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Abstract: In this article we introduce and study sequence spacesC I (T ,F ), C I
0(T ,F ) andBI

∞(T ,F ) on the sequence of bounded
linear operators with the help of a sequenceF = ( fk) of modulus functions. We study some topological and algebraic properties, prove
the decomposition theorem and study some inclusion relations on these spaces.
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1 Introduction

LetN, R andC be the sets of all natural, real and complex
numbers respectively.
We denote

ω = {x= (xk) : xk ∈ R orC},

the space of all real or complex sequences.

Any subspaceλ of the linear spaceω of sequences is
called a sequence space. A sequence spaceλ with linear
topology is called aK-space provided each of maps
pi : λ → C defined bypi(x) = xi is continuous, for all
i ∈ N. A spaceλ is called anFK-space providedλ is
complete linear metric space. AnFK-space whose
topology is normable is called aBK-space.

We denote

L (T )=

{

T =(Tk) : Tk : X →Y is linear, for each k∈N

}

,

(1.1)
the space of all linear operators from a normed spaceX to
normed spaceY.

Definition 1.1. Let X andY be two normed linear spaces
andT : D(T)→Y be a linear operator, whereD(T)⊂ X.
Then, the operatorT is said to be bounded if there exists a
realk> 0 such that

‖ Tx‖≤ k ‖ x ‖, for all, x∈ D(T). (1.2)

The sequences of bounded linear operators arise
frequently in the abstract formulation of concrete
situations, for instance, in connection with convergence
problems of Fourier series or sequences of interpolation
polynomials or methods of numerical integration, to name
just a few. In such cases one is usually concerned with the
convergence of those sequences of operators with
boundedness of corresponding sequences of norms or
with similar properties. We also studyI -convergence of
sequences of these operators and some related results.

Let B∞(T ) be denote the normed space of sequences
of all bounded linear operators from a normed spaceX to
a normed spaceY normed by

‖ T ‖= sup
k

‖ Tk(x) ‖ (see[14]). (1.3)

B∞(T ) is a Banach space ifY is a Banach space.

Throughout,O andI represent zero and identity operators
respectively.

It was due to J.Von Neumann(see [14,22]), the
following definitions were introduced.

Definition 1.2. Let X andY be two normed linear spaces.
A sequence(Tk) of operatorsTk ∈ B∞(T ) is said to be;
1) Uniformly convergent if(Tk) converges in the norm on
B∞(T ).
2) Strongly convergent if(Tkx) converges strongly inY
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for everyx∈ X.
3) Weakly convergent if(Tkx) converges weakly inY for
everyx∈ X.

That is, if there is a linear operatorT : X →Y such that
Tk ∈ B∞(T ) is;
1) Uniformly convergent if‖ Tk−T ‖→ 0.
2) Strongly convergent if‖ Tkx− Tx ‖→ 0, for every
x∈ X.
3) Weakly convergent if| f (Tkx)− f (Tx) |→ 0, for every
x∈ X and f ∈Y′.

Theorem 1.3.Let Tk ∈ B∞(T ), where k=1,2,3,... Then
Tk → T if and only if for every ε > 0, there is anN,
depending only onε, such that for allk> N and allx∈ X
of norm 1, we have,

‖ Tk(x)−T(x) ‖< ε(see[14]). (1.4)

Let C (T ) and C0(T ) be the convergent and null
sequence spaces respectively of the sequence(Tk) of
bounded operators defined as follows.

C (T ) =

{

T = (Tk) ∈ B∞(T ) :‖ Tk(x)−T(x) ‖→ 0, for all x ∈ X

}

and

C0(T ) =

{

T =(Tk)∈B∞(T ) :‖Tk(x)−O(x)‖→ 0 for all x∈X

}

, (c. f .[14], [15]).

ThenC (T ) andC0(T ) are normed spaces with norm
defined as above in (1.3).

Remark 1.4.C0(T )⊂ C (T )⊂ B∞(T ).

As a generalisation of usual convergence, the concept
of statistical convergent was first introduced by Fast [2]
and also independently by Buck [1] and Schoenberg[29]
for real and complex sequences. Later on, it was further
investigated from a sequence space point of view and
linked with the Summability Theory by Fridy [3], Šalát
[26], Tripathy [30] and many others.

Henceforth, in this paper,x is considered as an element
of the normed spaceX.

Definition 1.5. A sequence
T = (Tk) ∈ B∞(T ) ⊂ L (T ) is said to be statistically
convergent to an operatorT if for everyε > 0, we have

lim
k

1
k

∣

∣

∣

∣

{

n∈N :‖ Tn(x)−T(x) ‖≥ ε, n≤ k

}∣

∣

∣

∣

= 0, (1.5)

where vertical lines denote the cardinality of the enclosed
set.
That is, ifδ (A(ε)) = 0, where

A(ε) =
{

k∈ N :‖ Tk(x)−T(x) ‖≥ ε
}

.

