk
f (τ,u(τ))dqk τdqk s

+ ∑
0<tk<t

(

∫ tk

tk−1

∫ s

tk−1

f (τ,u(τ))dqk−1τdqk−1s+ Ik (u(tk))

)

+ ∑
0<tk<t

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

(t − tk).

It should be noticed that problem(1) has solutions if and
only if the operatorA has fixed points.

Our first result is an existence and uniqueness result
for the impulsive boundary value problem(1) by using
Banach’s contraction mapping principle.

For convenience, we set:

Φ1 =
T L1

|Λ |

m

∑
i=0

|αi|
(ti+1− ti)3

1+ qi+ q2
i

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(L1(tk − tk−1)+L3) |Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

L1
(tk − tk−1)

2

1+ qk−1
+L2

)

|αi|(ti+1− ti)

+
T + |Λ |

|Λ |
L1

(T − tm)2

1+ qm
(15)

+
T + |Λ |

|Λ |

m

∑
k=1

(

L1
(tk − tk−1)

2

1+ qk−1
+L2

)

+
T + |Λ |

|Λ |

m

∑
k=1

(L1(tk − tk−1)+L3)(T − tk),

and

Φ2 =
T M1

|Λ |

m

∑
i=0

|αi|
(ti+1− ti)3

1+ qi+ q2
i

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(M1(tk − tk−1)+M3) |Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

M1
(tk − tk−1)

2

1+ qk−1
+M2

)

|αi|(ti+1− ti)

+
T + |Λ |

|Λ |
M1

(T − tm)2

1+ qm
(16)

+
T + |Λ |

|Λ |

m

∑
k=1

(

M1
(tk − tk−1)

2

1+ qk−1
+M2

)

+
T + |Λ |

|Λ |

m

∑
k=1

(M1(tk − tk−1)+M3)(T − tk).

Theorem 3.1.Assume that the following conditions hold:

(H1)The function f : J ×R → R is continuous and there
exists a constantL1 > 0 such that

| f (t,x)− f (t,y)| ≤ L1|x− y|,

for eacht ∈ J andx,y ∈ R.
(H2)The functionsIk, I∗k : R → R are continuous and there

exist constantsL2, L3 > 0 such that

|Ik(x)−Ik(y)| ≤ L2|x−y| and |I∗k (x)−I∗k (y)| ≤ L3|x−y|,

for eachx,y ∈ R.

If

Φ1 ≤ δ < 1, (17)

where Φ1 is defined by (15), then the impulsive
qk-difference boundary value problem(1) has a unique
solution onJ.

Proof. By transforming the boundary value problem(1)

into a fixed point problem,u = A u, where the operator
A is defined by (14) and by using the Banach’s
contraction mapping principle, we shall show thatA has
a fixed point, which is the unique solution of the
boundary value problem(1).

We define the following constants as
M1 = supt∈J | f (t,0)|, M2 = sup{Ik(0);k = 1,2, . . . ,m}
andM3 = sup{I∗k (0);k = 1,2, . . . ,m}. By choosing

ρ ≥
Φ2

1− ε
,

whereδ ≤ ε < 1 andΦ2 is defined by(16), we shall show
thatA Bρ ⊂ Bρ , where the setBρ = {u∈ PC(J,R) : ‖u‖≤
ρ}. For anyu ∈ Bρ , we have

‖A u‖

≤ sup
t∈J

{

t
|Λ |

m

∑
i=0

|αi|

∫ ti+1

ti

∫ s

ti

∫ τ

ti
| f (r,u(r))|dqi rdqi τdqi s

+
t
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk))|

)

|Hik|

+
t
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|) |αi|(ti+1− ti)

+
t
|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|)

+
t
|Λ |

m

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk))|

)

(T − tk)

+
t
|Λ |

∫ T

tm

∫ s

tm
| f (τ,u(τ))|dqm τdqm s

c© 2015 NSP
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+
∫ t

tk

∫ s

tk
| f (τ,u(τ))|dqk τdqk s

+ ∑
0<tk<t

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|

)

+ ∑
0<tk<t

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk)) |

)

(t − tk)

}

≤
T
|Λ |

m

∑
i=0

|αi|
∫ ti+1

ti

∫ s

ti

∫ τ

ti
| f (r,u(r))|dqi rdqi τdqi s

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk))|

)

|Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|) |αi|(ti+1− ti)

+
T
|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|)

+
T
|Λ |

m

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk))|

)

(T − tk)

+
T
|Λ |

∫ T

tm

∫ s

tm
| f (τ,u(τ))|dqm τdqm s

+

∫ T

tm

∫ s

tm
| f (τ,u(τ))|dqm τdqm s

+
m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s+ |Ik(u(tk))|

)

+
m

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk))|

)

(T − tk).

