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Abstract: In this paper, we study the solution related to a class ofyfuiiferential equations which are called fuzzy Cauchy€gul
differential equations of first-order. We first, investigdhe proper spaces which are contained of generalizeddatifiable fuzzy-
valued functions, based on the solution functions reptesien in the crisp case of equation. Next, we obtain thetgmitfunction and
the existence conditions of it, in details. Finally, it isidtrated by solving two numerical examples.
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1 Introduction Whereyp is a fuzzy number, and andf are real numbers.
We wish to study the existence of solution to the equation

SOlVing differential equations in the conditions of (1)' when the functiomj(t) is afuzzy p0|yn0mia| of degree

uncertainty is interesting and applicable in mathematicsat mostn, around point = a, i.e.

and engineering sciences. Up to now, many studies have

been done on such equations (for example2,B,4,5,6, n i

7,8]). Also, some numerical methods can be seendin [ u(t) = 'zo(t_ a)'u (@)

10,11,12). The first-order linear fuzzy differential =

equations are samples of such equations that are present@gharey, for i = 0,1, ..., n are fuzzy numbers. For this end,

more in application. Such an equation may be appeared ifye first, point out the structure of solutions related to the

one of three forms, with fuzzy initial valug0) = yo crisp form of the equation. Accordingly, we introduce the
(a). y(t) =a(t)y(t) +b(t), proper spaces of fuzzy-valued functions, which can be
(b). y'(t) + (—a(t))y(t) = b(t) or included the solution of the problerti)( On these spaces,
(©). Y(t)+ (=h(t)) = a(t)y(t). we give some results of generalized differentiability) (

_The possibility solutions of equation (&) are obtainedy; (ijj)-gifferentiability). Next, we explain the details
in [2] and [13], by assuming(t) is & continuous positive  aitaining to solution formula and express the conditions of
or negative real function, defined on time inten¥@IT] ji5 existence, given as Theorem 4.1. Finally, the solution

and using the generalized differentiability conceptgynression is applied for solving two numerical examples.
(G-differentiability), which is introduced by Bede et al.

[1]. Recently, we obtain all solutions of equations (a), (b)
and (c), under generalized differentiability concept, by
using length function properties on fuzzy-valued
functions [L4]. A class of linear differential equations are .
known to Cauchy-Euler equations which appear in~n arbitrary fuzzy number (Ean+be represented by an
number of physics and engineering applications. In thisordered pair of functions = (u-,u;") on interval(0, 1] as
paper, we consider a Cauchy-Euler equation of first-ordef@rametric_form such that;” is a left continuous,
ounded and non-decreasing functiow; is a left

under uncertainty and in the following form ; . ; .
continuous, bounded and non-increasing function and
(t—a)y(t)+u(t) = By(t), 1 ur < uf. We denote the-cut form of a fuzzy numbeu
y@@ =y, tel=][ab], t#a. 1) as[u]" = [u;,u]. The set all fuzzy numbers is denoted by
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Re. If u,ve Rg andA € R, thenu+vandAu are defined
by

[u+v" = [ + v
= Uy v, U+ v,
and

(AUl = Afuff
= [min(Au; ,Auf),maxAu;, Aub)],

forallr € [0,1] (see [L5]).

Definition 2.1[1,4]. Letu,v € Re. If there existav € Rf
such thatu = v+ w thenw is called the H-difference of
u,vand it is denoted asc v.

We note thatov# u—v=u+ (—1)v.

Definition 2.2[1,14]. Let f : (a,b) — Rr. Fixtp € (a,b).
We sayf is G-differentiable aty, if the H-differences
f(to+h) o f(tg), f(to) © f(to—h) for all h > 0 or all

h < 0, sufficiently close to 0 exist, and an element

f'(to) € Rf exists, such that either

():

. fo+hefty) . fltosflto—h
L S
or (ii):

. f h)o f . f f(to—h ,
h“*)rgi (t0+ 2]@ (to) Zhin()[ (tO)@h(tO ): f (tO)
or (iii):

- flo+h)of(t) . flo+heflt)
i R S T =T
or (iv):
h—0+ h h—0—

A straightforward way to calculatingf’(t)]" is visible in
[14], Theorem 2.13, also se&q], Theorem 5.

