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Abstract: In recent years, several interesting families of generating functions for various classes of hypergeometric and generalized
hypergeometric functions in one, two and more variables were investigated systematically. Here, in this sequel, we aimat establishing
several (presumably) new generating relations for the generalized Gauss type hypergeometric functions which are introduced by means
of some generalizations of the classical Beta functionB(α,β ). Special cases of the main results are also presented.
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1 Introduction and Definitions

Various families of generating functions, especially for
sequences involving (for example) the generalized
hypergeometric functionrFs with r numerator ands
denominator parameters, play an important rôle in the
investigation of many useful properties of the sequences
which they generate. They are used in finding several
interesting properties, characteristics and formulas forthe
generated numbers and polynomials in a wide variety of
research subjects in (for example) analytic number theory
and modern combinatorics (see, for details, [6,8,12,18,
19]; see also [13,14,20,22]). For a systematic
introduction to, and for several interesting (and useful)
applications of the various methods of obtaining linear,
bilinear and bilateral (or mixed multilateral) generating
functions for a fairly wide variety of sequences of special
functions (and polynomials) in one, two and more
variables, among much abundant available literature, we
refer the interested reader to the extensive work presented

in the monograph on this subject by Srivastava and
Manocha [23].

We begin by recalling the fact that, in the
widely-scattered literature on the subject of this paper,
one can find several interesting generalizations of the
familiar (Euler’s) Gamma functionΓ (z) as well as the
corresponding generalizations and extensions of the Beta
functionB(α,β ), the hypergeometric functions1F1 and
2F1, and the generalized hypergeometric functionsrFs
with r numerator ands denominator parameters. For
example, for an appropriately bounded sequence
{κℓ}ℓ∈N0 of essentially arbitrary (real or complex)
numbers, Srivastavaet al. [25, p. 243 et seq.] recently
considered the functionΘ

(

{κℓ}ℓ∈N0;z
)

given by

Θ
(

{κℓ}ℓ∈N0;z
)

:=























∞
∑
ℓ=0

κℓ
zℓ

ℓ!
(|z|< R; R> 0; κ0 := 1)

M0 zω exp(z)

[

1+O

(

1
|z|

)]

(|z| → ∞; M0 > 0; ω ∈ C)

(1)
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for some suitable constantsM0 and ω depending
essentially upon the sequence{κℓ}ℓ∈N0. Then, in terms of
the functionΘ

(

{κℓ}ℓ∈N0;z
)

defined by (1), Srivastavaet
al. [25] introduced some remarkably deep generalizations
of the extended Gamma functionΓp(z), the extended Beta
function Bp(α,β ) and the extended hypergeometric
functionFp(a,b;c;z) (see, for details, [4] and[5]) by

Γ ({κℓ}ℓ∈N0)
p (z) :=

∫ ∞

0
tz−1 Θ

(

{κℓ}ℓ∈N0;−t −
p

t

)

dt (2)

(

ℜ(z)> 0; ℜ(p)≧ 0
)

,

B
({κℓ}ℓ∈N0)
p (α,β ) =B({κℓ}ℓ∈N0)(α,β ;p)

:=
∫ 1

0
tα−1(1− t)β−1

·Θ
(

{κℓ}ℓ∈N0;−
p

t(1− t)

)

dt (3)

(

min{ℜ(α),ℜ(β )} > 0; ℜ(p)≧ 0
)

and

2F
({κℓ}ℓ∈N0

;p)
1 (a,b;c;z)

:=
1

B(b,c−b)

∞

∑
n=0

(a)n B
({κℓ}ℓ∈N0)
p (b+n,c−b)

zn

n!
(4)

(

|z|< 1; ℜ(c)> ℜ(b)> 0; ℜ(p)≧ 0
)

,

provided that the defining integrals in (2), (3) and (4) exist.
Here, and in what follows,(λ )ν (λ ,ν ∈ C) denotes the
Pochhammer symbol (or the shifted factorial) defined (in
general) by

(λ )ν :=
Γ (λ +ν)

Γ (λ )

=







1 (ν = 0; λ ∈C\ {0})

λ (λ +1) · · ·(λ +n−1) (ν = n∈ N; λ ∈ C),

(5)

it being understoodconventionallythat (0)0 := 1 and
assumedtacitly that theΓ -quotient exists (see, for details,
[23, p. 21et seq.]), N being (as usual) the set of positive
integers.