Applying the following inequalities

| f (t,u)| ≤ | f (t,u)− f (t,0)|+ | f (t,0)| ≤ ρL1+M1,

|Ik(u)| ≤ |Ik(u)− Ik(0)|+ |Ik(0)| ≤ ρL2+M2,

|I∗k (u)| ≤ |I∗k (u)− I∗k (0)|+ |I∗k (0)| ≤ ρL3+M3,

we obtain

‖A u‖

≤
T
|Λ |

m

∑
i=0

|αi|
∫ ti+1

ti

∫ s

ti

∫ τ

ti
(ρL1+M1)dqirdqiτdqis

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

(ρL1+M1)dqk−1s+(ρL3+M3)

)

|Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

(ρL1+M1)dqk−1τdqk−1s

+(ρL2+M2)) |αi|(ti+1− ti)

+
T + |Λ |

|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

(ρL1+M1)dqk−1τdqk−1s

+(ρL2+M2))

+
T + |Λ |

|Λ |

m

∑
k=1

(

∫ tk

tk−1

(ρL1+M1)dqk−1s

+(ρL3+M3))(T − tk)

+
T + |Λ |

|Λ |

∫ T

tm

∫ s

tm
(ρL1+M1)dqmτdqms

= ρΦ1+Φ2 ≤ ρ .

This shows thatA Bρ ⊂ Bρ .
For u,v ∈ PC(J,R) and for eacht ∈ J, we have

|A u(t)−A v(t)|

≤
T
|Λ |

m

∑
i=0

|αi|

∫ ti+1

ti

∫ s

ti

∫ τ

ti
| f (r,u(r))− f (r,v(r))|dqi rdqiτdqis

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))− f (s,v(s))|dqk−1s

+|I∗k (u(tk))− I∗k (v(tk))|

)

|Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))− f (τ,v(τ))|dqk−1τdqk−1s

+ |Ik(u(tk))− Ik(v(tk))|

)

|αi|(ti+1− ti)

+
T
|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))− f (τ,v(τ))|dqk−1τdqk−1s

+|Ik(u(tk))− Ik(v(tk))|

)

+
T
|Λ |

m

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))− f (s,v(s))|dqk−1s

+|I∗k (u(tk))− I∗k (v(tk))|) (T − tk)

+
T
|Λ |

∫ T

tm

∫ s

tm
| f (τ,u(τ))− f (τ,v(τ))|dqm τdqms

+

∫ T

tm

∫ s

tm
| f (τ,u(τ))− f (τ,v(τ))|dqm τdqms

+
m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))− f (τ,v(τ))|dqk−1τdqk−1s

+|Ik(u(tk))− Ik(v(tk))|

)

+
m

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))− f (s,v(s))|dqk−1s

+|I∗k (u(tk))− I∗k (v(tk))|) (T − tk)

≤
T
|Λ |

m

∑
i=0

|αi|

∫ ti+1

ti

∫ s

ti

∫ τ

ti
L1dqirdqiτdqis‖u− v‖

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

L1dqk−1s+L3

)

|Hik|‖u− v‖

c© 2015 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


1798 W. Sudsutad et. al. : Existence of Solutions for Second-Order Impulsive...

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

L1dqk−1τdqk−1s

+L2

)

|αi|(ti+1− ti)‖u− v‖

+
T
|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

L1dqk−1τdqk−1s+L2

)

‖u− v‖

+
T
|Λ |

m

∑
k=1

(

∫ tk

tk−1

L1dqk−1s+L3

)

(T − tk)‖u− v‖

+
T
|Λ |

∫ T

tm

∫ s

tm
L1dqmτdqms‖u− v‖

+

∫ T

tm

∫ s

tm
L1dqmτdqms‖u− v‖

+
m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

L1dqk−1τdqk−1s+L2

)

‖u− v‖

+
m

∑
k=1

(

∫ tk

tk−1

L1dqk−1s+L3

)

(T − tk)‖u− v‖

= Φ1‖u− v‖.

Therefore,
‖A u−A v‖ ≤ Φ1‖u− v‖.