The notation of ideal convergence (I-convergence) was
introduced and studied by Kostyrko, Mačaj, Salǎt and
Wilczyński [11,12]. Later on, it was studied by̌Salát,
Tripathy and Ziman [27,28], Tripathy and Hazarika [31,
32], Mursaleen and Alotaibi [16], Mursaleen and
Mohiuddin [17,18,19], Mursaleen and S.K.Sharma [20],
Khanet,al [6,7,8] and many others.

Here we give some preliminaries about the notion of
I-convergence.

Definition 1.6. Let N be a non empty set. Then a family
of setsI ⊆ 2N (power set of N) is said to be an ideal if
1) I is additive i.e∀A,B∈ I ⇒ A∪B∈ I
2) I is hereditary i.e∀A∈ IandB⊆ A⇒ B∈ I .

Definition 1.7. A non-empty family of sets£(I) ⊆ 2N is
said to be filter on N if and only if
1) Φ /∈ £(I),
2) ∀ A, B∈ £(I) we haveA∩B∈ £(I),
3) ∀ A∈ £(I) andA⊆ B⇒ B∈ £(I).

Definition 1.8. An Ideal I ⊆ 2N is called non-trivial if
I 6= 2N.

Definition 1.9. A non-trivial ideal I ⊆ 2N is called
admissible if

{{x} : x∈ N} ⊆ I .

Definition 1.10. A non-trivial ideal I is maximal if there
cannot exist any non-trivial idealJ 6= I containingI as a
subset.

Remark 1.11. For each idealI , there is a filter£(I)
corresponding toI .
i.e £(I) = {K ⊆ N : Kc ∈ I}, whereKc = N\K.

Definition 1.12. A sequence
T = (Tk) ∈ B∞(T ) ⊂ L (T ) is said to beI -convergent
to an operator T if for every ε > 0, the set
{k∈ N :‖ Tk(x)−T(x) ‖≥ ε} ∈ I .
In this case, we writeI − lim Tk = T.

Definition 1.13.A sequenceT = (Tk) ∈ B∞(T ) is said
to beI -null if T = O. In this case, we writeI − lim Tk = O.

Definition 1.14.A sequenceT = (Tk) ∈ B∞(T ) is said
to be I -cauchy if for everyε > 0 there exists a number
m= m(ε) such that{k∈ N :‖ Tk(x)−Tm(x) ‖≥ ε} ∈ I .

Definition 1.15.A sequenceT = (Tk) ∈ B∞(T ) is said
to be I -bounded if there exists someM > 0 such that
{k∈ N :‖ Tk(x) ‖≥ M} ∈ I .

Definition 1.16. A sequence spaceET ( space of
operators) said to be solid(normal) if(αkTk) ∈ ET

whenever(Tk) ∈ ET and for any sequence(αk) of scalars
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with | αk |≤ 1, for all k∈ N.

Definition 1.17. A sequence spaceET said to be
symmetric if(Tπ(k)) ∈ ET wheneverTk ∈ ET , whereπ is
a permutation onN.

Definition 1.18. A sequence spaceET said to be
sequence algebra if(Tk) ∗ (Sk) = (Tk.Sk) ∈ ET whenever
(Tk), (Sk) ∈ ET .

Definition 1.19. A sequence spaceET said to be
convergence free if(Sk) ∈ ET whenever(Tk) ∈ ET and
Tk = O impliesSk = O, for all k.

Definition 1.20.Let K = {k1 < k2 < k3 < k4 < k5...} ⊂ N

andET be a Sequence space. AK-step space ofET is a
sequence spaceλ ET

K = {(Tkn) ∈ L (T ) : (Tk) ∈ ET }.

Definition 1.21. A canonical pre-image of a sequence
(Tkn) ∈ λ ET

K is a sequence(Tk) ∈ L (T ) defined by

Sk =

{

Tk, if k∈ K,
O, otherwise.

A canonical preimage of a step spaceλ ET

K is a set of

preimages all elements inλ ET

K .i.e. S is in the canonical

preimage ofλ ET

K iff S is the canonical preimage of some

T ∈ λ ET

K .

Definition 1.22. A sequence spaceET is said to be
monotone if it contains the canonical preimages of its step
space.

Definition 1.23.A map h̄ defined on a domainD ⊂ X i.e
h̄ : D ⊂ X → is said to satisfy Lipschitz condition if
|h̄(x) − h̄(y)| ≤ K|x − y| where K is known as the
Lipschitz constant. The class ofK-Lipschitz functions
defined on D is denoted bȳh∈ (D,K).

Definition 1.24.A convergence field ofI -covergence is a
set

F(I) = {x= (xk) ∈ l∞ : there existsI − lim x∈ R}.

The convergence fieldF(I) is a closed linear subspace of
l∞ with respect to the supremum norm,
F(I) = l∞ ∩cI (see[27]).

