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Abstract: In this paper, we establish some fixed point results for wallied mappings satisfying a new generalize contractive
conditions, involving some well-known contractive comafit of rational type. The results of our paper generalizetestheorems
in the literature from single valued mappings to the multiead mappings.
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1 Introduction and preliminaries this kind of mappings. Furthermore, it is shown that our
results improve and extend those of A. Amini-Harar&]i [

Fixed point theory for contraction mappings first studied from single valued mappings to the multivalued

by Banach in §]. He proved that every contraction mappings. To set up our main result in the next section,

defined on a complete metric space has a unique fixetve need the following notations and definitions.

point. Since then the Banach contraction has been

extended and generalized in many ways; see, for instance Let (X,d) be a metric space. We denote ®(X) the

[1,4,5,9,11,12,13,14). Among all these, an interesting family of nonempty closed bounded subsetsXof Let

generalization was given by Nadlei(]. He extended the  A,B € CB(X), we will use the following notations:

Banach contraction principle from the single-valued ,

mapping to the multivalued. Nadler proved the following D(x,B) =inf{d(x,y) :y€ B}, VxeX,

theorem. H (A B) = max{supD(x,B), supD(y, A)}.
Theorem 1Let (X,d) be a complete metric space and let XeA yeB

T : X — CB(X) be a multivalued mapping satisfying Then we calledH the Hausdorff metric induced k.

H(Tx Ty) < kd(x,y) Definition 1.The mapping T: X — CB(X) is continuous
- whenever HT x,, Tx) — 0 for all sequencgx,} in X with

for all x,y € X, where k is a constant such thaek0,1) ~ *n = X.

and CHBX) denotes the family of non-empty closed andg)efinition 2let T: X — CB(X) be a multivalued

te)zig?sdig)s(;uszscer: tc:]fai().eT_Pen T has afixed point, i.e. thermapping. A point x X is said to be a fixed point of T if
' xeTxX.

On the other hand, Jaggr][and Dass, Guptag] have

introduced the concept of contraction of rational type and

they proved the existence of fixed point for this kind of 2 Fixed Point Theorems

mappings in complete metric spaces.

In this work, motivated and inspired by the above results,Throughout this work, we denoté\ the family of
we defined a new contractive condition for multivalued functionsA (uy, Uz, Uz, Ug, Us) : Di — O, such thatA is
mappings, involving some well-known contractions of nondecreasing iy, uz,us,Us and A (u,u,v,u+v,0) < v
rational type. We proved the existence of fixed point for for eachu,v € 0., wherell; = [0, ).
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Theorem 2Let (X,d) be a complete metric space. Let T
X — CB(X) be a mapping satisfying

H(TxTy) < a(d(xy))N(xy) +B(d(x,y))M
forall x,y € X, where
M(x,y) = Max{d(x.y),

3D TY) + DX Ty,

(xY),

D(x,Tx),D(y, Ty)

N(xy) = A(d(x,y),
D(Y, Tx)),

for A e Aanda,f : [0,0) — [0,00) are mappings such
that a(t) + B(t) < 1 andlimsup_,;+ E(S()) < 1, for all
t € [0,00). Assume T is continuous @ris continuous at
(0,0,u,u,0) for each u> 0. Then T has a fixed point.
0,1) by
B )= M Then we have the following;

1) B(t) < B'(t), for allt,

2) limsup .- £45 < 1, forallt € [0,00)

Letxg € X andx; € Txy. If X = Xg thenxg is a fixed point
of T, otherwisex; # Xg. Then we have

D(x1,Tx) <H(Tx, Txe)
a(d(Xo,X1))N(Xo,X1) + B (d (X0, X1) )M (X0, X1)

D(x,Tx),D(y, Ty),D(x, Ty)

ProofDefine a functionf’ from [0,) into |

!

a (d(x0,%1))N (X0, X1) + B (d(Xo, X1))M (X0, X4 ).

Thus, there exist, € Tx; such that

d(x1.%2) < a(d(x0,x1))N(X0,X1) + B'(d (X0, X1) M (X0, X4 ).

Now if X3 = Xp, thenx; is a fixed point ofT, otherwise,
X1 # X2, and we have

D(x2, Tx) <H(Tx, Tx)
< a(d(X1,%2) )N(x1,X2) 4 B(d(x1,X2) )M (X1, %2)

< a(d(xg, %) )N (X1, %2) + B (d(X1,X2) M (X1, X2).