From (17), A is a contraction. As a consequence of the
Banach fixed point theorem, we conclude thatA has a
fixed point which is the unique solution of the problem
(1). �

Our second main result is an existence result based on
Leray-Schauder’s nonlinear alternative.
Lemma 3.2. (Nonlinear alternative for single valued
maps)[19]. Let E be a Banach space,C a closed, convex
subset ofE, U an open subset ofC and 0∈ U. Suppose
thatF : U → C is a continuous, compact (that is,F(U) is
a relatively compact subset ofC) map. Then either

(i)F has a fixed point inU , or
(ii)there is au ∈ ∂U (the boundary ofU in C) andθ ∈

(0,1) with u = θF(u).

Theorem 3.3.Assume that:

(H4)There exist a continuous nondecreasing functionψ :
[0,∞)→ (0,∞) and a continuous functionp : J → R

+

such that

| f (t,u)| ≤ p(t)ψ(|u|) for each (t,u) ∈ J×R.

(H5)There exist continuous nondecreasing functions
ϕ1,ϕ2 : [0,∞)→ (0,∞) such that

|Ik(u)| ≤ ϕ1(|u|) and |I∗k (u)| ≤ ϕ2(|u|)

for all u ∈R, k = 1,2, . . . ,m.
(H6)There exists a constantM∗ > 0 such that

M∗

p0ψ(M∗)Q0+ϕ1(M∗)Q1+ϕ2(M∗)Q2
> 1,

wherep0 = max{p(t) : t ∈ J} and

Q0 =
T
|Λ |

m

∑
i=0

|αi|
(ti+1− ti)3

1+ qi+ q2
i

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(tk − tk−1)|Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

|αi|
(tk − tk−1)

2

1+ qk−1
(ti+1− ti)

+
T + |Λ |

|Λ |

m+1

∑
k=1

(tk − tk−1)
2

1+ qk−1

+
T + |Λ |

|Λ |

m

∑
k=1

(tk − tk−1)(T − tk),

Q1 =
T
|Λ |

m

∑
i=1

i|αi|(ti+1− ti)+
m(T + |Λ |)

|Λ |
,

Q2 =
T
|Λ |

m

∑
i=1

i

∑
k=1

|Hik|+
T + |Λ |

|Λ |

m

∑
k=1

(T − tk).

Then the impulsive boundary value problem(1) has at
least one solution onJ.

Proof. Firstly, we shall show thatA maps bounded sets

(balls) into bounded sets in PC(J,R). For a positive
number ρ, let Bρ = {u ∈ PC(J,R) : ‖u‖ ≤ ρ} be a
bounded ball inPC(J,R). Then, fort ∈ J, we have

|(A u)(t)|

≤
t
|Λ |

m

∑
i=0

|αi|

∫ ti+1

ti

∫ s

ti

∫ τ

ti
| f (r,u(r))|dqi rdqiτdqis

+
t
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk))|

)

|Hik|

+
t
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|) |αi|(ti+1− ti)

+
t
|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|)

+
t
|Λ |

m

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk))|

)

(T − tk)

+
t
|Λ |

∫ T

tm

∫ s

tm
| f (τ,u(τ))|dqm τdqms

+

∫ t

tk

∫ s

tk
| f (τ,u(τ))|dqk τdqk s

+ ∑
0<tk<t

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|

)

+ ∑
0<tk<t

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk)) |

)

(t − tk)
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≤
T
|Λ |

m

∑
i=0

|αi|

∫ ti+1

ti

∫ s

ti

∫ τ

ti
| f (r,u(r))|dqi rdqiτdqis

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk))|

)

|Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|) |αi|(ti+1− ti)

+
T + |Λ |

|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|)

+
T + |Λ |

|Λ |

m

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s

+|I∗k (u(tk))|) (T − tk)

+
T + |Λ |

|Λ |

∫ T

tm

∫ s

tm
| f (τ,u(τ))|dqm τdqms

≤
T
|Λ |

m

∑
i=0

|αi|
∫ ti+1

ti

∫ s

ti

∫ τ

ti
p0ψ(‖u‖)dqirdqiτdqis

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

p0ψ(‖u‖)dqk−1s+ϕ2(‖u‖)

)

|Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

p0ψ(‖u‖)dqk−1τdqk−1s

+ϕ1(‖u‖)) |αi|(ti+1− ti)

+
T + |Λ |

|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

p0ψ(‖u‖)dqk−1τdqk−1s

+ϕ1(‖u‖))