Definition 1.25.A function f : [0,∞) −→ [0,∞) is called
a modulus if
(1) f (t) = 0 if and only if t = 0,
(2) f (t +u)≤ f (t)+ f (u) for all t, u≥ 0,
(3) f is increasing and
(4) f is continuous from the right at zero.

For any modulus functionf , we have the inequalities
| f (x) − f (y) |≤ f (| x − y |) and

f (nx)≤ n f(x), for all x, y∈ [0,∞).

A modulus functionf is said to satisfy∆2−Condition
for all values ofu if there exists a constantK > 0 such
that f (Lu) ≤ KL f (u) for all values ofL > 1.

The idea of modulus function was introduced by
Nakano in 1953.(See[21], Nakano,1953).

Ruckle [23,24,25] used the idea of a modulus function
f to construct the sequence space

X( f ) = {x= (xk) :
∞

∑
k=1

f (|xk|)< ∞}= {x= xk :
(

f (| xk |)
)

∈ X}.

This space is anFK-space and Ruckle [23,24,25] proved
that the intersection of all suchX( f ) spaces isφ , the
space of all finite sequences. The spaceX( f ) is closely
related to the spaceℓ1 which is an X( f ) space with
f (x) = x for all real x ≥ 0. Thus Ruckle [23,24,25]
proved that, for any modulusf .

X( f )⊂ ℓ1 andL( f )α = ℓ∞

where

X( f )α = {y= (yk) ∈ ω :
∞

∑
k=1

f (|ykxk|)< ∞}.

Spaces of the typeX( f ) are a special case of the spaces
structured by B.Gramsch [5]. From the point of view of
local convexity, spaces of the typeX( f ) are quite
pathological. Symmetric sequence spaces, which are
locally convex have been frequently studied by D.J.H
Garling [4], G.Köthe [13] and W.H.Ruckle [23,24,25].

After then E.Kolk [?,10] gave an extension ofX( f ) by
considering a sequence of moduliF = ( fk) and defined
the sequence space

X(F ) =
{

x= (xk) :
(

fk(|xk|)
)

∈ X
}

.

We used the following lemmas for establishing some
results of this article.

Lemma(I). Every solid space is monotone.

Lemma(II) . Let K ∈ £(I) and M ⊆ N. If M /∈ I , then
M∩K /∈ I .

Lemma(III) . If I ⊆ 2N and M ⊆ N. If M /∈ I , then
M∩N /∈ I .

Throughout the articleC I (T ), C I
0(T ), BI

∞(T ),
M I

C
(T ) andM I

C◦
(T ) are considered as the classes of all

I-convergent, I-null, I-bounded, bounded I-convergent
and bounded I-null sequences of bounded linear operators
respectively.
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2 Main Results

In this article, we introduce and study the following
classes of sequences.

C
I (T ,F ) =

{

T = (Tk) ∈ B∞(T ) : I − lim
k

fk(‖ Tk(x)−L ‖) = 0, for someL

}

(2.1);

C
I
0(T ,F ) =

{

T = (Tk) ∈ B∞(T ) : I − lim
k

fk(‖ Tk(x) ‖) = 0

}

(2.2);

B
I
∞(T ,F ) =

{

T =(Tk)∈B∞(T ) : ∃K >0 such that
{

k∈N : fk(‖Tk(x) ‖)≥K
}

∈ I

}

(2.3);

B(T ,F ) =

{

T = (Tk) ∈ B∞(T ) : sup
k

fk(‖ Tk(x) ‖)< ∞
}

(2.4).

We also denote

M
I
C (T ,F ) =B∞(T ,F )∩C

I (T ,F ) andM
I
C◦ (T ,F ) =B∞(T ,F )∩C

I
0(T ,F ).

whereF = ( fk) is a sequence of modulus functions.

Theorem 2.1.Let F = ( fk) be a sequence of modulus
functions. Then, the classes of sequencesC I (T ,F ),
C I

0(T ,F ), M I
C
(T ,F ) and M I

C◦
(T ,F ) are linear

spaces.

Proof. We shall prove the result for the spaceC I (T ,F ).
For other spaces the results are similar.
For, let (T ) = (Tk), (S ) = (Sk) be two elements of
C I (T ,F ) andα, β be scalars.
Now, since(Tk), (Sk) ∈ C I (T ,F ). Then, there exists
someL1, L2 such that

I − lim
k

fk(‖ Tk(x)−L1 ‖) = 0 (2.5)

and
I − lim

k
fk(‖ Sk(x)−L2 ‖) = 0. (2.6)

Then, for givenε > 0, the sets
{

k∈N : fk(‖ Tk(x)−L1 ‖)≥
ε
2

}

∈ I

and
{

k∈ N : fk(‖ Sk(x)−L2 ‖)≥
ε
2

}

∈ I .

