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1 Introduction and Preliminaries

Let A(p) denote the class of functions of the form

o0
fz)=2"+ Y az*, (n,pe V), (1.1)
k=p+n
which are analytic in the open unit disc U = {z € C : |z| < 1} and let S(p) denote the
class of functions defined by (1.1) which are analytic and multivalent in U. Consider the
subclass T'(p) of S(p) consisting of functions of the form

o0

flz)=2"—= > az* (ax >0,n,p€ V). (1.2)
k=p+n
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A function f(z) € S(p) is said to be multivalently starlike of order 5,0 < s < pin U, if

f’(Z)}
Re< z > s 1.3
5 (13)
and multivalently convex of order 5,0 < s < pin U, if
zf"(2) }
Re<q 1+ > s. 1.4
7 4.9

A function f(z) € S(p) is said to be uniformly convex in U, if f(z) is convex in U and
has the property that every circular are 7, contained in U with center & in U, arc f(v) is
convex with respect to f(£).

This definition of uniformly convex functions was given by A. W. Goodman [4] in
1991.

The class of uniformly convex functions is denoted by UC'V. We have the characteri-
zation: f € UCYV, if and only if

f//(Z) } ‘ f//(z) ‘
Red1+z >11+z —p|. 1.5
{5 7 (1)
We can further generalize the class UCV by introducing a parameter o, —p < o < p.
f € UCV(a) if and only if

(1.6)

Re{l—l—zf”(z) ) —p’.

f'(2) f'(2)

Further, let 0 < 3 < oco. Then the function f € S(p) is said to be S-uniformly convex in

—a}Z‘l—&—z

U, if the image of every circular arc +y contained in U, with center £ in U, where |£| < 3, is
convex. For fixed (3, the class of all S-uniformly convex functions is denoted by 3 —UCV'.
Notice that, 0 —UCV = CV, set of all convex functions and 1 —UCV = UCV as defined
in (1.5).

0 —UCV(a) = CV(a), set of all convex functions of order o, —p < o < p,1 —
UCV(a) = UCV («) as defined in (1.6) as before. We again note that f € 5 — UCV («),

if and only if
f"(z) 2f"(2)
re{ 1o —af 2 453

The class  — UCYV was introduced by S. Kanas et al. [5], where its geometric proper-

1+ 2

—p|. (1.7)

ties and connections with convex domains were considered. S. Kanas and H. M. Srivastava
[6] studied this class in detail. Later on, A. Gangadharan et al. [3] used linear operators to
find the connections between the class 5 — UC'V and the different subclasses of the class
of analytic and univalent functions defined in the unit disc.

Let the function f(z) and g(z) defined by

f(z) =2F — Z apz® (1.8)

k=p+n
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and
— P Z b 2* (1.9)
k=p+n
belong to K (p,7,n,a,b,c,«, 8) and K (p,7,n,a,b, ¢, &, 3), respectively. Then the modi-
fied Hadamard product of f and g is defined by

o0

(fxg)(2) =2"— Z arbi2®. (1.10)

k=p+n

The incomplete beta function ¢, (a, ¢; z) is defined by

a

opla,c;z) = 2P + Z c)

k=p+n

(1.11)
fora € Rand c € R\ Zy where Zo = {0,—1,—2,...},z € U. (a)} is the Pochhammer
symbol defined by

(@) = etk _ 1 , k=0
@k = Ia) | ala+1)---(a+k-1) , kelN

Next, we consider the Carlson-Shaffer operator [1] defined by

Ly(a,0)f(2) = ¢pla,c;z) * f(z), for feSp)=2zF+ Z (@): akzk. (1.12)

C
k=p+n

The Gaussian hypergeometric function denoted by 2 F(a, b; ¢; z) and is defined by

o0
)k (
oFi(a,byc;2) = Z on k',zeU (1.13)
k=0
anda+b<ec
Now, using the convolution theorem we can define the Hohlov operator F,(a, b;c) :
T(p) — T(p) by the following relation:

- (a)k—p(b k—p

Fp(a.be)(f(2) = 2 2Fi(a, b 2) + f(2) = 28 — )
k=p+n (
a,b € R and ¢ € IR\ Zo, where Zg = {0,—1,—2,...},z € U. Notice that, Hohlov
operator reduces to Carlson-Shaffer operatorif b = 1. Alsofora =m +1,b=c =1, we
get the famous Ruscheweyh derivative operator of order m. We can write

