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Abstract: In this paper, we first define quantum Jensen-Shannon divergence (QJSD) between quantum states in infinite-dimensional
case and discuss its properties. Then, using the probabilistic coupling technique, we further propose the notion of quantum Jensen-
Shannon divergence (QJSD) between quantum ensembles. Some fundamental properties of this quantity are also discussed.
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1. Introduction

Quantum information theory has become asignificant branch

during the last few years, and the study on quantum en-
tanglement and other related problems has attracted much
attention by many scholars ([1-6]). On the other hand, en-
tropy is an important quantity to characterize both classi-
cal and quantum information ([7-9]). It iswell known that
distance measures play a central role in quantum compu-
tation and quantum information, which is closely related
to quantum entanglement. Recently, Majtey et.al.([10]) in-
troduced the concept of Quantum Jensen-Shannon diver-

gence (QJSD) for quantum statesin finite-dimensional Hilbert

space, which is a modification of the notion of quantum
relative entropy. Many properties of QJSD are discussed
([10]) and the metric property of QJSD is studied ([11]).
Infact, Rao ([12]) and Lin ([13]) have introduced Jensen-
shannon divergence (JSD) as a symmetrized version of
the Kullback-L eibler divergenceindependently in classical
case and this quantity has been recently applied to many
problems arising in statistics and physics ([14-16]). In the
framework of information theory, the JSD can be related
to mutual information ([17]). The Fisher divergence (FD)
and Jensen-Shannon divergence (JSD) are compared for
quantitative measures of the discrepancies between two
arbitrary D-dimensioanl distribution functions, the FD be-
ing the local character and the JSD of global one ([18]).
Sachlas and Papaioannou investigated the properties of the

Jensen’s difference in the case of non-probability vectors,
which appears in actuarial graduation ([19]).

Density matrices can be thought of as generalizations
of classical probability distributions. However, in many
scenarios, one often deals with an even more general con-
cept, which is a hybrid between the quantum and classi-
cal cases. Thisis the concept of a probabilistic ensemble
of quantum states. Oreshkov and Calsamiglia defined two
distinguishability measures between quantum ensembles
called Kantorovich distance and Kantorovich fidelity re-
spectively and discussed their properties ([20]). Recently,
Luo et.a.([21]) defined the quantum relative entropy be-
tween quantum ensembl es.

Up to now, the major attention in quantum informa-
tion theory has been paid to finite-dimensional systems.
However, an important class of Gaussian channels (see,
e.g., [22-23]) act in infinite-dimensional Hilbert space. In
2006, Holevo and Shirokov studied y-capacity of infinite-
dimensional quantum channels ([24]). In 2008, they devel-
oped an approximation approach to infinite-dimensional
guantum channels based on a detailed investigation of con-
tinuity properties of entropic characteristics of quantum
channels and operations ([25]). Recently, mutual informa-
tion and coherent information for infinite-dimensional quan-
tum channels are established and discussed ([26]).

In this paper, we first define QJSD between quantum
states under the general framework of infinite-dimensional
separable Hilbert space, then we further extend this quan-
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tity to the one between quantum ensembles and discuss its
properties. We first recall the concept of quantum ensem-
ble.

A quantum ensemble {p;, p;} is a family of distinct
quantum states {p;} together with a probability distribu-
tion {p;} on the states (i.e., p, > 0,>,p; = 1). This
notion has several natura interpretations. For example, it
may beinterpreted as the final outcome of a general quan-
tum measurement. In this case, the quantum ensembl e arises
from an original quantum state p and a general quantum
measurement M = {M,} as

1
pi = trM;(p), pi = —M;(p).

K2

We now give the definition of Quantum Jensen-Shannon
divergence in the context of infinite-dimensional separable
complex Hilbert space.

Definition 1.1. Let H be a infinite-dimensional sep-
arable complex Hilbert space, and p and o two quantum
stateson H. Then

pto ptao

T8(p |l o) = 5Dl 2 W

iscalled the quantum Jensen-Shannon divergence between
quantum states (QJSD), where D(p || o) is the quantum
relative entropy between p and o.