Let

A1 =

{

k∈ N : fk(‖ Tk(x)−L1 ‖)<
ε
2

}

∈ £(I) (2.7)

and

A2 =

{

k∈ N : fk(‖ Sk(x)−L2 ‖)<
ε
2

}

∈ £(I) (2.8)

be such thatAc
1, Ac

2 ∈ I . Now, since eachfk( k ∈ N) is a
modulus function, we have

A3 =

{

k∈N : fk
(

‖ (αTk(x)+βSk(x)−(αL1+βL2) ‖
)

< ε
}

⊇

[{

k∈ N : fk
(

|α| ‖ Tk(x)−L1 ‖
)

<
ε
2

}

∩

{

k∈ N : fk
(

|β | ‖ Sk(x))−L2 ‖
)

<
ε
2

}]

⊇

[{

k∈ N : fk
(

‖ Tk(x)−L1 ‖
)

<
ε
2

}

∩

{

k∈ N : fk
(

‖ Sk(x))−L2 ‖
)

<
ε
2

}]

Therefore,

A3 =

{

k∈ N : fk
(

‖ (αTk(x)+βSk(x)− (αL1+βL2) ‖
)

< ε
}

⊇

[{

k∈ N : fk
(

‖ Tk(x)−L1 ‖
)

<
ε
2

}

∩

{

k∈N : fk
(

‖ Sk(x)−L2 ‖
)

<
ε
2

}]

(2.9)

implies thatA3 ∈ £(I). Thus,Ac
3 = Ac

1∪Ac
2 ∈ I .

Therefore,α(Tk) + β (Sk) ∈ C I (T ,F ) for all scalars
α, β and(Tk), (Sk) ∈ C I (T ,F ).
Hence, the spaceC I (T ,F ) is linear.

Theorem 2.2.The spacesM I
C
(T ,F ) andM I

C◦
(T ,F )

are paranormed, paranormed by

g(T ) = sup
k

fk ‖ Tk(x) ‖ .

Proof. (P1) Let T = (Tk) ∈ M I
C
(T ,F ). If T = O, then

g(T ) = 0 is obvious.
(P2) Let T = (Tk) ∈ M I

C
(T ,F ). Then

g(−T ) = sup
k

fk(‖ (−Tk)(x) ‖) = sup
k

fk(‖ −Tk(x) ‖) = sup
k

fk(‖ Tk(x) ‖) = g(T ).

Therefore,g(−T ) = g(T ), for all T ∈ M I
C
(C ,F ).

(P3) Let T = (Tk) andS = (Sk) ∈ M I
C
(T ,F ). Then,

g(T +S )= sup
k

fk(‖ (Tk+Sk)(x) ‖)= sup
k

fk(‖Tk(x)+Sk(x) ‖)

≤ sup
k

fk(‖ Tk(x) ‖)+ sup
k

fk(‖ Sk(x) ‖) = g(T )+g(S ).

Therefore,g(T +S ) ≤ g(T )+g(S ) for all, T , S ∈
M I

C
(T ,F ).

(P4) Let (λk) be a sequence of scalars with(λk)→ λ (k→
∞) and
(Tk), T ∈ M I

S
(T ,F ) such that

Tk → T (k→ ∞),

in the sense that

g(Tk−T)→ 0 (k→ ∞),

Then, since the inequality

g(Tk)≤ g(Tk−T)+g(T)

c© 2015 NSP
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holds by subadditivity ofg, the sequence{g(Tk)} is
bounded.
Therefore,

g
[

(λkTk−λT)
]

= g
[

(λkTk−λTk+λTk−λT)
]

= g
[

(λk−λ )Tk+λ (Tk−T)
]

≤ g
[

(λk−λ )Tk]+g
[

λ (Tk−T)
]

≤| (λk−λ ) | g(xk)+ | λ | g(xk−T)→ 0

as (k → ∞). That is to say that scalar multiplication is
continuous.
Hence,M I

S
(T ,F ) is paranormed space.

ForM I
S◦

(T ,F ), the result is similar.

Theorem 2.3.Let F = ( fk) be a sequence of modulus
functions. A sequenceT = (Tk) ∈ B∞(T ) I-converges if
and only if for everyε > 0, there existsNε ∈ N such that
{

k∈ N : fk(‖ Tk(x)−TNε (x) ‖)< ε
}

∈ £(I).

(2.10)
Proof. Let us suppose thatT = (Tk) ∈ B∞(T )).
Let L = I − lim T . Then, the set

Bε =

{

k∈N : fk(‖Tk(x)−L ‖)<
ε
2

}

∈£(I) for all ε > 0.

Now, since eachfk, k ∈ N is a modulus function. Fix an
Nε ∈ Bε .
Then, we have

fk(‖ Tk(x)−TNε (x) ‖)≤ fk(‖ Tk(x)−L ‖)+ fk(‖ TNε (x)−L ‖)<
ε
2
+

ε
2
= ε

which holds for allk∈ Bε .