Fpla,b;c)f(z) = 2P — Z Makzk. (1.15)

k=p+n
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Definition 1.1. Let ¢ > 0 and v, n € IR. Then the generalized fractional integral operator
I of a function f(2) is defined by

Z_H_"/
[(p)

where f(z) is analytic in a simply-connected region of the z-plane containing the origin,

IEf(z) = /O (z =)F7Hf (1) 2 Py (u +, =l — g)du (1.16)

with order
f(z)=0(z"), z—0, (1.17)

where r > max{0, 4 — 1} — 1 and the multiplicity of (z — ¢)#~! is removed by requiring
log(z — t) to be real, when (z — t) > 0 and is well defined in the unit disc.

Definition 1.2. Let 0 < p < 1 and v,7n € IR. Then the generalized fractional derivative
operator Jj"" of a function f(z) is defined by

d z
Jo " f(z) = F(11—M)E{zlm/o (z=t) 7 f(t) 2Fy (9=, 1= 15 1*2)6”}7 (1.18)

where the function is analytic in the simply-connected region of z-plane containing the ori-
gin, with the order as given in (1.17) and multiplicity of (z — ¢)~* is removed by requiring
log(z — t) to be real when (z — t) > 0. Notice that, we have the following relationships
with the fractional integral and derivative operators of order p.

IH “HNE(Z) = DO‘Z‘ (2) (u>0),
Tt f(2) = DgLf(2) (0<p<1).

Consider the fractional operator Uj","" defined in terms of .J3'*" as follows:

F(14+p—)T(Q+p+tn—p) ,
DTN (f(z), 0<pu<1
FA+pT(l+p+n—7" " (7(2) :
Uéf’g’"f(z): . (1.19)
I'(l4+p—y)I'(14+p+n—p — i,
( I )Z”o,fv"f(Z)v

—00 < <0
TA+pLA+p+n-7) g
Let
LF() = MEZ™5 1 (2)
= Fp(a,b;c;2) « Uy )" ( )
1 1
=P 4 Z D)k—p(L+ Ple—p(L+P+ 10— V—p apz®  (1.20)

Wi kp(1+p+77 k(14 = Vk—p

fora,b € R,c€ R\ Zy,z0 ={0,-1,-2,...}, —co<u<1l,—co<y<1lpe Rt
—p<a<p,B>0andf € S(p).
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For convenience, we will write L f as follows:

Lf(z)=2"+ Y g(k)arz", (1.21)
k=p+n
where (@i ()i (1 + Plicy (1 )
k) = Q)k—p k—p +p k—p +p<i> N—7)k—p ) 1.992
Al 5 PP e P | By (122
Let K (u,7,n,a,b, ¢, a, 3) denote the class of function f € S(p) satisfying
z(Lf)" z(Lf)"
re{ue JE0E o} 2o TR0 | (129

where (a,b € R,c € R\ Zg,Z9 = {0,—1,-2,...},—co< p < l,—co <y < 1,n €
RT,and —p<a<p,B>0,2z€U).

It is very interesting to notice that the class K (u,~, 7, a,b, c) reduces to the class of
convex, S-uniformly convex parabolic convex functions for suitable choice of the parame-
ters a, b, ¢, i, 7y, 7, a and (3. For instance,

1.Ifa =¢,b=1,u =~ = 0 the class reduces to § — UCV («).

2. Ifa=c¢b=1,p=v=0,a=2p—1,(0 < p < 1) the class reduces to parabolic
convex of order p.

Other interesting classes studied by different authors can be derived from

K(:Uﬁfy’nvav b7 C,O[,[))).

