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Abstract: The problem of computing integer powers of certain type ioesrappears frequently in mathematical models. In general
there is no computationally useful way to obtain arbitratgger powers of matrices. Finding integer powers of artradyinxn matrix
carry a computational cost. However, this situation isedéht for banded symmetric matrices. In this paper, we darimumber of
general expressions for integer powers of one type of synmregmplex pentadiagonal matrices.
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1 Introduction S = [Skj]kal is given by
ci—Cz, k=j=1lork=j=n
c1, k=jandl<k j<n
si=1{ c k—j|=1 (1)
Cs, lk—jl=2
0, otherwise

In the [1], it is said that "Pentadiagonal as well as
tridiagonal matrices have a wide number of applications”
in various fields of science, like mechanics, image" e should use same eigenvalue decomposition for the real
processing, mathematical chemistry, etc.. For example, ifnatrx$h already establish in g,[4]):

fluid mechanics which is a commonly used subject, the S, = VDVt

number of meshes necessary to obtain reasonably good N

results is at times expressible in millions. Powerful where the eigenvector matrix

techniques were developed to solve such systems. In the

most common of these methods, inverses of tridiagonal Vh = {sm
and pentadiagonal matrices are encountered”. Also, these

types of matrices are come upon areas of science anthe inverse of matri¥/y
engineering, for example in approximation to fourth 1
derivatives, high order approximations to second e n+1an
derivatives, and as intermediate steps in Given’s and dD. — d ith
Householder's method for determining eigenvalues. In@N@bn = lag (K1, Hz. -, Hn) Wi
many applications, the problem of computing integer _ 2jm i
powers of such matrices aris@f{ 6]). Hj=C1+ ZCchSM1 +2c3cosly, j=1,2

herecl, ¢, andcz are complex numbers. For this purpose,

kjm

(see Theorem 2 of3] and Lemma 1 of4]). Because, the
In here, an explicit general expression for powersmain results of 3] are also valid forcy, ¢z, c3 € C. Thus,
qM(qeZ) of one type of the symmetric complex we will give the main results of3 for ci,cz,c3 € C
pentadiagonal matricesS, are obtained, where without providing any new proofs as following;
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Theorem 1(Theorem 2 of §]-complex case) Leti¢cy, C3 (1), ¢1,¢p,c3€ CandAy = -2 cos%"l, 1<m<n,forall
be complex nhumbers and be>ri3 natural numbers. Then even natural numbersh 4. Then,

VnDnVn‘1 are eigenvalue decompositions of the symmetric n
complex pentadiagonal matrices, &s in (1), where the [y = L Z [(C1— 2C3+ (Co+ CaAn—mi1) An_me1) O+
m=1

entries of the eigenvector matrix ¥re given by n
. k—j
Vg =siniZ Kk j=1,2....,n, (1) (c1—2c3— (2~ CBAnferl))\nferl)q}
e o e s (T () s (252))
and the inverse of the eigenvector matrixi¥ given with k=] 2 +] 2

Vi ! = 7z1Vn, @nd Dy = diag(py, ka, -, kn) is €igenvalue o o) numbers ge Z*+ and1 < j,k < n.

matrix, wherey; are eigenvalues given by - -

Corollary 2.Let S, be invertible symmetric complex
pentadiagonal matrices in the forn)( c1,cp,c3 € C and

- jm 2jm _
Hj = €1+ 2C2€0S; 7 +2C3€0S5 7, | =1,2,..n. Am= _2003%711' 1< m< n, for all even natural numbers
We present a general expression for the entries of thd =4 Then,

positive integer powerg™" of the matricesS, in terms of q
the Chebyshev polynomials. When the matri®sis [ ]kj

P
= a1 Y [(c1 203+ (C2+C3An-ms1) An-mi1) O+
invertible, the generalization to arbitrary negative gee =

1

powers is immediate: The eigenvaluesSf!, whereq is ()% (e — 203 — (CZ—CSAnferl)Anfml)iq}
a positive integer, arﬁj’q. (T Aomia T A i
iy .
Let Th(x) be theh™ degree Chebyshev polynomial of ( -l ( z ) +.J ( z )>
the first kind withh € NU {0} for all numbers ge Z* and1 < j,k <n.

Th(x) = cogh(arccox)), —1<x< 1(seef]). _ _
2 General expressions for the entries o

Theorem 2(Theorem 3 of 3]-complex case) Let She . ) ) )
symmetric complex pentadiagonal matrices as in the formWe derived above eigenvalues and eigenvectors according

of (1), ¢1,C2,C3 € C and Ap = 2cos™E, 1< m< n, al tcl) the Chebyshev polynomials, and we presented a
natural numbers 1> 3. Then, closed-form expression for the arbitrary positive (or

negative when the matrix is invertible) integer powers of

1 n the pentadiagonal matrix as given if) (by using the
(Sl = n+1 > (c1— 23+ (C2+ CaAm) Am)* eigenvalue decomposition. Now, to decrease the number
m=1 of operations for positive integer powers (or negative
X (T‘k_” (%m) —Tier | (’\7'“)) when the matrix is invertible) of the odd order matriGs
(n > 3) given in the Theorem 2, we give the following
for all numbers g= Z+ and1 < j,k<n. theorem that results to reduce framto n/2 the upper

limit of the sum in the general expression.