Definition 2.3[17]. We say that a pointy € (a,b) is a
switching point for the differentiability of f, if
G-differentiability changes from typé) to type (ii), or
from type(ii) to type(i), in Definition 2.2.

Chalco et al. 18], have been demonstratedtif be a
switching point, thenf attp is a differentiable function
in the sensdiii) or (iv). Moreover, if f is differentiable
on over(a,b) in the senséiii ) (or (iv)) thenf’(t) = {c},
wherec € R is a real number.

3 Structure of solution space

In this section, we attempt to obtain a proper space of
fuzzy-valued functions which can be included the
solution of equation). For this purpose, let us point out
the structure of solution function in the crisp case of the
equation. In the crisp case, the solution is considered as
exponential functiory(t) = (t — a)", where the unknown
numberr should be found such that satisfies in the
equation 1). Since the behaviour of solution in the
uncertainty case should reflects the behaviour of solution
in the crisp case of the equation, namely 1-cut equation of
(1), then we define a space of requirement fuzzy-valued
functions as follows:

Considera € R andl = [a,b]. We set

Fa(l) =

{f:l—>Rp|f(t):

n

zo|t—a|o’i Vi, i €R, v ERF}.
i=

The following result shows that the s&4(1) includes
some G-differentiable functions on (a,b), except
presumably at poirtt= a.

Theorem 3.1.Considerf(t) = S |t — a|% v; € Fq(l)
such that numberg; for i = 0,1,...,n have same sign. In
this case

(@). Fora < a, the functionf is (i)-differentiable on
(a,b), if o > 0 and is (ii)-differentiable on(a,b), if
a; <O0.

(b). For a > b, the functionf is (ii)-differentiable on
(a,b), if ai > 0 and is (i)-differentiable on(a,b), if
a; <0.

(c). Fora< a < b, if aj > 0 thenf is (ii)-differentiable
on (a,a) and (i)-differentiable on(a,b) and if a; <0

then f is (i)-differentiable on (a,a) and
(ii)-differentiable on(a, b).
Also, for each cases (a), (b) and (c), we have
n
)= aift—al® 1V (3)
2" |
wherev/ — —Vi; a<t<a<bora>h,
T vi; a<a<t<b ora<a-
Proof. Let us, denote f(t) = Y[,fi(t), where

fi(t) = gi(t) vi andg;(t) = |t — a|%. According to Lemma

4 in [2], it is sufficient to show that the functionf(t)
have the same type of G-differentiability. For case (a), we
getgi(t) = (t—a)%, fori € {0,1,...,n} and then

GG (t) = ai(t—a)®*~ te(ab). 4)

Therefore, the produdj(t)g;(t) has the same sign as.
Since the numberg; have the same sign, then by cases
(a) and (b) of Theorem 5, ir2], we find that the functions
fi(t) are(i)-differentiable, ifa; > 0, i = 0,1,...,nand(ii )-
differentiable ifo; <0, i =0,1,...,n.

(b). Sincea > b, we get fori =0, 1, ..., n, following

gi(t)g(t) = —ai(a —t)*"*, te (ab). (®)
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Therefore, the reasoning is similar to case (a), wit;
instead ofa.

(c). Sincea € (a,h), then the functionsg;(t) are satisfy in
equations %) and @) on intervals (a,a) and (a,b),

, | —u; t<a,iisodd
whereu; = { ui; Otherwise
Remark 3.3. Consider the fuzzy polynomial

f(t) = TN ,(t — a)'u on the real axet By Theorem 3.1

respectively. Therefore, the reasoning is straightfodwar g equality §), we find that ift > a then f is

for this case, by considering the reasons (a) and (b).
Finally, by Theorem 2 and Lemma 4 ir2][ we get
f'(t) = SPodl(t) vi, whered/(t) = ai(t — a)%~1, for
whena< a <t<bora <aandg(t) = —aj(a —t)%1,
forwhena <t < a < bora > b, which simply gives us
the equality 8). O

(i)-differentiable and it < o thenf is (ii)-differentiable
and also, for both case$) or (ii)-differentiability, we

have
n

As a consequently, we should consider the speciafFurthermore, itis easy to deduce that

class of functions belong tB4(1). In fact, Theorem 3.1
shows that, if the valuesig,as,...,an, associated to
function f € Fq(l), are all non-negative or all
non-positive, thenf is appropriate for using from the
point of view G-differentiability. We thus, consider two
the following family of functions

Fa(1)={feFu()l @ >0,i=01..n}
and
Fo ()= {f € Fq(1)] @i <0, i:o,1,...,n}.