)+ D(o]|

2. Quantum Jensen-Shannon divergencein
infinite dimensional case

In this section, we first establish the properties of QJSD
in infinite-dimensional case by approximation of finite di-
mensional ones through projection operators.
Lemma2.1([27]). Let H beaseparableHilbert space,
{P,,} be anondecreasing sequence of projectors converg-
ing to the identity operator I in the strong operator topol-
ogy, and A, B € B(H) be two arbitrary positive trace
class operators. Then the sequences {S(P,, AP, } and
{D(P,AP,| P,BP,)} are nondecreasing, and

S(A) = lim S(P,APR,),

n—oo
D(A||B) = lim D(P,AP,|P,BP,)},

where S(A) = —trAlogA isthe von Neumann entropy of
A, and D(A||B) = tr(AlogA — AlogB + B — A) isthe
guantum relative entropy between A and B.

For finite dimensional case, the properties in the next
theorem have been discussed in [1]. It is natural to gener-
alize these properties in infinite dimensional case, so we
have the following theorem.

Theorem 2.1. Let H, H, and H, be separable com-
plex Hilbert spaces.

(1) If pando aretwostateson H,then0 < JS(p|lo) <
1. JS(p|lo) = 0iff p = o, JS(p|lo) = 1iff pand o have
support on orthogonal vector spaces.

(2 JS(pllo) = JS(ollp);

(3) JSisinvariant under unitary transformations, that
is,if pand o are stateson H, and U isthe unitary operator
on H, then

JS(UpUT|UaUT) = JS(p|lo).

(4) (Restricted additivity) If p; and o, are two states
on Hy, and p, isastate on H,, then

JS(p1 @ pallor ® p2) = JS(p1l|or).

(5) (Joint convexity) If p; and o; arestateson I, A; >
0,j=12,---,nand >, \; =1, then

TS Xl > Xoy) <D0 TS8(pslloy)-
j J j

(6) (Monotonicity) Let ¢ be a trace-preserving com-
pletely positive map of T'(H) into itself. Then for any
states p and o on H,

JS(@(p)l|2(0)) < JS(pllo).
(7) For any states p and o on Hy ® Ha,
IS(pilloy) < JS(pllo),

where p; and o, are the partial traces of p and o on Hy,
respectively.

Proof. Itiseasy to verify that (1)-(3) holds.

(4) Take increasing finite dimensiona projector se-
quence { P2} and { P2} in H 4 and H p respectively, which
converge to /4 and I in strong operator topology re-
spectively. Let py = i, ' Pl pa Pyt plh = iy ' Pitpa By,

where 11, = tr(P2pa), v, = tr(P2o4). Then

Ph w; oA _ PfﬂA/ﬂn;UA/Vn pA

By Lemma 2.1, we have

. ni P4+ oY . "
Jim D(p||A74) = tim D(PypaP [P oal)
PA+ oA
= D(pall A5,

and

lim D(o4|1PA774) = lim D(PoaP|PlpaPy)

n—oo

= D(oa| A1),
Then by the definition of QJSD, we aobtain
Tim JS(plil0) = TS (palloa)- )
Let pfy, = & 'PPppPP, where &, = tr(Pfpp).
Then

PA® Pl =, & (Pt @ PP)(pa @ pp) (P @ PY),
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£ .5\ =

ok ®plp = v, & (P @ PP (oa® pp) (Pl @ PP),
and

where §i' = Mtr(P,01),07 = AP2gtP and 33 = Atr(Pao2),
1

of = (1—\)Fagate,

P © P+ 0% @ Pl Denote
2 n n
H71§_10A®p3+u’1§_1a;;®p3 Qp = Sl y Bn = bi .
= (Pllep?)(——=k nk )(PlePP). of +ay Ar + By

2
Using Lemma 2.1 again, we have

n k n k
lim Do}  ply| LA LET T4 S PL
n,k— oo

: 2 )

PA®pB+0A®pB)
2 )

= D(pa @ ps]|

and

ﬂ®%+ﬂ®%)

li D(co” k
lim D(o} ® p|| 5

n1

pA®,OB+UA®pB)
2 )
Then by the definition of QJSD, we obtain
im JS(ph@plllch@p) = JS(pa@pslloa®ps)-(3)

= D(oa @ p3|

From [10], we know that the restricted additivity holds for
finite-dimensional case, that is,

JS(p% @ plillos @ pls) = TS(p% o).