Hence

{

k∈N : fk(‖ Tk(x)−TNε (x) ‖)< ε
}

∈ £(I).

Conversely, suppose that
{

k∈ N : fk(‖ Tk(x)−TNε (x) ‖)< ε
}

∈ £(I).

Since, eachfk, k ∈ N is a modulus function and by basic
norm and modulus inequalities, we have
{

k∈N :| fk(‖Tk(x) ‖)− fk(‖TNε (x) ‖) |< ε
}

∈£(I), for all ε >0.

Then, the set

Cε =

{

k∈ N : fk(‖ Tk(x) ‖) ∈

[

fk(‖ TNε (x) ‖)− ε , fk(‖ TNε (x) ‖)+ ε
]}

∈ £(I) for all ε > 0.

Let Jε =

[

fk(‖ TNε (x) ‖)−ε, fk(‖ TNε (x) ‖)+ε
]

. If we fix

an ε > 0 then, we haveCε ∈ £(I) as well asCε
2
∈ £(I).

HenceCε ∩Cε
2
∈ £(I). This implies that

J = Jε ∩Jε
2
6= φ .

That is

{k∈ N : fk(‖ Tk(x) ‖) ∈ J} ∈ £(I).

That is
diamJ≤ diamJε

where the diam of J denotes the length of interval J.
In this way, by induction we get the sequence of closed
intervals

Jε = I0 ⊇ I1 ⊇ .....⊇ Ik ⊇ ...........

with the property that diamIk ≤ 1
2diamIk−1 for

(k=2,3,4,.....) and
{k∈ N : fk(‖ Tk(x) ‖) ∈ Ik} ∈ £(I) for (k=1,2,3,4,......).
Then there exists aξ ∈ ∩Ik where k ∈ N such that
ξ = I − lim fk(‖ Tk(x) ‖) showing that
T = (Tk) ∈ B∞(T ) is I-convergent.
Hence, the result.

Theorem 2.4. Let F = ( fk) and G = (gk) be two
sequences of modulus functions and for eachk ∈ N, ( fk)
and(gk) satisfying∆2−Condition, then
(a)X (T ,G )⊆ X (T ,F ◦G )
(b) X (T ,F )∩ (T ,G )⊆ X (T ,F +G )
for X = C I , C I

◦ , M I
C

andM I
C◦

Proof.(a) Let T = (Tk) ∈ C I
◦ (T ,G ) be any arbitrary

element. Then

I − lim
k

gk(‖ Tk(x) ‖) = 0

that is, the set
{

k∈ N : gk

(

‖ Tk(x) ‖
)

≥ ε
}

∈ I . (2.11)

Let ε > 0 and chooseδ with 0 < δ < 1 such that
for each k∈ N, fk(t)< ε, 0≤ t ≤ δ .
Let us denote

Sk = gk

(

‖ Tk(x) ‖
)

and consider

lim
k

fk
(

Sk
)

= lim
Sk≤δ ,k∈N

fk
(

Sk
)

+ lim
Sk>δ ,k∈N

fk
(

Sk
)

.

Now, sincefk for each k∈ N is an modulus function , we
have

lim
Sk≤δ ,k∈N

fk
(

Sk
)

≤ fk
(

2
)

lim
Sk≤δ ,k∈N

(Sk). (2.12)

ForSk > δ , we have

Sk <
Sk

δ
< 1+

Sk

δ
.

Now, since eachfk is non-decreasing and modulus, it
follows that

fk(Sk)< fk(1+
Sk

δ
)<

1
2

fk(2)+
1
2

fk(
2Sk

δ
).
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Again, sincefk satisfies∆2−Condition, we have

fk
(

Sk
)

<
1
2

K
(Sk)

δ
fk
(

2
)

+
1
2

K
(Sk)

δ
fk(2)

Thus, fk
(

Sk
)

< K (Sk)
δ fk

(

2
)

.
Hence,

lim
Sk>δ ,k∈N

fk
(

Sk
)

≤max{1,Kδ−1 fk
(

2
)

lim
Sk>δ ,k∈N

(Sk).

(2.13)
Therefore, from (2.11), (2.12) and (2.13), we have,
T = (Tk) ∈ C I

◦ (T ,F ◦G ).
Thus, C I

◦ (T ,G ) ⊆ C I
◦ (T ,F ◦ G ). Hence,

X (T ,G )⊆ X (T ,F ◦G ) for X = C I
◦ .

For X = C I , M I
C

and M I
C◦

the inclusions can be
established similarly.
(b) LetT = (Tk) ∈ C I

◦ (T ,F )∩C I
◦ (T ,G ).

I − lim
k

fk(‖ Tk(x) ‖) = 0 (2.14)

and
I − lim

k
gk(‖ Tk(x) ‖) = 0. (2.15)

Therefore, from (2.14) and (2.15), we have

I − lim
k

[

( fk+gk)(‖ Tk(x) ‖)

]

= 0

implies thatT = (Tk) ∈ C I
◦ (T ,F +G ).