In the same paper published in 2012, Srivastavaet al.
[25, pp. 256–257, Section 6]further extended the
definitions (3), (4)and many other related definitions by
introducing oneadditionalparameterq

(

with ℜ(q)≧ 0
)

.
Thus, in terms of theΘ -function given by (1), we have
the following two-parameterextensions of the definitions
in (3) and (4) (see, for details, [25, p. 256, Eqs. (6.1) and

(6.2)]):

B
({κℓ}ℓ∈N0)
p,q (α,β ) =B({κℓ}ℓ∈N0)(α,β ;p,q)

:=
∫ 1

0
tα−1(1− t)β−1

·Θ
(

{κℓ}ℓ∈N0;−
p

t
−

q

1− t

)

dt (6)

(

min{ℜ(α),ℜ(β )} > 0; min{ℜ(p),ℜ(q)}≧ 0
)

and

2F
({κℓ}ℓ∈N0

;p,q)
1 (a,b;c;z)

:=
1

B(b,c−b)

∞

∑
n=0

(a)n B
({κℓ}ℓ∈N0)(b+n,c−b;p,q)

zn

n!
(7)

(

|z|< 1; ℜ(c)> ℜ(b)> 0; min{ℜ(p),ℜ(q)}≧ 0
)

,

provided that the defining integrals in (6) and (7) exist. The
generalized Beta function

B
({κℓ}ℓ∈N0)
p,q (α,β )

defined by (6) was used recently by Luo and Raina [7]
with a view to extending the family of generalized
hypergeometric functions (see also [5]). Moreover, the
special case of the Gamma function

Γ ({κℓ}ℓ∈N0)
p (z)

given by (2) when

κℓ ≡ 1 (ℓ ∈N0) (8)

was applied recently in another paper by Srivastavaet al.
[16] (see also [29] and the references cited therein to
many other related recent works on this subject).
Obviously, whenq = p, the definitions in (6) and (7)
would reduce immediately to those in (3) and (4),
respectively.

We now recall that some fundamental properties and
characteristics of the following generalized Beta type
function

B(α ,β ;m)
p (a,c)

were considered very recently by Parmar (see, for details,
[11, p. 37, Eq. (19)]):

B(γ,δ ;m)
p (α,β )

:=
∫ 1

0
tα−1 (1− t)β−1

1F1

(

γ;δ ;−
p

tm (1− t)m

)

dt

(9)
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(

ℜ(p)≧ 0; min{ℜ(α),ℜ(β ),ℜ(m)}> 0;

γ ∈ C; δ ∈ C\Z−
0

)

,

where

Z
−
0 := Z

−∪{0}
(

Z
− := {−1,−2,−3, · · ·}

)

.

Clearly, the casem = 1 of the definition (9), which (for
m = 1 and γ = δ ) can be found in the earlier works of
Chaudhryet al.(see [4, p. 20, Eq. (1.7)] and [5, p. 591, Eq.
(1.7)]), corresponds to the special case of the generalized
Beta type function defined by (3) when

κℓ =
(γ)n

(δ )n

(

n, ℓ ∈ N0; γ ∈ C; δ ∈ C\Z−
0

)

. (10)

In our present investigation, we shall make use of a
substantially more general family of generalized Beta type
functions defined by

B
({κℓ}ℓ∈N0)
p;µ,ν (α,β ) =B({κℓ}ℓ∈N0)(α,β ;p;µ ,ν)

:=
∫ 1

0
tα−1(1− t)β−1

·Θ
(

{κℓ}ℓ∈N0;−
p

tµ(1− t)ν

)

dt (11)

(

min{ℜ(α),ℜ(β ),ℜ(µ),ℜ(ν)} > 0; ℜ(p)≧ 0
)

,

which, in the special case whenµ = ν = 1, yields the
definition (3). On the other hand, upon settingµ = ν =m
and choosing the sequence{κℓ}ℓ∈N0 as in (10), the
definition (11) coincides with that in (9).

