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Abstract: Lett(n) denote the number of representationsnads a sum of two triangular numbers atgly (n) denote number of
representations af as a sum of times triangular number aratimes triangular number. In this paper, we prove number gilte in
which generating functions @(n) andt; 3)(n) are infinite product. We also establish relations betwtges)(n), t1 12)(n), tz4)(n),
tz(n) andtq 4)(n).
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Throughout the paper, we employ the standardThere is a remarkable relation betwegm) andtk(n) [2]:
notation

[ee]

(&) 1= nEL(l—aq”), lal <1. rk(8n+k) = 2k1{2+ (Z) }tk(n), for 1<k<7.

Ramanujan’s general theta function is defined as

d n(141)/2pn(n-1) /2 A. Hurwitz [4] proved several results in which generating
flab):= 3% a b , |ab[ <1. function of rz(an+ b) is a simple infinite product. For
n=-c example
For convience, we denot&(q,q) by ¢(q), f(q,q%) by
@(q) and f(—qg,—g?) by f(—q). The Jacobi triple

n__ 2 2
product identity ] is defined by Zof3(4n+ 1)a" = 6¢=(a)w(a),

n=
f(a, b) = (—a; a.b)oo(—b; ab)w(ab, a.b)oo. Z)r3(4n+ z)qn _ 12¢ (q)qu(qZ)’
By Jacobi triple product identity eac$(q), ¢(q) and =
f(—q) is a product. Infact 3 ra(8n+1)q" = 66%(q)Y(a).
n>0
¢ (a) = (5,93 (0% o)es,
W) = (—6:0% (0% 0w (0" 6", These results have been proved by S. Cooper and M. D.
f(—a) = (6, (0% ) (6 G%) - Hirschhorn B] and they have also established eighty

) infinite families of similar results.
Let ri(n) denote the number of representationsiafs @  The main purpose of this paper is to prove number of
sum of k squares andy(n) denote the number of resyits in which generating functions db(n) and

representations af as a sum ok triangular numbers. Let t1.3(n), whenn is restricted to an arithmetic sequence
tap)(n) denote the number of solutions in non negative gre infinite products.

integer of the equation Infact, we prove the following results.
X1(x1+1 Xo(Xo+ 1
a1(124- )+b2(22+ ) _
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Theorem 1.We have Putting axjand b= in (17), we obtain
Zot2(8n +1)q" = 2(a) f(q7,q°), (1) ¢ (q) = ¢(a") +2qy(cd). (18)
n; Employing @8) in (16), we see that
Zot2(8n+ 3)a" = 2¢(a)f (a®,q™), 2) N
= > (" = g(@){4(a) +20u (). 19)
Zotz(8n+ 5)d" = 2qy(a) f(9.9™), 3 A
"~ Immediately, it follows that
Zot2(8n +7)d" = 2¢(a) f(a*, ™). 4) o ,
ri= Z;tZ(Zn +1)q" = 2¢(aq)Y(q). (20)
Theorem 2.We have =
o 5 s 13 Putting a and b= in (17), we obtain
> tas(16n+2)g" =2qy (o) f(a%,a7),  (5) . 1 -
=0 Y(a) = f(@”,a™) +af(a”.q”). (21)
Y tas)(16n+3)d" = 2¢(q) f (o4, ¢*"), (6)  Employing @1) in (20) and then extracting those terms in
”;0 which the power ofyis 0 (mod 2 and replacingy? by q,
S tag(L6n+6)q" =20 f(q’.qF), (7 wefindthat
n=0 [
© t(4n+1)q" = 2¢(a) f(a*,0°).  (22)
Zot<1,3> (16n+7)q" = 207 (q) f(a®,0%),  (8) nZo
n=

Putting a= and b=P in (17), we get

fa’,o®) = f(a.a"%) + (%, 0%).  (23)
o 3 45
nzot<1,3)(16n+ e =2q"¢(@)f(a,q™),  (10) Employing @3) in (22), it immediately follows that

[ee]

Zot<1,3> (16n+10)0" = 2¢(q*) f (q°, ™), ©)

0

Zot<1,3>(16n+ 149" =2q@(q*) f(a,9"°),  (11) S ta(8n+ 1) = 2¢(a) f(a”, 6°)

n= n=0
00

Zot<1,3>(16n+ 159" =2¢(q)f(g"%,0%®).  (12) and

n=

We also establish the following relations between Zot2(8n+ 5)q" = 2qy(a) f (q,9™).
t1,3)(N), t1,12)/(N), t3.4)(N), t2(N) andty 4)(n). n=
Theorem 3.We have This completes the proofs of)and @).
The proofs of 2) and @) are similar.
t(113) (4n+ 2) = 2t<1’12)(n — 1), n>1 (13)
t(113) (4n+ 3) = 2t(314)(n), n>o0, (14)
(20 1) = 2141 (n), n>0.  (15) 2 Proof of Theorem 2

We have

1 Proof of Th 1 S
roof of Theorem Zot(m(n)q“:w(qw(q"‘)- (24)

From [1, Entry 25(iv), p. 36], we have
From [1, p. 69, Eqg. (36.8)], we have

Ya)w(a®) = ¢(a®)w(a") +ag (@) w(a™).
Employing the above identity ir2d), we obtain

ib(”)qn — y?(q)

= (@)$(a). (16)
Adding Entries 30ii) and 3@iii) in [1, p. 43], we obtain

o n__ 6 4 2 12
f(a.b) — f(a%b.ab%) + af (b/a.2bb°). 17 n;ta,a)(n)q =¢(a)P(a) +ag(@)w(a=). (25)
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Extracting those terms in which the power qfis 0
(mod 2 and replacingy? by g, we obtain

itu,g)(zn)q“ — o(P()
= Y(@?){9 (9" +25°Y(g**)}.

Again, extracting those terms in which the powena$ 1
(mod 2), divide byq and replacingy® by g, we find that

(26)

0

2 tag(n+2d" =200 (@y(@).  @7)
Employing @1) in (27), we immediately see that
3 taa 20 - 20 (@)
=2qy(c){f (™, a*) +af (o)}

Hence,
2 taa(16n+ 2)q" = 2qy(®) f (o, ™),
n=
gt@s} (16n+10)0" = 2¢(*) f (0, ™).
n=

This completes the proofs o) and Q).

The proofs of remaining identities are similar to the proofs
of (5) and Q).

3 Proof of Theorem 3

By (27), we have
Eota,a) (4n+2)0" = 2qP(q)Y(q"?)

=29 taip(n)g"
n;( )

Now, comparing the coefficients qf in both sides of the
above identity, we getlQ).
Proofs of 4) and (L5) are similar to that of13).
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