Taking the limit on both sides of the above equality and by
(2) and (3), the conclusion follows immediately.
(5) We provethat for A € [0, 1], we have

JS()\pl + (]. — )\)pQH)\Ul + (]. — )\)0'2)

< AJS(p1llo1) + (1 = A)JS(pzlo2).

Take increasing finite dimensional projector sequence
{P,} in H, which converges to I in the strong operator
topology. Put p = Ap1 + (1 = X)p2,0 = Ao1 + (1 — N)oa.

Let

P.pP, o AP, p1 P + (1 - )\)PnPQPn
tr(Po,p)  Mr(Pup1) + (1 = Ntr(P,ps)

Pn =

n n n n
_aypy Faypy
a'il + aél

)

whereal = \tr(P,p1), p¥ = )\%ﬁ and ol = Atr(Pp2),

ps = (1 — NP,

Also, let

P,oP, AP,01P, + (1 — \)P,02P,
On =

T (Pro)  Mr(Puo) + (1= Ntr(Phos)

_ Byof + B3op

pr+ 6y 7

Noting that asn — oo, af, 1 — A\, o, By — 1 — X\, we
have a.,, 3, — A, an — oo. By the joint convexity of
(p,o) — JS(pl||o) for finite-dimensional case, we have

JS(anpl + (1 = an)pyllano? + (1 — an)oy) 4

< anJS(ptllor) + (1 — an)JS(p5[lo3).

Similar to the proof of (4) (Restricted additivity), we can
easily obtain that

Jim JS(ptflor) = JS(prllon),

Jim JS(p3[loz) = JS(p2llo2),

and
Tim_JS(pullon) = S (pllo).

Note that

Jim JS(pnllon) = lim JS(cnpt+(1=an)ps || Brot+(1=Fn)o3)

. n n n sn 71 _n
= nhngo JS(anpl +(1—ay)py ||O‘n§_01 +(1—an) (1 _g g

= nlggo JS(ompt + (1 = am)py [lanot + (1 -
Taking the limit on both sides of (4), the conclusion fol-
lows immediately.

(6)-(7) can by proved by the monotonicity of the rela-
tive entropy and monotonicity of the relative entropy with
respect to taking the partia trace.

3. Quantum Jensen-Shannon divergence
between quantum ensembles

Using the probabilistic coupling technique ([21]), we now
define QJSD between quantum ensembles as follows:

D(E|F) :=inf ) e JS(pilloy). )
3

Some fundamental properties of QJSD between quan-
tum ensembles of which many are natural heredities of the
properties of the QJSD between quantum states are sum-
marized in the following theorem.

Theorem 3.1. Let Hy, Ho be two separable complex
Hilbert spacesand £ = {p;, pi }, F = {q;,0;} beany two
quantum ensembleson H, G = {ry, 71 } be any quantum
ensemble on Hs.
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1) 0< JSE|IF) <1, JSE|F) =0iff Eand F
areidentical and JS(&||F) = 1 iff the supports of £ and
F are orthogonal sets of states.

(2) (Symmetry) JS(E||F) = JS(F|€).

(3) (Joint convexity) JS(p&r + (1 —p)&2|lpF1+ (1 —
p)F2) < pJS(&|F1) + (1 —p)JS(&:[1F2), Vp € [0, 1].

(4) (Monotonicity under CPTP maps) JS(E||F) is
monotone under any trace-preseving quantum operation
M in the sense that

JS(M(E)[M(F)) < JS(E|F).

In particular, JS(E||F) is unitarily invariant in the sense
that for any unitary operator U,

JS(UEU*|UFU*) < JS(E||F).

(5) (Monotonicity under averaging) Let p = > . pip;
and ¢ = >_ g;0; bethe averages of the ensembles € and
F respect|ve|y, then

JS(pllo) < JS(E]IF).