Thus there exists € T X such that

d(Xz,Xg) < a(d(Xl,Xz))N(Xl,Xz) + B/(d(Xl,Xz))M(Xl,Xz).

By induction, we can find in this way a sequereg} in
X such that,11 € TXn, Xnr1 # Xy @and

d(Xn, Xn+1) < a(d(Xn, Xn—1) )N (X, Xn 1)

and

M (%n, Xn—1) = Max{d(Xn,Xn—1), D(Xn, T %), D(Xn—1, T %—-1)

D(Xn—1, T%1) + D (Xn, T X—1) )
’ 2

< Max{d(Xn,Xn-1),d(Xn, Xn+1),d(Xn—1,%n)

d(Xn—1,Xn+1) + d(Xn, Xn) }
’ 2

S Max{d(xnvxn—l)v d(Xn7Xn+1)a d(xn—la Xn)
d(Xn-1,%n) +d(Xn, Xny1)

, . }

= Max{d(Xn—1,%n),d(Xn, Xn+1) }-

Thus by using 1) we have

d(Xn, %n11) < a(d(Xn, Xn-1))d(%n, Xn+1)
+B'(d(Xn Xn—1) )MaX{d (Xy_1,Xn), d(Xn, Xns1) }-

Therefore

(1-a(d(xn, %11)))d(n, Xn+1) < B'(d(n, Xn-1))MaX{d(Xn-1, %)
,d(Xn, Xn+1) }- )

If there exists n, such that
MaX{d(Xn_l,xn),d(xn,xn+1)} d(Xn,Xn11), then by @),
we have 1< (a + B)d(Xn,X1), Which is a
contradiction, Thus
Max{d(Xn—1,%n),d(Xn, Xn+1)} = d(Xn—1,X%n), for eachn.
Thus from @), we have

(1—a(d(*n,%n4-1)))d(%n, Xn+1) < B,(d(xmxn—l))d(xn—LXn()-)
3

Let y(t) = ﬁé?t) for eacht € 0., then by (2),
limsup_,¢+ y(t) < 1. Thus by 8) we have

d(Xn,Xn+1) < Y(d(Xn,Xn-1))d(Xn-1,%n)- 4)
for all n € N. Therefore{d(xn,X,+1} iS a non-increasing

sequence, SO life d(Xn, Xn+1) =1 > 0. Assume that >
0. Then from §) we have

- - - d(Xn, Xn+1)
/ limsupy(s) > limsupy(d(xn, > limsup———= = 1.
B (d(Xn, X 1))M (K, X _1). 1) H+py( ) msu py(d(Xn, Xn11)) MU X 1. %0)
Since Which is contradiction, therefore
N(Xn-1,%n) = A (d(Xn-1,%n), D(Xn-1, TX1-1),D(Xn, TXn) i d o
D01, T%0), D0, T0-1) A A0 X0e1) =
<
< A(d0-1,%n), d0n-1,%), d 00 Xo-1) Let limsup .o+ ¥(s) < r < 1 Since
;d(Xn-1,%n+1), d(Xn, Xn)) limsug, .o, y(d(%_1,%,)) < limsup o y(t) < 1, there
< A(d(Xn—1,%n),d(Xn—1,%n) existsN > 0 such that/(d(xp—1,X%) <r, forn> N. Then
from (4) we haved(Xn,Xnt1) < rd(Xn—1,%n) for n > N.
060 X2, A0, %) +d (. Xa1), 0) Hence Z%_;d (X, Xn+1) < ®. This shows that{x,} is a
= d(%n, Xn11), Cauchy sequence. SinggX,d) is a complete metric
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space, ther{x,} converges to some poirt € X. Now if ProofDefine the mapping
T is continuous, then
D(x" =i i — WY f gy > 0,
(X', TX") = limsupD(Xp+1, TX) < limsupH (T x,, TX) =0, A(Ug,Up, U3, Ug,Us) = Y
n—seo N—yo 0 if up =0,

and sox* € TX', i.e,x* is a fixed point ofT . Otherwise

D(X, TX) <d(X",Xn+1) + D(Xn11, TX)

< d(X*, %n41) +H(T X, TX)

< d(X",Xn+1) + a(d(Xn, X"))N (X, X")
+ B(d(Xn, X") )M (Xn, X).