Motivated by the definitions of the Gauss type
functions in (4) and (7), and also by their various special
cases studied in earlier works (see, for example, [5, p.
591, Eqs. (2.1) and (2.2)]; see also [9, p. 39, Chapter 4],
[10, p. 4606, Section 3] and [11, p. 44])), we introduce
here a family of generalized Gauss type hypergeometric
functions as follows:

r+qF

(

{κℓ}ℓ∈N0
;p;µ,ν

)

s+q





a1, · · · ,ar ,α1, · · · ,αq;

c1, · · · ,cs,γ1, · · · ,γq;
z





:=
∞

∑
n=0

r
∏
j=1

(aj )n

s
∏
j=1

(c j )n

q

∏
j=1







B

(

{κℓ}ℓ∈N0

)

(α j +n,γ j −α j ;p;µ,ν)

B

(

{κℓ}ℓ∈N0

)

(α j ,γ j −α j ;p;µ,ν)







zn

n!
(12)

(

q, r,s∈ N0; ℜ(γ j )> ℜ(α j )> 0 ( j = 1, · · · ,q);

min{ℜ(µ),ℜ(ν)} > 0; ℜ(p)≧ 0
)

,

where, as usual, an empty product is interpreted as 1 and
the involved parameters and the argumentz are tacitly
assumed to be so constrained that the series on the
right-hand side is absolutely convergent. The special case
of the definition (12) when

µ = ν = 1 and q= r = s= 1 (13)

(a1 = 1; α1 = b; γ1 = c)

coincides precisely with the definition (4). Also, for

µ = ν =m and q= r = s= 1 (14)

(a1 = 1; α1 = b; γ1 = c) ,

and with the sequence{κℓ}ℓ∈N0 specialized as in (10), the
definition (12) would obviously correspond to the Gauss
type hypergeometric function

F (γ,δ ;m)
p (a,b;c;z)

defined by (see [11, p. 44])

F (γ,δ ;m)
p (a,b;c;z) :=

∞

∑
n=0

(a)n
B(γ,δ ;m)

p (b+n,c−b)
B(b,c−b)

zn

n!
(15)

(

|z|< 1; ℜ(p)≧ 0; min{ℜ(α),ℜ(β ),ℜ(m)}> 0;

ℜ(c)> ℜ(b)> 0; γ ∈ C; δ ∈ C\Z−
0

)

,

which, in the special case whenm= 1, was introduced and
studied by Chaudhryet al.[5, p. 591, Eqs. (2.1) and (2.2)].
We remark in passing that a special case of the generalized
Gauss type hypergeometric function in (12) when

µ = ν = 1 and q−1= r = s= 0 (16)

(α1 = b; γ1 = c) ,

and with the sequence{κℓ}ℓ∈N0 specialized as in (8), was
also investigated earlier by Chaudhryet al. [5, p. 592, Eq.
(2.3)]. For various other investigations involving
generalizations of the hypergeometric functionrFs of r
numerator ands denominator parameters, the interested
reader may be referred to the recent works [15,17,21,24,
26,27,28,29,30].

This paper is motivated by such recent investigations
as (for example) [1,2,3,23]. We propose here to derive
several classes of generating relations involving the
generalized Gauss type hypergeometric function which
we have defined by (12). We also consider some
interesting (and potentially useful) special cases of our
main results.

2 A Set of Main Results

First of all, a generalized binomial coefficient

(

λ
µ

)

may

be defined (for real or complex parametersλ andµ) by

(λ
µ
)

:= Γ (λ+1)
Γ (µ+1)Γ (λ−µ+1) =:

( λ
λ−µ
)

(λ ,µ ∈C),

so that, in the special case whenµ = n (n∈N0) , we have

(λ
n

)

= λ (λ−1)···(λ−n+1)
n! = (−1)n (−λ )n

n! (n∈ N0),
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where(λ )ν (λ ,ν ∈ C) denotes the general Pochhammer
symbol given, as above, by (5).

We now state the following lemma (due to R.
Srivastava [27, Lemma]), which will be required in our
proof of Theorem 1 below.

Lemma (R. Srivastava [27, p. 133, Lemma]). Let
{Ξn}n∈N0 be a suitably bounded sequence of essentially
arbitrary real or complex parameters. Suppose also that

λ ∈ C and ρ ,σ ≧ 0 (ρ +σ > 0).

Then

∞

∑
n=0

(

λ +n−1
n

)

(

∞

∑
k=0

(λ +n)ρk

(1−λ −n)σk
Ξk

zk

k!

)

tn

= (1− t)−λ
∞

∑
k=0

(λ )ρk

(1−λ )σk



 2F1





−ρk,σk;

λ ;
t







Ξk
[z(1− t)σ−ρ ]

k

k!