Corollary 1.(Corollary 4 of [3]-complex case) Letne thaqrem 4L et S, be symmetric complex pentadiagonal
invertible symmetric complex pentadiagonal matrices in

the form (), c1.co.ca € C and A 2 cosML matrix of all odd order n> 3 in the form (),
’ 1,L2,L3 m =

QE Am=—2cos™ 1<m<nandaq,cycz € C. Then,
1< m< n, all natural numbers > 3. Then, m 1> === 4,C2,Cs

Sk = 71 {(c1—209) (Tik—j(0) =Tt (0)) +

1

2
> [(c1—2ca+ (co+CaAn-m+1) An-m1)?

s 3

1 -1
S = ——= Y (c1—2c3+ (Co2+ C3Am) Am)
[ }kl n+1n; e

X (T\k—n (%"‘) = Titj (%m)) 1<jk<n m=1 .
+(=1)“") (c1—2c3— (c2 — CaAn-my 1) An-mi1)*
To reduce the number of operations fqre Z* (T o (An=mety T (Anomit
powers ofS, given within the Theorem 2, we noticed that ( e () = Thr i (53 ))”’

the upper limit of the sum in the general expression canfor all q € Z* and1 < j,k<n.

be reduced to half. Therefore, the following theorem and .
corollary provide a closed-form expressions for the ProofFrom the Theorem 2, the general expression for the

entries of ¥ and S in terms of the Chebyshev entries of the matri®] of all ordern > 3 can be noted that

. . n
polynomial, respectively. _ mm 2mm\ 4
(S = 751 Zl (c1+2c2cost +2c3c0s5T)
m=

Theorem 3(Theorem 5 of 3]-complex case) Let She k)t (k)
symmetric complex pentadiagonal matrices in the form X (COS n+i —Cos n+i )
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Since Ay = 2COS%, for 1 < m < n the following  following
expresion can be given as:

o (n+1 m) mrt n-l

An-mi1 = —2cos 0T = 2c0sML = —Ap, Ay = (1)K i (c1—2c3— (C2 — C3An-m+1) An-m+1)*
and m=1
An-m An-m
X (T\kfj\( ) —Tier i ( 2“)) : (6)
—m1

_ mmlk—j| _
T\k il (COSnJrl) COS—hit

=Ty ().

Consequently, if these expressions are used, an entries
expressiors is obtained

n

S = 71 D (c1—2ca+(c2-CaAn-m+1) An-m-1)?
m=1

(o (B82) T (552)). @

To reduce the upper limit of the sum expression, the
equation 2) can be rewritten as alike

n—m4-1
2

n-1
2

1)
n+1 e

z [(c1—2C3+ (Co+Ca3An—m+1) An—m+1)
% (T\k i (

) T (222))]

[Slkj

n—m4-1

+ (Cl 2C3+ (Cz—|—03/\ n+1) A n+1)q
(T (F29) T (422))

[(c1—2C3+ (Cot+CaAn—m+1) An—m+1)

() (o))

2
and also, the last equation is arranged as follows

(T\k il (
(S =mtr [Ar+A+ (€1—2¢3) (T (0)—Tiey (0)) ],

+

m=

An— m+-1

(3)

where

n-1

n1
AL = z (C1—2C3+ (C2+C3An_mt1) An m+1)q

m=1

X (T (o) T (2ot ), (4)

n_E_l
Ao =y (c1—2c3— (C2—CaAn-mr1) An-m:1)"

m=1

A Ao
< (The g (—22p) = i (2opet)) )

Since they are known that thef" degree Chebychev
polynomial of the first kind is an odd or even function,
when m is even or odd, respectively (that is,
Tm(—x) = (—1)™Tn(x)), and owing to the positive integer
numbersk and j, bothk+ j andk — j are even or both of
them are odd. Then, the equality)(is arranged as

b

e proof is finished by substituting expressiods dnd
into (3)

Sk = w1 {(c2—203) (T 1 (0) = Ti(0)) +

n-1
2

z [(c1—2C3+ (C2+C3An—mt1) An—m+1)®

m=1
+(—1)% I (c1—2c3— (C2 — C3An-mt1) An-m1)

x (T (Ropst) —Tiy (Aot ) | .

Corollary 3.Let S, be invertible symmetric complex
pentadiagonal matrix of all odd order i 3 in the form

nm+1

D), An= ZCosrﬂ—"l, l1<m<nandgq,cpc3€C.Then,
[Sh; = w1 1(e1—2c3) " (T (0)~Tic§(0)) +
n—1

[(c1—2c3+ (Co+C3An—mi1) An-ms1)

M

m=1
(=1 (01—203— (C2—C3An-m¢1) An-ms1)
X (T (o) Ty (Ropit) )|},

forallgc Z™ and 1< j,k < n.

Corollary 4.Suppose that 1c= 2c3 in the symmetric
complex pentadiagonal matrix, ®f all odd order n> 3
given in @), Apn = Zcosrﬂ—"l, 1<m<n, and
C1,Cp,C3 € C. Then,

Sk

+(—1)q+k_l (CZ_CB)\nferl)q}

(T\k il 42

n m+1

)= Tk

n—m41
2

)

for all g € Z*( or negative powers when the matrix iS
invertible) andl < j,k <n.
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3 Numerical Example

Let analyze an example of matricé&s and S"g This

example has the following the general form

[ci1—C3Crc3 O 0
C1 C2 C3 0
CrCi1C C3
C3C2C Co
Oczcocp—c3

S =

S

SSIF
STEF

SESSS
ST s 0088
SSS5S

Ny
=

As it is seen tha@ is symmetric because matri is
symmetric matrix, thus, the powers of matrg are

operations given for positive integer powers (or negative
when the matrix is invertible) of the certain matrices in
terms of the Chebyshev polynomials. Lastly, a numerical
example was given in the last section.
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