2 Some Results for the Class K (u,~,n,a, b, c)

Theorem 2.1. A function f € T(p) is in the class K(u,~,n,a,b, c) if and only if
Y Kk 8) ~ (a+pAlg(k)ar < p(p — ). (2.1)
k=p+n

The result is sharp for the function

2) = P p(p—a) o
I&) =2 =+ B - @t pilgm - " (22)

Proof. Assume that f € K(u,~,n,a,b,c) and z is real. Then we have from (1.23)

p2 - zzozp+n k2g(k)akzk_p —a> 6 Z?:p+7z,(k - p)g(k)akzk_p
P = Xhepin kg(k)arzk—p TP i kg(R)arzk P

Allowing z — 1 along the real axis, we obtain the desired inequality (2.1).
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Conversely, let us assume that (2.1) holds, then we show that

o )

Notice that

3 (L))"

- 2(Lf)"
@p P

(Lf) ‘p’
_ 04k~ Pg(R)au
- p— Zzozp-kn kg(k)ak

142

‘—Re{l—k : —p}g(1+ﬂ)'1+

This expression is bounded above by (p — «) if

D k(14 8) — (a+pB)lg(k)ar < pp — a). O
k=p+n
Corollary 2.1. Let the function f(z) defined by (1.2) be in the class K (1, 7,m, a, b, ¢, «, 3).

Then
o < p(p — )
P2 kR B) — (a+pB)lg(k)’

with equality for the function f(z) given by (2.2).

(k>p+n,nelN)

Theorem 2.2. Let the function f and g be in the class K (p,7,m,a,b,c). Then for A €
[0, 1], the function

h(z)= (1= Nf(z)+Ag(z) =2 = Y dp2*

k=p+n
is in the class K (p,7,1, a,b, ¢).

Proof. Since f and g are in the class K (u,7,n,a, b, ¢), they satisfy the inequality (2.1).
Thus, the function h(z) defined by

o0
h(z) = (1= Nf(2) +Ag(z) =22 = Y [(1 = Nax + Aby)2*
k=p+n
is also in the class K (u, v, 7, a, b, ¢). This immediately follows by setting d, = (1—\)ag+
Abg, > 0. Therefore, K (i, v, 1, a,b, c) is a convex set. O

Theorem 2.3. Let f(z) and g¢(z) defined by (1.8) and (1.9) be in the class
K(u,v,m,a,b,c). Then the function h(z) defined by

oo

h(z) = 2P — Z (a2 +b3)2*
k=p+n

is in the class K (p,7,1, a,b, ¢, 0, 3), where

2p(1+ B)(p — a)?
(1+p)A+p+6—a)glp+1)—2p(p—a)?’

0=p—
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Proof. In view of Theorem 2.1 it is sufficient to show that

oo

3 klk(1+ B3) — (6 + pB)]

g ek i) <1 (23)

k=p+n

Notice that f(z) and g(z) belong to K (u1,v,7,a,b, ¢, a, (), thus

— [ k[k(1+8) — (a+pB)lg(k) 2a2 S kk(148) — (a+pB)lg(k)ar ]
D N L P R R
(2.4)
S [ kR(1+8) — (at+pB)g(k)\* 5 S klk(148) — (a+pB)]g(k)bi |
,;p;n{ p(p— ) } = L%;ﬂ p(p— ) } =t
2.5)
Adding (2.4) and (2.5), we get
~ 1 [k[k(1+8) — (a+pB)g(k) ? 2 2
- (a2 +b3) < 1. (2.6)
k:p;n { p(p— ) } for
Thus, (2.3) will hold if
kA4 P) = (0+pB) _ 1k +P) — (o +pB)g(k)
(p—10) -2 p(p — a)? '
That is, if
2p(1+B)(k —p)(p — a)? (2.7)

0<p-— .
k[k(1 4 B) — (o + pB)]2g(k) — 2p(p — a)?
Notice that, § can be further improved by using the fact that g(k) is a non-increasing func-
tion of k, for k > p+ n,n € IN. Thus, g(p+n) < g(p+ 1) forn € IN and

ab(l+p)(L+p+n—1)

1) = . 2.8
90 +1) cl+p+tn—pwd+p—7) (28)
Therefore,
L 20(1+ B)(p — )
(I+p)(I+p+B—a)glp+1)—2p(p — )’
where g(p + 1) is given by (2.8). O

Next, we give another inclusion property of the class.

Theorem 2.4. Let f;(z) defined by

oo
fi(z) = 2P — Z ar;2%, j=1,2,0.0.,0

k=p+n



436 S. M. Khairnar and Meena More

belong to the class K (u,~,n,a,b,c,«, ). Then the function
1
he) =3 30 0i(2)
j=1

is also in the class K (u,v,n,a,b,c,a, 3).