(6) (Stability) If we define the tensor product of two
ensembles as the ensembles {p;r, p; ® 71, } which we will
denote by £ ® G for short, then

JS(E®GI|F®G) =

Proof. (1) From the definition (5), it is obvious that
JS(E|F) > 0and JS(E||F) = 0iff £ = F. The proof
for the other part is similar to the proof of property 2 (Nor-
malization) in [20], so we omit it here.

(2) The symmetry follows from definition (5) and the
symmetry of QJSD between quantum states.

(3) Letc! ;; and c? 7; be two joint probability distribu-
tions which achieve the minimum in (5) for the pais of
distributions (&1, 1) and (&2, Fa), respectively. Then we
can see that

JS(E||F).

Czljz = pczlj +(1 *P)C?j

isajoint probability distribution with marginals p&; + (1 —
p)& and pFy + (1 — p)Fe. Thuswe have

JS(p51 + (1 —p)82|‘p.7:1 + (1 —p)}—g)

< ZchS (pilloy)

=pzc}jJS(pillaj)+ 1-p)> ¢ JS(pilloy)
= pJS(&EF1) + (1 —p)JS(&E| F2).

(4) By the monotonicity of the conventional QJSD
(Theorem 2.1(6)), we have

JS(M(pi)[[M(0;)) < JS(pillo;),
which implies that

cij ] S(M(pi)l|M(05)) < cij TS (pillo)-

By taking the sum, we have
Z cij JS(M

Consequently, from the definition (5), we have

(P M(03)) < Y i IS (pilloy)-

ij

JS(M(E)[M(F)) < JS(E|F).

(5) Notethat p:= >, pip; and o =}, g;o; canbe
rewritten as
P = Z%Pi;a = Zcija'jv
ij ij

where ¢ = {¢;;} isany coupling for p = {p;} and ¢ =
{g¢;}. From the joint convexity of the conventional QJSD
(Theorem 2.1(5)), we have

SO eiipil > cijoy)
ij ij

thatis,

<Y e IS (pilloy),
i

TS(pllo) <D i JS(pilloy).
ij

By taking the infimum over the coupling ¢, we obtain the

desired result.
(6) Let JSE@GIF®@G) = 3 cijuwdS(pi ®
ijkk’

Tk”O'j ®Tk/),where

E Cijkk’ = PiTk, E Cijkk’ = 45Tk’ -

Jk'

By the monatonicity of QJSD under partial trace opera-
tion, it follows that

JSE®GIF@G) > ;IS (pilloy),

ij

where c;. = 37, cijrr Withmarginals p; and g;. There-
fore, we have
JS(ERGI|F®G)>JSE|F). (6)

Teking cijik = cijridrr, Where c;; isajoint distribution
which attains the minimum in the definition of J.S(E||F),
and using the stability of QJSD between quantum states
(Theorem 2.1 (4)), the equality in (6) is attained.

The QJSD between quantum ensembl esreducesto three
limiting cases which is listed in the following theorem:

Theorem 3.2. Let H be a separable complex Hilbert
space, £ and F be any two quantum ensembleson H.

(1) (Two singleton ensembles) If p; = ik, ¢ = S,
i.e., the ensembles £ and F degenerate to sets of single
quantum state, £ = {1, p},F = {1,0}, then JS(E||F)
reducesto the conventional QJSD between quantum states:

JS(E|F) = JS(pllo)-

(© 2012 NSP
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(2) (One singleton ensemble) If the ensemble F con-
sists of only one state o, i.e., ¢; = d;x, then JS(E||F)
reduces to the average QJSD between a state drawn from
the ensemble £ and the state o

S(E|F) = ZleS pillo).

(3) (Classical distribution) If the ensemble consists of
only perfectly distinguishable stetes, i.e., JS(p;|lo;) =
1 — 4,4, then JS(E]|F) reduces to the Kolmogorov dis-
tance between the classical probability distributions {p; }

and {qj}

S(E|F) =

Z pi — ail. (7)

Proof. (1) Theonly joint probability distribution with
marginals {p;} and {¢;} inthiscaseisc;; = d;,0:x, and
the conclusion follows.