+
T + |Λ |

|Λ |

m

∑
k=1

(

∫ tk

tk−1

p0ψ(‖u‖)dqk−1s

+ϕ2(‖u‖))(T − tk)

+
T + |Λ |

|Λ |

∫ T

tm

∫ s

tm
p0ψ(‖u‖)dqmτdqms

≤
p0ψ(ρ)T

|Λ |

m

∑
i=0

|αi|
(ti+1− ti)3

1+ qi+ q2
i

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(p0ψ(ρ)(tk − tk−1)+ϕ2(ρ)) |Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

p0ψ(ρ)
(tk − tk−1)

2

1+ qk−1

+ϕ1(ρ)) |αi|(ti+1− ti)

+
T + |Λ |

|Λ |

m

∑
k=1

(

p0ψ(ρ)
(tk − tk−1)

2

1+ qk−1
+ϕ1(ρ)

)

+
T + |Λ |

|Λ |

m

∑
k=1

(p0ψ(ρ)(tk − tk−1)+ϕ2(ρ)) (T − tk)

+
T + |Λ |

|Λ |
p0ψ(ρ)

(T − tm)2

1+ qm

:= K.

Therefore, we conclude that‖A u‖ ≤ K.
Next we show thatA maps bounded sets into

equicontinuous sets of PC(J,R). Let τ1,τ2 ∈ Jn for some
n ∈ {0,1,2, . . . ,m}, τ1 < τ2, Bρ be a bounded set of
PC(J,R), and letu ∈ Bρ . Then we have:

|(A u)(τ2)− (A u)(τ1)|

≤
|τ2− τ1|

|Λ |

m

∑
i=0

|αi|

∫ ti+1

ti

∫ s

ti

∫ τ

ti
| f (r,u(r))|dqi rdqiτdqis

+
|τ2− τ1|

|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s

+|I∗k (u(tk))|

)

|Hik|

+
|τ2− τ1|

|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|) |αi|(ti+1− ti)

+
|τ2− τ1|

|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

| f (τ,u(τ))|dqk−1τdqk−1s

+|Ik(u(tk))|)

+
|τ2− τ1|

|Λ |

m

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s

+|I∗k (u(tk))|) (T − tk)

+
|τ2− τ1|

|Λ |

∫ T

tm

∫ s

tm
| f (τ,u(τ))|dqm τdqms

+ |τ2− τ1|
n

∑
k=1

(

∫ tk

tk−1

| f (s,u(s))|dqk−1s+ |I∗k (u(tk)) |

)

+

∣

∣

∣

∣

∫ τ2

tn

∫ s

tn
f (τ,u(τ))dqn τdqns−

∫ τ1

tn

∫ s

tn
f (τ,u(τ))dqn τdqns

∣

∣

∣

∣

≤
|τ2− τ1|

|Λ |
p0ψ(ρ)

m

∑
i=0

|αi|
(ti+1− ti)3

1+ qi+ q2
i

+
|τ2− τ1|

|Λ |

m

∑
i=1

i

∑
k=1

(

p0ψ(ρ)(tk − tk−1)+ϕ2(ρ)

)

|Hik|

+
|τ2− τ1|

|Λ |

m

∑
i=1

i

∑
k=1

(

p0ψ(ρ)
(tk − tk−1)

2

1+ qk−1

+ϕ1(ρ)) |αi|(ti+1− ti)

+
|τ2− τ1|

|Λ |

m

∑
k=1

(

p0ψ(ρ)
(tk − tk−1)

2

1+ qk−1
+ϕ1(ρ)

)

+
|τ2− τ1|

|Λ |

m

∑
k=1

(p0ψ(ρ)(tk − tk−1)+ϕ2(ρ)) (T − tk)

+
|τ2− τ1|

|Λ |
p0ψ(ρ)

(T − tm)2

1+ qm

+|τ2− τ1|
n

∑
k=1

(p0ψ(ρ)(tk − tk−1)+ϕ2(ρ))
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+ |τ2− τ1|p0ψ(ρ)
[τ2+ τ1+2tn]

1+ qn
.

The right-hand side of the above inequality is independent
of u and tends to zero asτ1 → τ2. As a consequence of the
previous results, together with the Arzelá-Ascoli theorem,
we conclude thatA : PC(J,R)→ PC(J,R) is completely
continuous.