Proof. Since f;(z) € K(u,7,n,a,b,¢,a,3),in view of Theorem 2.1, we have

oo

k(14 B) — (o + pB)lg(k)

< 1. 2.9

T e S 29)
Now,

1 £ 1 0 00 00
h(z) = ZZfJ(Z) =2P - ZZ Z ay;2* = 2 — Z epz",
j=1 j=1k=p+n k=p+n

where

Notice that

k;kn p(p - a) Y/ Z kg =

using (2.9). Thus, h(z) € K(u,v,n,a,b, ¢, a, ). O

3 Connections with Other Fractional Calculus Operators

Theorem 3.1. Let
ab(l+p)(1+p+n—7)

cl+p+n—pd+p-—2) ~
fora,be R,c€ R\ Zy,z0={0,-1,-2,...},—oo< pu<1l,—oco<y<1lne R,
—p<a<p,B>0.Also let the function f(z) defined by (1.2) satisfy

(3.1)

D e
Then Lf(z) € K(u,v,n,a,b,c,a, ) where g(k) is given by (1.22).
Proof. We have,
Lf(z) = 2P — i g(k)arz", (3.3)
k=p+n

where
(@)k—pO)k—p(L +P)r—p(L +p+1—Y)r—p

(k—pWr—p(L+p+1—pk—p(l+p—Vk—p

g(k) =
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Under the hypothesis of the theorem, we observe that the function g(k) is a non-increasing

function, that is, g(p + n) < g(p+ 1),n € IN. Thus,

ab(1+p)(1+p+n—7)
c(+p+n—pw(d+p—7)

0<glp+n)<glp+1)=

In view of (3.2) and (3.4), we now have

—  k[k(1+8) — (o + pB)lg*(k)
2 p(p—a)

k=p+n
o~ k[k(L+ ) — (a +pB)lg(k)
2 p(p — ) =t

k=p+n

Therefore, by Theorem 2.1, we conclude that
Lf(z) € K(p,7,m,a,b,¢,, 3).
Remark 3.1. The equality in (3.2) is attained for the function

F2) = 2P — cplp—)A+p+n—p)A+p=9) pn
ab(l+p+B—a)l+p)2(L+p+n—7)"

Corollary 3.1. Let 11,7y, n be such that it > 0,y < 1+ p, and

max{y, v} = (1+p) <n < w

Also let the function f(z) by (1.2) satisfy

i k(L +8) — (a+pBllgk) | (Lt ptn—p(+p=7)
W p(p— ) - (A+p)dtptn—1)

for —p < a < p,B > 0. Then
Lf(z) = Ji0"f(2) € B~ UCV(a).
Proof. The corollary follows from Theorem 3.1 by setting a = ¢,b = 1.

Corollary 3.2. Let y1,7v,n € IR such that p > 0,v < 1+ p, and

max{u,v} — (1+p) <n< w

Also let the function f(z) defined by (1.2) satisfy

— k[k(1+ ) — (o +pB)lg(k) (1+p—p)
2 p(p — ) o = (1+p)

k=p+n

for —p < a < p,3 > 0. Then

Lf(z) = D§ f(z) € B —UCV(a).

(3.4)

(3.5)

(3.6)

(3.7)
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Proof. The corollary follows from Theorem 3.1 by setting a = ¢,b =1,y = 7. O

Corollary 3.3. Let p1,v,n € IR such that u > 0,y < 1+ p, and

—(2+
max{u, v} — (1+p) <n < M
Also, let the function f(z) defined by (1.2) satisfy
$ HE1LED) (Do),
W p(p— ) ab
Then Lf(z) = Fp(a,b;c)f(z) € B—UCV (a).
Proof. Corollary follows from Theorem 3.1 by setting 1 = v = 0. O

Corollary 3.4. Let the hypothesis of Corollary 3.3 be true and

o0

3 klk(L+6) = (a+pP)lgtk) ~_ ¢
A < .
W p(p—a) a
then
Lf(z) = Lyp(a,c)f(z) € 6 —UCV ().
Proof. The corollary follows from Theorem 3.1 by setting p = v = 0,b = 1. O