One is note that, iff € F; (1) anda € (a,b), then the
functionsf and f’ are discontinues at poiht= a. While

if feF;(1)anda € (a,b), then by @), the functionsf
and f/ are continuous on interval provided thato; > 1
for i = 0,1,...,n. Furthermore, we get the following
result.

Corollary 3.2. Let f(t) = S ot —al|% vi € F; (1) and
a € (ab). If oy € {0} U(1,+w) fori=0,1,...,n, thenf
has a switching point at poibt= a and furtherf’(a) = 0.

Proof. Considering Theorem 3.1 case (c), it is sufficient

that, we showf is (iii )-differentiable at point = a. For
h sufficiently close to zero, such that+ h € (a,b), we
obtain

n
flathofla) .1 Z)haivi _o
h—0t+ hi:
and
= lim

12 a
=N (=h)%v: =0
h—0~ hi;( ) Vi

that gives us the required conclusiah.

lim

f(a+h)ef(a)
h—0~ h

In final this section, we consider fuzzy-values
functions which are appeared in the fuzzy polynomial

form. A fuzzy polynomial around poird and considered

on intervall, can be seen as a function with two criteria

belong toF, (). Indeed

i(t —a)u = _in —al',

(6)

f/(t) = zii(t —a)u. 7)
im fathef@ . f(a+h)@f(a)zvl’
h—0+ h h—0~ h

that results thaf has a switching point at= a.

4 Solution of fuzzy Cauchy-Euler equation

In this section, obtaining solution for fuzzy Cauchy-Euler
equation in form {), is discussed where(t) is given as
(2). Sinceu(t) is a fuzzy polynomial around, then we
focus on the spac€&; (1) for sake of finding solution.
Suppose that the equation

(t—a)y'(t) +u(t) = By(t) (8)
has solution as fuzzy polynomigh(t) = 37 o(t — a)'vi.

Then
(t—a)yp(t) +u(t) = Byp(t)
By substituting 7), we get the following equality

n . n . n X
it—a)vi+Yt-a)u=8Y (t—a)w.
2 au =R e
It is easy to deduce that

M\in+ Um=Bvm, M=0,1,....n

that is
BVmE My =uUn, m=0,1,...n.

If we assume thgB8 > n then the last equality is equal to
(B — M)V = Um, that means that

Vim m=0,1,....,n.

= muma
We thus, obtaily, as the following function

n (t—a)‘ .

Yp(t) = Ui, 9)
P() iZO B_I |
which is obtained, uniquely.

Now, we consider the equation8)( on interval

| = [a,b], with fuzzy initial conditiony(a) = yo. For the
sake of instituting the initial condition, we addition a
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complementary functiogy(t) and represent the solution Wherea and are real numbers and is a fuzzy number.

function as If B > nand the H-difference
y(t) = Yp(t) +Y(t).
Whereas the polynomiayp(t) is unique solution of YOQZj B_i Ui (12)
equation §), then the functiory,(t) should be satisfied =
the following homogeneous equation exists, then the equation has solution as
a)yh(t) = Byn(t) N (t—a)
=5 Guci-afu a9
It is easy to check that the last equation has solution as 1=
follows a)
whereu=|a—a|~ B{yo@ (Z R .)} Furthery(t)
Yh(t) = { —(a-t)fv; ast<a<b,ora>b, (10)  isa(i)-differentiable function orfa, b), for a < aanditis
(t—a)fv; a<a<t<b ora<a, a (i )-differentiable function orfa, b), for & > b and has a

. _ _ switching point at = a, for a € (a,b).
wherev is an arbitrary fuzzy number. Now, we obtain the
fuzzy numbew based on initial conditioy(a) = vy, i.e.