Thus,C I
◦ (T ,F )∩C I

◦ (T ,G )⊆ C I
◦ (T ,F +G ).

Hence, X (T ,F ) ∩ X (T ,G ) ⊆ X (T ,F + G ) for
X = C I

◦ .
ForX = C I , M I

C
andM I

C◦
the inclusions are similar.

For gk(x) = x and fk(x) = f (x), ∀ x∈ [0,∞), we have the
following corollary.

Corollary 2.5. X (T ) ⊆ X (T ,F ) for X = C I , C I
◦ ,

M I
C

andM I
C◦
.

Theorem 2.6.Let I be an admissible ideal andF = ( fk)
be a sequence of modulus functions. Then, the following
are equivalent.
(a) (Tk) ∈ C I (T ,F );
(b) there exists(Sk) ∈ C (T ,F ) such thatTk = Sk, for
a.a.k.r.I ;
(c) there exists(Sk) ∈ C (T ,F ) and (Uk) ∈ C I

◦ (T ,F )
such that Tk = Sk + Uk for all k ∈ N and
{k∈ N : fk(‖ Sk(x)−L ‖)≥ ε} ∈ I ;
(d) there exists a subsetK = {k1 < k2 < k3...} of N such
thatK ∈ £(I) and lim

n→∞
fk(‖ Tkn(x)−L ‖) = 0.

Proof. (a) implies (b). Let(Tk)∈C I (T ,F ). Then, for any
ε > 0, there exists someL such that the set

{k∈ N : fk(‖ Tk(x)−L ‖)≥ ε} ∈ I .

Let (mt) be an increasing sequence withmt ∈ N such that

{k≤ mt : fk(‖ Tk(x)−L ‖)≥ t−1} ∈ I .

Define a sequence(Sk) as

Sk = Tk, for all k≤ m1.

Formt < k≤ mt+1, t ∈ N.

Sk =

{

Tk, if fk(‖ Tk(x)−L ‖)< t−1,
L,otherwise.

Then,(Sk) ∈ C (T ,F ) and from the following inclusion

{k≤ mt : Tk 6= Sk} ⊆ {k≤ mt : fk(‖ Tk(x)−L ‖)≥ ε} ∈ I .

We getTk = Sk, for a.a.k.r.I .
(b) implies (c). For(Tk) ∈ C I (T ,F ). Then, there exists
(Sk) ∈ C (T ,F ) such thatTk = Sk, for a.a.k.r.I . Let K =
{k∈ N : Tk 6= Sk}, thenK ∈ I .
Define a sequence(Uk) as

Uk =

{

Tk−Sk, if k∈ K,
O, otherwise.

ThenUk ∈ C I
◦ (T ,F ) andSk ∈ C (T ,F ).

(c) implies (d). LetP1 = {k ∈ N : fk(‖ Uk(x) ‖) ≥ ε} ∈ I
and

K = Pc
1 = {k1 < k2 < k3 < ...} ∈ £(I).

Then we have lim
n→∞

fk(‖ Tkn(x)−L ‖) = 0.

(d) implies (a). LetK = {k1 < k2 < k3 < ...} ∈ £(I) and

lim
n→∞

fk(‖ Tkn(x)−L ‖) = 0.

Then, for anyε > 0, and by Lemma (II), we have

{k∈N : fk(‖Tk(x)−L ‖)≥ ε}⊆Kc∪{k∈K : fk(‖Tk(x)−L ‖)≥ ε}.

Thus,(Tk) ∈ C I (T ,F ).
Hence the result.

Theorem 2.7.Let F = ( fk) be a sequence of modulus
functions. Then, the inclusions
C I

0(T ,F )⊂ C I (T ,F )⊂ BI
∞(T ,F ) hold.

Proof. Let (Tk) ∈ C I (T ,F ). Then, there exists someL
such that the set

{

k∈ N : fk(‖ Tk(x)−L ‖)≥ ε
}

∈ I .

Since, eachfk is modulus, we have

fk(‖Tk(x) ‖)= fk(‖Tk(x)−L+L ‖)≤ fk(‖Tk(x)−L ‖)+ fk(‖ L ‖).

Taking supremum over k on both sides, we get
(Tk) ∈ BI

∞(T ,F ).
The inclusionC I

0(T ,F )⊂ C I (T ,F ) is obvious.
Hence,C I

◦ (T ,F ) ⊂ C I (T ,F ) ⊂ BI
∞(T ,F ).

Theorem 2.8.Let F = ( fk) be a sequence of modulus
functions with fk(x) = x for all x ∈ [0,∞] and k ∈ N.
Then, the functionh̄ : M I

C
(T ,F ) → R defined by

c© 2015 NSP
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h̄(T ) =‖ I − lim T ‖, where
M I

C
(T ,F ) = BI

∞(T ,F ) ∩ C I (T ,F ), is a Lipschitz
function and hence uniformly continuous.