Our result will follows from the Leray-Schauder
nonlinear alternative (Lemma3) if we prove the
boundendness of the set of all solutions to equations
u(t) = λ (A u)(t) for some 0< λ < 1.

Let x be a solution. Thus, for eacht ∈ J, we have

λ (A u)(t)

=
λ t
Λ

m

∑
i=0

αi

∫ ti+1

ti

∫ s

ti

∫ τ

ti
f (r,u(r))dqi rdqiτdqis

+
λ t
Λ

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

Hik

+
λ t
Λ

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

f (τ,u(τ))dqk−1τdqk−1s

+Ik (u(tk)))αi(ti+1− ti)

−
λ t
Λ

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

f (τ,u(τ))dqk−1τdqk−1s+ Ik(u(tk))

)

−
λ t
Λ

m

∑
k=1

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

(T − tk)

−
λ t
Λ

∫ T

tm

∫ s

tm
f (τ,u(τ))dqm τdqms

+λ
∫ t

tk

∫ s

tk
f (τ,u(τ))dqk τdqks

+λ ∑
0<tk<t

(

∫ tk

tk−1

∫ s

tk−1

f (τ,u(τ))dqk−1τdqk−1s+ Ik (u(tk))

)

+λ ∑
0<tk<t

(

∫ tk

tk−1

f (s,u(s))dqk−1s+ I∗k (u(tk))

)

(t − tk).

This implies by(H4) and(H5) that for eacht ∈ J, we have

|λ (A u)(t)|

≤
T
|Λ |

m

∑
i=0

|αi|

∫ ti+1

ti

∫ s

ti

∫ τ

ti
p0ψ(‖u‖)dqirdqiτdqis

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

p0ψ(‖u‖)dqk−1s+ϕ2(‖u‖)

)

|Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

p0ψ(‖u‖)dqk−1τdqk−1s

+ϕ1(‖u‖)) |αi|(ti+1− ti)

+
T + |Λ |

|Λ |

m

∑
k=1

(

∫ tk

tk−1

∫ s

tk−1

p0ψ(‖u‖)dqk−1τdqk−1s

+ϕ1(‖u‖))

+
T + |Λ |

|Λ |

m

∑
k=1

(

∫ tk

tk−1

p0ψ(‖u‖)dqk−1s

+ϕ2(‖u‖))(T − tk)

+
T + |Λ |

|Λ |

∫ T

tm

∫ s

tm
p0ψ(‖u‖)dqmτdqms

≤
T
|Λ |

m

∑
i=0

|αi|p0ψ(‖u‖)
(ti+1− ti)3

1+ qi+ q2
i

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(p0ψ(‖u‖)(tk − tk−1)+ϕ2(‖u‖)) |Hik|

+
T
|Λ |

m

∑
i=1

i

∑
k=1

(

p0ψ(‖u‖)
(tk − tk−1)

2

1+ qk−1

+ϕ1(‖u‖)) |αi|(ti+1− ti)

+
T + |Λ |

|Λ |

m

∑
k=1

(

p0ψ(‖u‖)
(tk − tk−1)

2

1+ qk−1
+ϕ1(‖u‖)

)

+
T + |Λ |

|Λ |

m

∑
k=1

(p0ψ(‖u‖)(tk − tk−1)+ϕ2(‖u‖))(T − tk)

+
T + |Λ |

|Λ |
p0ψ(‖u‖)

(T − tm)2

1+ qm

= p0ψ(‖u‖)Q0+ϕ1(‖u‖)Q1+ϕ2(‖u‖)Q2.

Consequently, we have

‖x‖
p0ψ(‖u‖)Q0+ϕ1(‖u‖)Q1+ϕ2(‖u‖)Q2

≤ 1.

In view of (H6), there existsM∗ such that‖u‖ 6= M∗.
Let us set

U = {u ∈ PC(J,R) : ‖u‖< M∗}.

Note that the operatorA : U → PC(J,R) is continuous
and completely continuous. From the choice ofU , there is
no u ∈ ∂U such thatu = λA u for some λ ∈ (0,1).
Consequently, by the nonlinear alternative of
Leray-Schauder type (Lemma3), we deduce thatA has a
fixed pointu ∈ U which is a solution of the problem(1).
This completes the proof.�

4 Examples

In this section, we will give some examples to illustrate
our main results.