(17)

(

|t|< 1; λ ∈ C; ρ ,σ ≧ 0 (ρ +σ > 0)
)

,

provided that each member of the assertion(17) exists.
Throughout this investigation, exceptional values of

the complex parameterλ which would render either side
of such generating functions as (for example) the
assertion (17) of the Lemma undefined or invalid are
tacitly excluded. Also, since the generalized
hypergeometric series forrFs would reduce to its first
term 1 whenever one or more of itsr numerator
parameters take on the value 0, we are led easily to the
following special cases of the Lemma whenσ → 0+ or
whenρ → 0+ (see, for details, [27]):

∞

∑
n=0

(

λ +n−1
n

)

(

∞

∑
k=0

(λ +n)ρk Ξk
zk

k!

)

tn

= (1− t)−λ
∞

∑
k=0

(λ )ρk Ξk
[z(1− t)−ρ ]

k

k!

(|t|< 1; λ ∈C; ρ > 0) (18)

and

∞

∑
n=0

(

λ +n−1
n

)

(

∞

∑
k=0

zk

k! (1−λ −n)σk
Ξk

)

tn

= (1− t)−λ
∞

∑
k=0

Ξk

(1−λ )σk

[z(1− t)σ ]k

k!

(|t|< 1; λ ∈ C; σ > 0), (19)

provided that both members of each of the generating
functions (18) and (19) exist.

Theorem 1.Let the array of N parameters

λ
N
,

λ +1
N

, · · · ,
λ +N−1

N
(λ ∈C; N ∈ N)

be abbreviated by∆(N;λ ), the array being empty when
N = 0. Then each of the following generating relations
holds true for the generalized Gauss type hypergeometric
function

r+qF
({κℓ}ℓ∈N0

;p;µ,ν)
s+q

defined by(12):

∞

∑
n=0

(

λ +n−1
n

)

N+r+qF

(

{κℓ}ℓ∈N0
;p;µ,ν

)

s+q





∆(N;λ +n),a1, · · · ,ar ,α1, · · · ,αq;

c1, · · · ,bs,γ1, · · · ,γq;
z



 tn

= (1− t)−λ
N+r+qF

(

{κℓ}ℓ∈N0
;p;µ,ν

)

s+q





∆(N;λ ),a1, · · · ,ar ,α1, · · · ,αq;

c1, · · · ,cs,γ1, · · · ,γq;

z

(1− t)N





(20)

(|t|< 1; λ ∈C; N ∈ N)

and

∞

∑
n=0

(

λ +n−1
n

)

r+qF

(

{κℓ}ℓ∈N0
;p;µ,ν

)

N+s+q





a1, · · · ,ar ,α1, · · · ,αq;

∆(N;1−λ −n),c1, · · · ,cs,γ1, · · · ,γq;
z



tn

= (1− t)−λ
r+qF

(

{κℓ}ℓ∈N0
;p;µ,ν

)

N+s+q





a1, · · · ,ar ,α1, · · · ,αq;

∆(N;1−λ ),c1, · · · ,cs,γ1, · · · ,γq;
z(1− t)N





(21)

(|t|< 1; λ ∈ C; N ∈ N),

provided that both members of each of the generating
functions(20) and(21) exist.

Proof. In the generating function (18), we set

ρ = N and Ξk =

r
∏
j=1

(a j)k

s
∏
j=1

(c j)k

q
∏
j=1

{

B({κℓ}ℓ∈N0)(α j + k,γ j −α j ;p;µ ,ν)

B({κℓ}ℓ∈N0)(α j ,γ j −α j ;p;µ ,ν)

}

(22)
(N ∈N0; k,q, r,s∈ N0),

make use of the following familiar identity:

(λ )Nn = nNn
(

λ
N

)

n

(

λ+1
N

)

n
· · ·
(

λ+N−1
N

)

n
(n∈ N0; N ∈ N; λ ∈C),

and replacezby

z
NN (N ∈ N).

Then, upon interpreting each of the resultingk-sums by
means of the definition (12), we obtain the assertion (20)
of Theorem 1.

Our demonstration of the assertion (21) of Theorem 1
is much akin to that of the assertion (20), which has
already been given above.

Remark 1. In their special cases when

κℓ ≡ 1 (ℓ ∈ N0) and p= 0, (23)
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the generalized Gauss type hypergeometric functions
involved in the generating functions (20) and (21) were
investigated earlier by (among others) Chen and
Srivastava [3, p. 171et seq.].