4 Results on Modified Hadamard Product

Theorem 4.1. Let the function f(z) and g(z) defined by

fe)=2"= ) apd® (4.1)
k=p+n
and -
glz)=2"— Y bpz" (4.2)
k=p+n

belong to K(u,v,n,a,b,¢c,a, 3) and K(p,7v,m,a,b,¢,&, 3), respectively. Also assume

that
ab(1+p)(L+p+n—7)

c(l+p+n—p)(d+p—7) ~
Then (f * g)(2) € K(u,7,n,a,b,c¢,0, ), where

f=p_ p(1+B)(p—a)(p—§)
El+p+B-—a)l+p+8—-Egp+1) —plp—a)p—§)’

(4.3)
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and the result is sharp for

f(Z) — P _ p(p — (,Y) Zp+1
' p+1)A+p+B—-a)gp+1)"
g(z) — P p(p - 5) sy

p+1)A+p+8-8g+1)

Proof. To prove the theorem it is sufficient to show that

i k[k(1+B) — (0 +pp)]

2 =) g(k)arbe <1, (4.4)

k=p+n

where g(p + 1) is defined by (3.4).
Since f(2) € K(u,7,n,a,b,¢,a, ) and g(z) € K(u,7,1,a,b,¢,, ) , we have

i E[k(1+ B) — (a+ pB)|g(k)

p(p — a) vt )
k=p+n
kz k[k(1 + ﬁ;(; Ef;) pOlgk), . (4.6)
=p+n

Applying Cauchy-Schwarz inequality to (4.5) and (4.6), we get

i ky/[k(1+ ) — (a + pA)][k(1 + B) — (€ + pA)]g(k)
k=ptn Py (p—a)(p—¢§)

In view of (4.4) it suffices to show that

i": Elk(1+ 8) — (0 + pB)]g(k)

2 o —9) @b
¢ 3 WIS~ pBR B = (€Ol
I S PV (P —a)(p—¢)
Or equivalently, for k£ > p + 1.
i < VHA+B) — (e +pO)Ik(A+8) — €+ pB) (p—9) (48)
- (p—a)p—¢) [k(1+8) = (6 +pB)]

In view of (4.7) and (4.8) it is enough to show that

P/ (p—a)(p—§)
kN/Te(L+ B) — (a + pA)Ik(L + B) — (€ + pB)lg(k)
~ VI +5) — (o +pA)k(+5) — €+ pA)(p —9)
- (p—a)(p— &K1+ B) — (5 +pp)]

’
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which simplices to

§<p-— p(k —p)(1+B)(p—a)(p—§)
= kR +B) = (e +pd)][k(1 + B) = (£ +pB)lg(k) —p(p — a)(p — &)

with g(k) given by (1.22). Using the fact that g(k) is a decreasing function of k (k > p+1),
we can choose J such that

p(1+6)(p —a)(p—§)
k(1+p+08-—a)Q+p+8-8glp+1) —plp—a)(p—&)’

d=p—

where
ab(l+p)(L+p+n—")

(I+p+n—pwd+p—7)

Theorem 4.2. Let the function f(z) and g(z) defined by (4.1) and (4.2) be in the class
K(u,v,n,a,b,¢,a,3). Then (f = g)(2) € K(11,7,1,a,b,c,d,3) where

O

g(p+1):C

p(1+8)(p — a)?
E(L+p+8—a)glp+1) —plp — )?

0=p—
for g(p + 1) given by (2.8).
Proof. Substituting o = ( in Theorem 4.1, the result follows. O
Corollary 4.1. Let the function f(z) defined by (1.2) be in the class K (u,v,m,a,b, ¢, a, 3)
andletg(z) = 2F =377 bp2® for |by| < 1. Then (f*g)(2) € K(u,7,7m,a,b, ¢, a, ).
5 Extreme Points of the Class K (u, v, n,a, b, ¢, a, 3)

Theorem 5.1. Let f(z), = 2P and

1) = 2 — = ot (k2 p 1),

Then f(z) € K(u,v,n,a,b,c,a, 3) if and only if f(z) can be expressed in the form
F(2)=> Mefil2), (5.1)
k=p

where N\, > 0 and Z;O:p A = 1.

Proof. Let f(z) be expressible in the form

N kN p(p — )
J0= 2 M = 2 ) — (o a0
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But
S PP — o)\ k(L4 B)—(a4+pBgk) _ o~ | _ .
k:;rl k[k(l‘f‘ﬂ)_(a‘f'pﬁﬂg(k) p(p — a) - k:;rl /\k =1 )\p <1.