Yp(2)+¥n(a) = yo. By (10) we get 5 Numerical examples
yh(a) = { ~(a—-afc; a>a In order to the practical application and observe the
(a—a)fc; a<a, behavior of solution function, we solve two examples.

wherec is an arbitrary fuzzy number. This equality can be Example 5.1.Consider fuzzy differential equation
written as

yn(@) = la—alPu { (- DYO) vt - D=3y,
e {-c a>a y(0)=yo, t>0, t#1
Tl & a<a Where[ug]" = 2[r,2—r], [ug]" = [1+r,3—r]and

Consi_deringQ), the initial condition leads to the following  [yo]" = [r,2 —r], 0 < r < 1. For these values, the
equality H-difference (2) exist, because

" (a—a)i 2 r_1

5 ( = i+ la— alPu=yo, {yoe (§uo—2u1)} = Z[o-2r13-21)

We thus, obtain ofX3), the followin

that gives 13 J

2
y(t) = §U0+2(t—1)ul+|t—1|%u, t>0,

u= |a—a|*3{yo@ (i (aB—_ai)iui)}’ (11)

provided that théd-difference exists.

which represents two criteria as solution for equatibf)
one is(i)-differentiable fort > 1, with the followingr-cuts

1 1 1 3
11 - 1 3
Therefore, the solution function of equatiof) (is yi(OF = [6r+ 2(1+r)(t 1)+6(9+2r)(t 1)z,

found as follows 1 1 1 1
| é—éH—2(3—r)(t—1)+6(13—2r)(t—1)%}
—a)
t) = 20 B i) ui+[t—alfu, and other igii )-differentiable fort < 1, with the following
1= r-cuts
with v/ given as 11) r_qi 1 1 3
givenastl. | | YO = [5r+5@-nt-1+5O+2)1-1?,
The G-differentiability properties the functiory(t) 16 L 2 L 6 .
simply, can be produced by Theorem 3.1 and Remark 3.3. 4 2 B Liaa Y
In fact, we have proved the following result. 3 6r + 2(1+ Nt-1)+5A3-2n1-1 }
Also, y(t) has a switching point dat= 1, by Theorem 4.1.
Theorem 4.1.Consider the initial value problem The graphical representation of the solution function
y(t), mean functionsy;(t) and y»(t), for three r-cuts
t—a)Y(t)+3Not—a)u=By(t), r=0,r =0.5andr =1, can be seenin Fig. 1.
y@=yo, a<t<b, t#a.
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Fig. 1 The solution of example 5.1.

Example 5.2.Let us consider a fuzzy differential equation
in different form as follows

(t—3)y(t)+ea=2y(t),
{W®=w,o<t<Lt¢%, (15)
Where[a]" = [ir,1— Ir], and[yo]" = [ + 23,11 - 13y,
0<r<1.

Sincet € [0,1], then a linear approximation can be a
suitable alternative for factafa. Therefore, we write

dax(1+t)a= ((t— %)+ g)a

thatis(t — 5)a+ 3a, by assuming > 3. We thus, solve the
following approximate equation instead of equati@b)(

{

Whereup = 3aandu; = a.
The H-difference 12) exist, because

(t—2)Y(t) +Uo+ (t— 3)up = 2y(t),

16
y(0)=yo, 3<t<L (16)

o - 3] = o a2

=[n2-r].

Thenu = 4r,2—r] and we obtain the solution function
of (16) as follows, which is(i)-differentiable on interval
(3,1), by Theorem 4.1.

1 1 1
y(t) = Suo+ (t—Z)un+(t—5)u.
The other words
3 1 1 1
r_ o, L. L Y
3 3 1 1 1,
Z—éH—(l—ir)(t—§)+4(2—r)(t—§) i

The graphical representation of solution, foe= 0,
r =0.5andr =1 of r-cuts, can be seen in Fig. 2.

No. 2, 189-194 (2016)www.naturalspublishing.com/Journals.asp
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r=0

0
0.

0.6

Fig. 2 The solution of example 5.2.

6 Conclusion

In this work, we obtain the solution function
representation for a class of first-order fuzzy
Cauchy-Euler differential equations, under generalized
differentiability concept. Against the previous methods,
proposed on fuzzy differential equations, we saw that the
solution function can be obtained by studying the proper
spaces of generalized differentiable fuzzy-valued
functions. In other words, in our method, it is not
necessary to turned the problem into a system of ordinary
differential equations.

References

[1] B. Bede, S. G. Gal, Generalizations of the differentigbl
of fuzzy-number-valued functions with applications toZuz
differential equations, Fuzzy Sets Sy&t581-599, (2005).