We next introduce the sequences

{ω(λ ,N)
n (z)}n∈N0 and {ζ (λ ,N)

n (z)}n∈N0

of generalized Gauss type hypergeometric functions
defined by

ω (λ ,N)
n (z) = ω (λ ,N)

n [a1, · · · ,ar ,α1, · · · ,αq;c1, · · · ,cs,γ1, · · · ,γq : z]

:= N+r+qF

(

{κℓ}ℓ∈N0
;p;µ,ν

)

s+q





∆(N;λ +n),a1, · · · ,ar ,α1, · · · ,αq;

c1, · · · ,cs,γ1, · · · ,γq;
z





(24)

and

ζ (λ ,N)
n (z) = ζ (λ ,N)

n [a1, · · · ,ar ,α1, · · · ,αq;c1, · · · ,cs,γ1, · · · ,γq : z]

:= r+qF

(

{κℓ}ℓ∈N0
;p;µ,ν

)

N+s+q





a1, · · · ,ar ,α1, · · · ,αk;

∆(N;1−λ −n),c1, · · · ,cs,γ1, · · · ,γq;
z



 .

(25)

By applying the generating functions (20) and (21)with
λ 7→ λ + m (m ∈ N0), we are led to the following
interesting Consequence of Theorem 1.

Theorem 2.The following generating relationships hold
true for the sequences

{ω(λ ,N)
n (z)}n∈N0 and {ζ (λ ,N)

n (z)}n∈N0

of generalized and extended hypergeometric functions
defined by(23) and(24), respectively:

∞

∑
n=0

(

λ +m+n−1
n

)

ω(λ ,N)
m+n (z)tn

= (1− t)−λ−m ω(λ ,N)
m

(

z
(1− t)N

)

(26)

(|t|< 1; m∈N0; λ ∈ C)

and

∞

∑
n=0

(

λ +m+n−1
n

)

ζ (λ ,N)
m+n (z)tn

= (1− t)−λ−m ζ (λ ,N)
m

(

z(1− t)N) (27)

(|t|< 1; m∈ N0; λ ∈C).

Remark 2. The specialized cases of each of the
generating functions (26) and (27) under the conditions
given by (23) were derived earlier by Chen and Srivastava
[3, p. 171, Eqs. (5.15) and (5.16)], who also considered
various interesting consequences and further extensions
involving multiple sequences.

3 Applications of Theorem 2

In this section, we apply Theorem 2 in order to derive
various interesting classes of linear, bilinear and bilateral
(or mixed multilateral) generating functions for the
sequences

{ω(λ ,N)
n (z)}n∈N0 and {ζ (λ ,N)

n (z)}n∈N0

defined by (23) and (24), respectively, in terms of the
generalized Gauss type hypergeometric function

r+qF
({κℓ}ℓ∈N0

;p;µ,ν)
s+q

defined by (12).

Theorem 3. Corresponding to a non-vanishing function
Πρ(ξ1, · · · ,ξu) of u complex variablesξ1, · · · ,ξu (u∈ N)
and involving a complex parameterρ , called the order, let

Λ (1)
m,p,q[z;ξ1, · · · ,ξu; t]

:=
∞

∑
n=0

An ω(λ+σnq,N)
m+nq (z) ·Πµ+np(ξ1, · · · ,ξu)t

n (28)

(

An 6= 0; m∈ N0; N, p,q∈ N; σ ∈ C
)

and

Λ (2)
m,p,q[z;ξ1, · · · ,ξu; t]

:=
∞

∑
n=0

Bn ζ (λ+σnq,N)
m+nq (z) ·Πρ+np(ξ1, · · · ,ξu)t

n (29)

(

an 6= 0; m∈ N0; N, p,q∈N; σ ∈C
)

.

Suppose also that

Θ λ ,p,ρ ,σ
m,n,q (z;ξ1, · · · ,ξu;η)

:=
[n/q]

∑
ℓ=0

(

λ +m+σqℓ+n−1
n−qℓ

)

Aℓω(λ+σqℓ,N)
m+n (z)

·Πρ+pℓ(ξ1, · · · ,ξu)ηℓ (30)

and

Φλ ,p,µ,σ
m,n,q (z;ξ1, · · · ,ξu;η)

:=
[n/q]

∑
ℓ=0

(

λ +m+σqℓ+n−1
n−qℓ

)

Bℓ ζ (λ+σqℓ,N)
m+n (z)

·Πµ+pℓ(ξ1, · · · ,ξs)ηℓ, (31)

where the sequences

{ω(λ ,N)
k (z)}n∈N0 and {ζ (λ ,N)

k (z)}n∈N0
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are defined by(24) and(25), respectively. Then

∞

∑
n=0

Θ λ ,p,ρ ,σ
m,n,q (z;ξ1, · · · ,ξu;η)tn = (1− t)−λ−m

·Λ (1)
m,p,q

[

z
(1− t)N

;ξ1, · · · ,ξu;
ηtq

(1− t)(σ+1)q

]

(|t|< 1)

(32)

and

∞

∑
n=0

Φλ ,p,ρ ,σ
m,n,q (z;ξ1, · · · ,ξu;η)tn = (1− t)−λ−m

·Λ (2)
m,p,q

[

z(1− t)N;ξ1, · · · ,ξu;
ηtq

(1− t)(σ+1)q

]

(|t|< 1),

(33)

provided that each member of the assertions(32) and(33)
exists.