Proof. First of all, we show that the function̄h is well
defined.
For, letT , S be two elements ofM I

C
(T ,F ) such that

T = S ⇒ I − lim T = I − lim S

⇒‖ I − lim T ‖=‖ I − lim S ‖⇒ h̄(T ) = h̄(S ).

Thus,h̄ is well defined.
Next, letT = (Tk), S = (Sk) ∈ M I

C
(T ,F ), T 6= S .

Then, the sets

AT =
{

k∈N : fk(‖ Tk(x)− h̄(T ) ‖)≥‖ T −S ‖∗
}

∈ I .

AS =
{

k∈N : fk(‖ Sk(x)− h̄(S ) ‖)≥‖T −S ‖∗
}

∈ I .

where‖ T −S ‖∗= sup
k

fk ‖ (Tk−Sk)(x) ‖ .

Thus, the sets

BT =
{

k∈ N :‖ Tk(x)− h̄(T ) ‖<‖ T −S ‖∗
}

∈ £(I).

BS =
{

k∈ N :‖ Sk(x)− h̄(S ) ‖<‖ T −S ‖∗
}

∈ £(I).

Hence,B= BT ∩BS ∈ £(I), so thatB 6= /0.
Now takingk∈ B, we have

| h̄(T )− h̄(S ) |≤‖ h̄(T )−Tk(x) ‖+ ‖ Tk(x)−Sk(x) ‖

+ ‖ Sk(x)− h̄(S ) ‖≤ 3 ‖ (T )− (S ) ‖∗ .

Thus, h̄ is Lipschitz function and hence uniformly
continuous.

Theorem 2.9.Let F = ( fk) be a sequence of modulus
functions with fk(x) = x for all x ∈ [0,∞] and k ∈ N. If
T = (Tk),S = (Sk) ∈ M I

C
(T ,F ) with

TkSk(x) = Tk(x).Sk(x), then (T .S ) ∈ M I
C
(T ,F ) and

h̄(T .S ) = h̄(T )h̄(S ), where h̄ : M I
C
(T ,F ) → R

defined bȳh(T ) =‖ I − lim T ‖.

Proof. Forε > 0, the sets

BT =
{

k∈N :‖ Tk(x)− h̄(T ) ‖<‖ T −S ‖∗
}

∈ £(I)
(2.16)

BS =
{

k∈ N :‖ Sk(x)− h̄(S ) ‖<‖ T −S ‖∗
}

∈ £(I).
(2.17)

Now,
‖ TkSk(x)− h̄(T )h̄(S ) ‖=

‖ Tk(x)Sk(x)−Tk(x)h̄(S )+Tk(x)h̄(S )− h̄(T )h̄(S ) ‖

≤‖Tk(x) ‖‖Sk(x)− h̄(S ) ‖+|h̄(S )| ‖Tk(x)− h̄(T ) ‖ .
(2.18)

As M I
C
(T ,F ) ⊆ B∞(T ,F ), there exists anM ∈ R

such that‖ Tk(x) ‖< M.

Therefore, from (2.16), (2.17) and (2.18), we have

‖ TkSk− h̄(T )h̄(S ) ‖< Mε + |h̄(S )|ε = ε1(say)

for all k ∈ BT ∩ BS ∈ £(I). Hence
(T .S ) ∈ M I

C
(T ,F ) andh̄(T S ) = h̄(T )h̄(S ).

Theorem 2.10.Let F = ( fk) be a sequence of modulus
functions. Then, the spacesC I

◦ (T ,F ) andM I
C◦
(T ,F )

are solid and monotone.

Proof. We shall prove the result forC I
◦ (T ,F ). For

M I
C◦
(T ,F ), the result can be established similarly.

For, let(Tk) ∈ C I
◦ (T ,F ). Then

{

k∈ N : fk(‖ Tk(x) ‖)≥ ε
}

∈ I . (2.19)

Let (αk) be a sequence of scalars with| αk |≤ 1, for all,
k ∈ N. then, the result follows from (2.19) and the
following inequality

fk(‖αkTkx‖)≤|αk | fk(‖Tkx‖)≤ fk(‖Tkx‖), for all k∈N.

That the space is monotone follows from lemma (I).

Theorem 2.11.Let F = ( fk) be a sequence of modulus
functions. If T = (Tk),S = (Sk) ∈ M I

C
(T ,F ) with

TkSk(x) = Tk(x).Sk(x). Then, the spacesC I (T ,F ) and
C I
◦ (T ,F ) are sequence algebra.