[2] B. Bede, J. Rudas, L. Bencsik, First order linear fuzzy
differential equations under generalized differentipil
Inform. Sci.177, 1648-1662, (2007).

[3] B. Bede, T. C. Bhaskar, V. Lakshmikantham, Prespectfes
fuzzy initial value problems, Commun. Appl. Andll, 339-
358, (2007).

[4] L. Stefanini, B. Bede, Generalized Hukuhara differahtiity
of interval-valued functions and interval differential
equations, Nonlinear Anaf.l, 1311-1328, (2009).

[5]M.Z. Ahmad, M.K. Hasan, B. De Baets, Analytical and
numerical solutions of fuzzy differential equations. Imfo
Sci.236, 156-167, (2013).

[6] L. Stefanini, B. Bede, Generalized fuzzy differentiéliwith
LU-parametric representation. Fuzzy Sets Sg&7, 184-
203, (2014).

[7]1Y. Chalco-Cano, H. Roman-Flores, Comparation between
some approaches to solve fuzzy differential equationszy-uz
Sets Syst160, 1517-1527, (2009).

[8] B. Bede, L. Stefanini, Solution of fuzzy differential
equations with generalized differentiability using LU-
parametric representation, EUSFLAT, 785-790, (2011).

[9] 3.J. Nieto, A. Khastan, K. Ivaz, Numerical solution ozhay
differential equations under generalized differentiapil
Nonlinear Anal. Hybrid Sysl4, 687-709, (2006).

(@© 2016 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

194 %Ng =) M. Chehlabi, T. Allahviranloo: Solution to a class of Fimtder fuzzy...

[10] T. Allahviranloo, N. Ahmady, E. Ahmady, Numerical Mehran Chehlabi
solution of fuzzy differential equations by predictor-mrtor is Ph.D student in Applied
method, Inform. Scil77, 1633-1643, (2007). Mathematics at  Islamic

[11] S. Abbasbandy, T. Allahviranloo, Numerical solutioof Azad University, Science and
fuzzy differential equations by Taylor method, Comput. Research Branch of Tehran
Meth. Appl. Math.2, 113124, (2002). (Iran). Also, he is faculty

[12] S. Abbasbandy, T. Allahviranloo, Numerical solutiofi o member  affiliated  with
fuzzy differential equation by RungeKutta method, Nordine the Islamic Azad University,

135;\“?{&]]" 1171595 %QM)IR Rodri L Viaxi Savadkooh Branch of Iran.
[13] A. Khastan, J. J. Nieto, Rosana Rodriguez-Lopez, Yiaria He recently, has published

of constant formula for first order fuzzy differential . : . : . S
equations, Fuzzy Sets Sysf7, 20-33, (2011). research article in fuzzy differential equations in "Soft

[14] T. Allahviranloo, M. Chehlabi, Solving fuzzy differéal ~ COMPUtiNg” that is a reputed international journal of
equations based on the length function properties, SoftSp”nger'
Comput.19, 307-320, (2015).

[15] C. Wu, Z. Gong, On Henstock integral of fuzzy-number-
valued functions |, Fuzzy Sets Sy$20, 523-532, (2001).

[16] Y. Chalco-Cano, H. Roman-Flores, on new solutions of
fuzzy differential equations. Chaos, Solutions & Frac88s
112-119, (2008).

[17] B. Bede, S. G. Gal, Solution of fuzzy differential eqoat
based on generalized differentiability, Commun. Math. |Ana
9, 22-41, (2010).

Tofigh Allahviranloo
is Full Professor of Applied
Mathematical at Islamic
Azad University, Science
and Research Branch,
Tehran (Iran). He has very
much published articles in
[18] Y. Chalco-Cano, H. Roman-Flores, M. D. Jimenez- Applied Mathematics. He is

Gamero Generalized derivative arm@derivative for set- g referee and Editor of several

valued finctions. Inform. Scil81, 2177-2188, (2011) international journa|s in the
frame applied mathematics and soft computing. He main
research interests are: Fuzzy differential equationszyruz
partial differential equations, Fuzzy integral equations
Ranking fuzzy numbers and Approximation of fuzzy
numbers.

(@© 2016 NSP
Natural Sciences Publishing Cor.



	Introduction
	Preliminaries
	Structure of solution space
	Solution of fuzzy Cauchy-Euler equation
	Numerical examples
	Conclusion