Proof. For convenience, let the first member of the
assertion (32) of Theorem 3 be denoted byS . Then,
upon substituting for the polynomials

Θ λ ,p,µ,σ
m,n,q (z;ξ1, · · · ,ξs;η)

from (30) into the left-hand side of (32), we obtain

S :=
∞

∑
n=0

tn
[n/q]

∑
ℓ=0

(

λ +m+σqℓ+n−1
n−qℓ

)

Aℓ ω(λ+σqℓ,N)
m+n (z)

·Πρ+pℓ (ξ1, · · · ,ξu)ηℓ

=
∞

∑
ℓ=0

Aℓ Πρ+pℓ (ξ1, · · · ,ξs)(ηtq)ℓ

·
∞

∑
n=0

(

λ +m+(σ +1)qℓ+n−1
n

)

ω(λ+σqℓ,N)
m+n+qℓ (z)tn

(

Πρ+pℓ(ξ1, · · · ,ξs) 6= 0
)

, (34)

where we have inverted the order of the double summation
involved.

The innern-series in (34) can be summed by appealing
to the generating function (26) withm andλ replaced by
m+qℓ andλ +σqℓ, respectively(ℓ ∈ N0; q∈ N; σ ∈ C).
We thus find from (34) that

S = (1− t)−λ−m
∞

∑
ℓ=0

Aℓω(λ+σqℓ,N)
m+qℓ

(

z
(1− t)N

)

·Πµ+pℓ(ξ1, · · · ,ξs)

(

ηtq

(1− t)(σ+1)q

)ℓ

(|t|< 1),

(35)

which, in view of the definition (28), is precisely the
second member of the assertion (32) of Theorem 3.

We have thus completed the proof of the assertion
(32) of Theorem 3 under the assumption that the double
series involved in the first two steps of our proof are
absolutely (and uniformly) convergent. Thus, in general,
the assertion (32) of Theorem 3 holds true (at least as a

relation betweenformal power series) for those values of
the various parameters and variables involved for which
each member of the assertion (32) exists.

The method of proof of the first assertion (32) of
Theorem 3 can be appliedmutatis mutandisin order to
derive the secon assertion (33) of Theorem 3 below,
which would evidently yield bilateral or mixed
multilateral generating relations for the sequence

{ζ (λ ,N)
n (z)}n∈N0

defined by (25) in terms of the generalized Gauus type
hypergeometric function

r+qF
({κℓ}ℓ∈N0

;p;µ,ν)
s+q

defined by (12).

Remark 3. A special case of Theorem 3 when the
conditions in (23) are satisfied would correspond to a
known result due to Chen and Srivastava [3, p. 180,
Theorem 1]. Furthermore, the multivariable extensions of
the special cases of Theorem 3 under the conditions in
(23) can also be found in the work of Chen and Srivastava
[3, pp. 182–183, Theorems 2 and 3]. As a matter of fact,
all such classes of bilateral (or mixed multilateral)
generating functions for various sequences of functions in
one or more variables can be derived whenever one can
find generating functions for these sequences, which fit
easily in the following general pattern (see, for example,
[23, p. 437, Equation 8.5(1)]):

∞

∑
n=0

Cµ,n Ψµ+n (z1, · · · ,zv)t
n = ϑ (z1, · · · ,zv; t)

·
{

ϕ(z1, · · · ,zv; t)
}−µ

·Ψµ
(

ψ1(z1, · · · ,zv; t), · · · ,ψv(z1, · · · ,zv; t)
)

(36)

(µ ∈ C),

where the coefficientsCµ,n (n ∈ N0) are independent of
z1, · · · ,zv and t, and ϑ , ϕ and ψ1, · · · ,ψv are suitable
functions of z1, · · · ,zv and t. Obviously, each of the
generating functions (26) and (27), which we have
applied in proving Theorem 3, does indeed belong to the
family given by (36) whenv= 1 andµ = m (m∈N0).
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