Since

N(XnaX*) =A (d(XHaX*)a D(XnaTXn)v
D(Xan)(k)v D(X*aTXn))
S )\ (d(Xn,X*), d(XnaXn+1)a
D(%n, TX'),d(X", Xn41)).

D(x",TX")

D(x*, TX)

Lettingn — o, then we get

rLim N(%n,X*) < A(0,0,D(x*,TX"),D(X",TX"),0))
—00
<D(X",TX).
Also
D(X", TX") < M(Xn,X")
= Max{d(xn,X"),D(Xn, T %),D(X", TX")
D(Xn, TX) + D(X*, Tx)
, . }
< Max{d(Xn, X*),d(Xn, Xn+1), D(X*, TX")
D(Xn, TX") +d(X", Xnt1)
, . 2
Letting n — oo then we get

lIMpe0 M(Xn,X*) = D(X*, T X).
Therefore we have

D(x*,Tx*)glimsupa( (Xn, X" )D(X*, TX")
+I|msupB( (X0, X*))D(X", TX")

N—00

= limsup(a (d(xn,X") + B(d(Xn, X*))D(X*, TX")
<limsup(a(t)+ B(t))D(X", TX).
t—0t

Since limsup, g+ (a(t) + B(t)) < 1, and sdD(x*,TX") =
0, Thusx* € Tx". Thereforex* is a fixed point ofT.

Corollary 1.Let(X,d) be a complete metric space. Let T
X — CB(X) be a continuous mapping satisfying

D(x, TXD(y, Ty)

H(TxTy) < a(d(x,y)) +B(AX,Y)M(Xy),

d(x.y)
for all x,y € X, a,f3 : [0,00) — [0,0) are mappings such
that a(t) + B(t) < 1 andlimsup,_;+ ﬁ(()> < 1, for all

t € [0,). Then T has a fixed point.

by using theoren2, T has a fixed point.

Corollary 2.Let(X,d) be a complete metric space. Let T
X — CB(X) be a mapping satisfying

D(y, Ty)(1+D(x,Tx))
14+d(x,y)
+B(d(x.Y))M(x.y),
for all x,y € X, a,f3 : [0,00) — [0,0) are mappings such
that a(t) + B(t) < 1 and limsup,_;+ % < 1, for all
t € [0,0). Then T has a fixed point.

H(TxTy) < a(d(xy))

Proof Define the mapping

U3(1+ Uz)

A (U1, U2, U3,Us,Us) = 10

Then by using theorer® T has a fixed point.

Corollary 3.Let(X,d) be a complete metric space. Let T
X — CB(X) be a mapping satisfying

D(Y,Ty)(1+D(x, TX))(1+D(y,TX))
1+d(xy)

+B(d(xy))M(xy),
for all x,y € X, a,f3 : [0,00) — [0,) are mappings such

that a(t) + B(t) < 1 andlimsup;_,;+ 13% < 1, for all
t € [0,). Then T has a fixed point.

H(TxTy) < a(d(x.y))

Proof Define the mapping

U3(1—|— Uz)(l—l— U5)
1+u '

A (U1,Up,U3,Ug,Us) =

Then by using Theorer T has a fixed point.

Example lLet (X,d) be a metric space, where
X ={1,2,3}, d(1,2) = d(1,3) = 1, d(2,3) = 2. Let
T : X — CB(X) be given by

_J{L3)
Tx= {{3}

It is obvious that(X,d) is a complete metric space.
Moreover, since(X,d) is a discrete space then is a
Contlnuous mapping. Now It is easy to show thad if= 0
andf = 5, we have

if xe {1,3},
if x=2,

D(y,Ty)(1+D(x,Tx))
14+d(x,y)

H(TxTy) <a +BM(xY),

forall x,y € X. Then by Theorer?, T has a fixed point.
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3 Conclusion

Recently many results appeared in the literature giving
the problems related to the fixed point for multivalued
maps. In this paper we obtained the results for existence
of the fixed points of multivalued maps that satisfying a
new generalize contractive conditions. As a consequence
we obtained some fixed point for multivalued contraction

of rational type. We presented some examples to show the| |

validity of established results.
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