(2) Theonly joint probability distribution with marginals

{p:} and {g;} inthiscaseisc;; = ¢;xp;, and the conclu-
sion follows.
(3) Notingthat > c¢;; + > ci; = 1, we can write
i5,i#] i

the right hand side of (5) as

mf Z (’U1—|—ZCUO—1nf 1—2:(3Z (8)

15,177
The minimum in (8) is achieved when > ¢;; is maxi-

K3
mal, which in turn is achieved when each of thetermsc;; is
maximal. Since the maximum value of ¢;; ismin{p;, ¢;},
we obtain

JSE|F)=1- Zmln{pz,qz

Z |p2 - QZ

This compl etes the proof.

Remark 3.1. Note that limiting case 111 corresponds
to the probability distributions over a set of orthogonal
states. Consider another limit corresponding to the clas-
sical probability distribution, i.e., when {p;} and {q,} are
spectra of p and o(which means that p and o commute).
Then the QJSD reduces to JS({pi}, {¢:}), which is dif-
ferent from (7).

Acknowledgement

The authors acknowledge the financial support provided
by National Natural Science Foundation of China (NSFC),
project N0.11071108, and the Natural Science Foundation
of Jiangxi Province of China, project No.2010GZS0147.
The author is grateful to the anonymous referee for a care-
ful checking of the details and for helpful comments that
improved this paper.

References

[1] P. Garbaczewski, Information Dynamics in Quantum The-
ory, Appl. Math. Inf. Sci., 1, 1 (2007).

[2] A. Becir, A. Messikh, and M. R. B. Wahiddin, Effect of
Dipole-Dipole Interaction on Entanglement, Appl. Math.
Inf. Sci., 1, 95 (2007).

[3] H. Eleuch, Quantum trajectories and autocorrelation func-
tion in semiconductor microcavity, Appl. Math. Inf. Sci., 3,
185 (2009).

[4] Z. Ficek, Quantum Entanglement processing with atoms,
Appl. Math. Inf. Sci., 3, 375 (2009).

[5] B. C. Sanders and J. S. Kim, Monogamy and polygamy of
entanglement in multipartite quantum systems, Appl. Math.
Inf. Sci., 4, 281 (2010).

[6] L.H. Sun, G.X. Li and Z. Ficek, Continuous variables
approach to entanglement creation and processing, Appl.
Math. Inf. Sci., 4, 315 (2010).

[7] S. Abdel-Khalek, Atomic Wehrl Entropy in a Two-level
Atom Interacting with a Cavity Field, Appl. Math. Inf. Sci.,
1, 53 (2007).

[8] N. Ganikhodjaev and F. Mukhamedov, On Entropy Trans-
mission for Quantum Channels, Appl. Math. Inf. Sci., 1, 275
(2007).

[9] F N. M. Al-Showaikh, Entropy of a two-level atom driven
by a detuned monochromatic laser field and damped by a
squeezed vacuum, Appl. Math. Inf. Sci., 2, 21 (2008).

[10] A. P Majtey, P W. Lamberti, and D. P. Prato, Jensen-
Shannon divergence as a measure of distinguishability be-
tween mixed quantum states, Phys. Rev. A, 72, 052310
(2005).

[11] P W. Lamberti, A. P. Majtey, A. Borras, M. Casas, and A.
Plastino, Metric character of the quantum Jensen-shannon
divergence, Phys. Rev. A, 77, 052311 (2008).

[12] C. Rao, Differential metrics in probability spaces, S. S.
Gupta (Ed.). Differential geometry in statistical inference,
IMS-Lect. Notes, 10, 217 (1987).

[13] J. Lin, Divergence Measure Based on the Shannon Entropy;,
IEEE Trans. Inf. Theory, 37, 145 (1991).

[14] M. Pereyra, P W. Lamberti, and O.A.Rosso, Wavelet
Jensen-Shannon divergence as a tool for studying the dy-
namics of frequency band components in EEG epileptic
seizures, Physica A, 379, 122 (2007).