Proof. For, let(Tk),(Sk) ∈ C I
◦ (T ,F ), then

I − lim
k

fk(‖ Tk(x) ‖) = 0 (2.20)

and
I − lim

k
fk(‖ Sk(x) ‖) = 0. (2.21)

Then, from (2.20) and (2.21), we have

I − lim
k

fk(‖ Tk.Sk(x) ‖) = I − lim
k

fk(‖ Tk(x).Sk(x) ‖) = 0

implies that(Tk.Sk) ∈ C I
◦ (T ,F ).

Hence,C I
◦ (T ,F ) is a sequence algebra.

ForC I (T ,F ), the result is similar.

Theorem 2.12.Let F = ( fk) be a sequence of modulus
functions. Then M I

C
(T ,F ) is closed subspace of

B∞(T ,F ).

Proof. Let (T(n)
k ) be a Cauchy sequence inM I

C
(T ,F )

such thatT(n)
k → T.

We show thatT ∈ M I
C
(T ,F ).

Since(T(n)
k ) ∈ M I

C
(T ,F ), then there existsAn such that

{

k∈ N : fk(‖ T(n)
k (x)−An ‖)≥ ε

}

∈ I .
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We need to show that
(1) (An) converges toA.

(2) If U =

{

k∈ N : fk(‖ Tk(x)−A ‖)< ε
}

, thenUc ∈ I .

(1) Since(T(n)
k ) is Cauchy sequence inM I

C
(T ,F )⇒ for

a givenε > 0, there existsk0 ∈N such that

sup
k

fk(‖ T(n)
k (x)−T(q)

k (x) ‖)<
ε
3
,

for all n, q≥ k0.
For a givenε > 0, we have

Bnq =
{

k∈N : fk(‖ T(n)
k (x)−T(q)

k (x) ‖)<
ε
3

}

;

Bq =
{

k∈ N : fk(‖ T(q)
k (x)−Aq ‖)<

ε
3

}

;

Bn =
{

k∈ N : fk(‖ T(n)
k (x)−An ‖)<

ε
3

}

.

Then,Bc
nq, Bc

q,B
c
n ∈ I .

Let Bc = Bc
nq∪Bc

q∪Bc
n, where

B=

{

k∈ N : fk(‖ Aq−An ‖)< ε
}

.

Then,Bc ∈ I . We choosek0 ∈ Bc, then for eachn,q≥ k0,
we have
{

k ∈ N : fk(‖ Aq − An ‖) < ε
}

⊇

[{

k ∈ N : fk(‖

Aq−T(q)
k (x) ‖)< ε

3

}

∩

{

k∈ N : fk(‖ T(q)
k (x)−T(n)

k (x) ‖)<
ε
3

}

∩

{

k∈ N : fk(‖ T(n)
k (x)−An ‖)<

ε
3

}]

.

Then(An) is a Cauchy sequence inY andY is complete, so
there exists an elementA in Y such thatAn → A asn→ ∞.
(2) Let 0< δ < 1 be given. Then we show that if

U =

{

k∈N : fk(‖ Tk(x)−A ‖)< δ
}

,

thenUc ∈ I .
SinceT(n)

k → T, then there existsq0 ∈ N such that

P=

{

k∈ N : fk(‖ T(q0)
k (x)−Tk(x) ‖<

δ
3

}

(2.22)

impliesPc ∈ I .
The numberq0 can be chosen that together with (2.22), we
have

Q=

{

k∈ N : fk(‖ Aq0 −A ‖)<
δ
3

}

such thatQc ∈ I . Since
{

k∈ N : fk(‖ T(q0)
k (x)−Aq0 ‖)≥ δ

}

∈ I .

Then we have a subsetSof N such thatSc ∈ I , where

S=

{

k∈ N : fk(‖ T(q0)
k (x)−Aq0 ‖)<

δ
3

}

.

Let Uc = Pc ∪ Qc ∪ Sc, where

U =

{

k∈N : fk(‖ Tk(x)−A ‖)< δ
}

.

Therefore, for eachk∈Uc, we have
{

k ∈ N : fk(‖ Tk(x) − A ‖) < δ
}

⊇

[{

k ∈ N : fk(‖

Tk(x)−T(q0)
k (x) ‖)< δ

3

}

∩

{

k∈ N : fk(‖ T(q0)
k (x)−Aq0 ‖)<

δ
3

}

∩

{

k∈N : fk(‖ Aq0 −A ‖)<
δ
3

}]

.

Then the result follows.
Since the inclusionsM I

C
(T ,F ) ⊂ B∞(T ,F ) and

M I
C◦
(T ,F ) ⊂ B∞(T ,F ) are strict so in view of

Theorem (2.11) we have the following result.

Theorem 2.13.Let F = ( fk) be a sequence of modulus
functions. Then, the spacesM I

C
(T ,F ) andM I

C◦
(T ,F )

are nowhere dense subsets ofB∞(T ,F ).
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[27] Šalát,T.,Tripathy,B.C.,Ziman,M.:On some properties of I-
convergenceTatra Mt. Math. Publ.28(2004) 279-286.
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