Example 4.1.Consider the following integral boundary
value problem of nonlinear second-order impulsive

c© 2015 NSP
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qk-difference equation






















































































D2
(

k3−k+2
k4+2k+3

)
4
3

u(t) =
2t|u(t)|

(e4t +2)2(|u(t)|+4)
+et sinπt,

t ∈ J = [0,1], t 6= tk,

∆u(tk) =
|u(tk)|

5(ek−1+2)+ |u(tk)|
, tk =

k
5
, k = 1,2,3,4,

D
(

k3−k+2
k4+2k+3

)
4
3

u(t+k )−D
(

(k−1)3−k+3
(k−1)4+2k+1

)
4
3

u(tk) =
2|u(tk)|

4(3k+5)+ |u(tk)|
,

tk =
k
5 , k = 1,2,3,4,

u(0) = 0, u(1) =
4

∑
i=0

(|i−2|+4)
∫ ti+1

ti
u(s)d

(

i3−i+2
i4+2i+3

)
4
3

s.

(18)

Here qk =
(

(k3− k+2)/(k4+2k+3)
)4/3

for

k = 0,1,2,3,4, m = 4, T = 1, αi = |i − 2| + 4,
f (t,u) = (2t|u(t)|)/((e4t + 2)2(|u(t)| + 4)) + et sinπt,
Ik(u) = |u|/(5(ek−1 + 2) + |u|) and
I∗k (u) = 2|u|/(4(3k+5)+ |u|). Since

| f (t,u)− f (t,v)| ≤ (1/18)|u− v|,

|Ik(u)− Ik(v)| ≤ (1/15)|u− v|

and
|I∗k (u)− I∗k (v)| ≤ (1/16)|u− v|,

then(H1) and(H2) are satisfied withL1 = (1/18), L2 =
(1/15), L3 = (1/16). We can show that

Φ1 ≈ 0.8846645855< 1.

Hence, by Theorem 3.1, the impulsiveqk-difference
boundary value problem(18) has a unique solution on
[0,1].

Example 4.2.Consider the following integral boundary
value problem of nonlinear second-order impulsive
qk-difference equation



















































































































D2
(

k2+2k+1
k2+3k+2

)
3
4

u(t) =
(−t2+2t +3e−t)u(t)

sin2 u(t)+36π(et +4)2

+
1

12π(et +4)2 , t ∈ J = [0,1], t 6= tk,

∆u(tk) =
sinu(tk)+1
3π(k+2)

,

tk =
k
5
, k = 1,2,3,4,

D
(

k2+2k+1
k2+3k+2

)
3
4

u(t+k )−D
(

(k−1)2+2k−1
(k−1)2+3k−1

)
3
4

u(tk) =
4u(tk)+6
7π(k+1)

,

tk =
k
5
, k = 1,2,3,4,

u(0) = 0,

u(1) = ∑4
i=0

(

1
|i−2|+4

)

∫ ti+1
ti u(s)d

(

i2+2i+1
i2+3i+2

)
3
4

s.

(19)

Set qk =
(

(k2+2k+1)/(k2+3k+2)
)3/4

for

k = 0,1,2,3,4, m = 4, T = 1, αi = 1/(|i − 2| + 4),
f (t,u) = ((−t2 + 2t + 3e−t)u)/(sin2 u+ 36π(et + 4)2) +
1/(12π(et + 4)2), Ik(u) = (sinu + 1)/(3π(k + 2)) and
I∗k (u) = (4u+6)/(7π(k+1)). Clearly,

| f (t,u)| =

∣

∣

∣

∣

(−t2+2t+3e−t)u(t)

sin2 u(t)+36π(et +4)2
+

1
12π(et +4)2

∣

∣

∣

∣

≤

(

2t +3
3(et +4)2

)

|u+3|
12π

,

|Ik(u)|=

∣

∣

∣

∣

sinu(tk)+1
3π(k+2)

∣

∣

∣

∣

≤
|u|+1

9π
,

and

|I∗k (u)|=

∣

∣

∣

∣

4u(tk)+6
7π(k+1)

∣

∣

∣

∣

≤
2|u|+3

7π
.

Choosingp(t) = (2t+3)(3(et +4))2, p0 = 1/15,ψ(|u|) =
(|u|+ 3)/(12π), ϕ1(|u|) = (|u|+ 1)/(9π) and ϕ2(|u|) =
(2|u|+3)/(7π), we obtain

M∗

0.7167460235M∗+0.9199843824
> 1,

which implies that M∗ > 3.247913388. Hence, by
Theorem 3.3, the boundary value problem(19) has at
least one solution on[0,1].
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