[15] O. A. Rosso, H. A. Larrondo, M. T. Martin, A. Plastino, and
M. A. Fuentes, Distinguishing Noise from Chaos, Phys. Rev.
Lett., 99, 154102 (2007).

[16] G. E. Crooks, Measuring Thermodynamic Length, Phys.
Rev. Lett., 99, 100602 (2007).

[17] 1. Grosse, P. Bernaola-Galvan, P. Carpena, R. Roman-
Roldan, J. Oliver, and H. E. Stanley, Analysis of symbolic
sequences using the Jensen-Shannon divergence, Phys. Rev.
E, 65, 041905 (2002).

[18] J. Antolin, J. C. Angulo, and S. Ldpez-Rosa, Fisher
and Jensen-Shannon divergences: Quantitative comparisons
among distributions, J. Chem. Phys., 130, 074110 (2009).

[19] A. Sachlas and T. Papai oannou, Jensen’s difference without
probability vectors and actuaria applications, Appl. Math.
Inf. Sci., 5, 276 (2011).

[20] O. Oreshkov and J. Calsamiglia, Distinguishability mea-
sures between ensembles of quantum states, Phys. Rev. A,
79, 032336 (2009).

© 2012 NSP
Natural Sciences Publishing Cor.



%N = \r»)

514

Zhaogi Wu et a : Quantum Jensen-Shannon Divergence Between Quantum Ensembles

[21] S. L. Luo, N. Li, and X. L. Cao, Relative entropy between
quantum ensembles, Period. Math. Hungar., 59, 225 (2009).

[22] A. S. Holevo and R. F. Werner, Evaluating capacities of
bosonic Gaussian Channels, Phys. Rev. A., 63, 032312
(2001).

[23] V. Giovannetti, S. Guha, S.Lloyd, L. Maccone, J. H.
Shapiro, and H.PYuen, Classical capacity of the lossy
bosonic channel: The exact solution, Phys. Rev. Lett., 92,
027902 (2004).

[24] A. S. Holevo and M. E. Shirokov, Continuous ensembles
and the capacity of infinite-dimensional quantum channels,
Theory Probab. Appl., 50, 86 (2006).

[25] M. E. Shirokov and A. S. Holevo, On approximation
of infinite-dimensional quantum channels, Probl. Inform.
Transm., 44, 73 (2008).

[26] A. S. Holevo and M. E. Shirokov, Mutual and coherent infor-
mations for infinite-dimensional quantum channels, Probl.
Inform. Transm., 46, 201 (2010).

[27] G. Lindblad, Expectations and Entropy Inequalities for Fi-
nite Quantum Systems, Commun. Math. Phys. 39, 111
(1974).

jiang University, P R. China
His research focuses on quan-
tum information theory, espe-
cially on quantum measurement,
guantum information measure
and quantum operation. Hisre-
search interests also includes
nonlinear functional analysis,
especially fixed point theory for nonlinear operatorsin prob-
abilistic metric spaces. He is currently working as a lec-
turer in the Department of Mathematics, Nanchang Uni-
versity.

=

Zhaogi Wu received hisPh.D.
degreein mathematicsfrom Zhe-

Shifang Zhang received his
Ph.D. degree in mathematics
from Zhejiang University, P R.
China. Hisresearch focuseson
quantum information theory, es-
pecially on the mathematical
foundations of quantum mea-
surement and quantum opera-
tion. Hisresearch interestsalso
includes operator theory, espe-
cially the theory of operator matrices and its spectra. Heis
currently working as a lecturer in School of Mathematics
and Computer Science, Fujian Normal University.

Chuanxi Zhu received his
Ph.D. degree in mathematics
from Xi’an Jiaotong University,
P.R. China. Hisresearch mainly
focuses on nonlinear functional
analysis, especially fixed point
theory in probabilistic metric
space and random functional
analysis. Hisresearch interests
also includes decision analy-
sis and its applications in management science. He is now
the dean of College of Science of Nanchang University
and the department chair of Department of Mathematics.
He published a large number of papers appeared in inter-
national peer-reviewed journals of mathematics.

(© 2012 NSP
Natural Sciences Publishing Cor.