Therefore, f(z) € K(u,v,m,a,b,c,a,0). Conversely, suppose that f(z) €
K(I’L’ Y, M, a, b7 C, o, ﬂ) Setting

_ Kk +8) — (a +pB)lg(k)
p(p—a)

ar and Ay =1- Y X\
k=p+1

Ak
we see that f(z) can be expressed in the form (5.1). O
Corollary 5.1. The extreme points of the class K (u, 7,1, a,b, ¢, o, 8) are fp(z) = 2* and

o p(p—a) k ,
) () PO R

6 Growth and Distortion Theorems
Theorem 6.1. Let the function f(z) defined by (1.2) be in the class K (u,~,n,a,b, ¢, «, 3).
Then

» cplp—a)Al+p—y)d+ptn—p) | ,

and
eplp—a)1+p—y)A+p+n—p)
ab(l+p+n—7)1+p+5—a)

I(Lf(2)'] = plzlP7H| < lz[F. (6.2)

Remark 6.1. The result (6.1) and (6.2) are sharp for the extremal function f(z) given by

p _p—a)A+p-—y)(I+p+tn—p)
f(z)=2 ab(1+p)(1+p+r]—7)(1+p+/6'—oz)zH' (6:3)

Corollary 6.1. Let Lf(z) € K(u,7,n,a,b,¢,, ) then the disc |z| < 1 is mapped onto
a domain that contains the disc

ep(p—a)(I+p—7)A+p+n—p)
ab(l+p)1+p+n—p)(l+p+8—a)

|lw] < 1—

Also (Lf(z)) maps the disc |z| < 1 onto a domain that contains the disc

epp—a)(I+p—v)A+p+n—p)
ab(l+p+n—7)1+p+5—a)

lw| < p—

Remark 6.2. We can obtain the Growth and Distortion Theorems for Jy"7" f(z),
Df . f(2), Fy(a,b;¢) f(2) and L, (a, c) f(2) by accordingly initializing the parameters.



442 S. M. Khairnar and Meena More

7 Class Preserving Integral Operators

The integral operator F'(z) defined by

F(z) =2P7! ’ %dt (7.1)

is class preserving. The Komatu integral operator [5] is defined by

(c+p)?
I(d)z¢

z d—1
H(z) = P f(2) = /0 et <log§) FOydt, d>0,c>—p, z€U

(7.2)
and the integral operator

. _ z d—1
I(2) = Q% f(z) = ( dtec+p—1 ) i/o pe-1 (1—5> FOdt, (73)

c+p—1 z¢ z

(d>0,c> —p,z € U),is also class preserving. We note that

0 d
_ ctp z
H(z)=2P — Z (c+k) apz (7.4)
k=p+n
and
=~ T(c+k)T(d+c+p)

=P —

I(z) =z k:p;nr(dJchrk)F(chp)akz' (7.5)

It can be easily proved that these are class preserving integral operators.

Theorem 7.1. Let d > 0,¢ > —p and f(z) belong to the class K(u,~v,n,a,b,c,a, 3).
Then the function H(z) defined by (7.2) is p-valent in the disc |z| < Ry, where

[ BO+8) = (a+pB)g(R) e+ k) Y
fo =t { - a)(c+p)? } | (6)
The result is sharp for the function f(z) given by
o (p—a)(c+1)* tn
IO =" G a @Bl r
Proof. We show that
ik —p’ <p in |2 <Ry, (7.7)

where R; is given by (7.6).
In view of (7.4), we have

H'(z) = c+p\* h—p
(CIES SNEORS

k=p+n

[e%9) c+p d
kir
< Z k<c+k> ak|z|"7P.

k=p+n
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The last inequality is bounded above by p if

o k 1 d
z - (%) ar|z[F7P < 1. (7.8)

k:p+np
Also, f(z) € K(v,7,,a,b,¢,a, 3) and so

— klk(1+B) — (o +pB)lg(k)
2 p(p—a)

Qg S 1. (79)
k=p+n

Thus, inequality (7.8) will hold if

k (c+p>d ofp-r < HEQL+8) = (£ pB)lg(k)

p\ct+k p(p— )

That is, if

7] < { k(1 + 8) — (a+ pB)lg(k)(c + k)?
- (p—a)(c+p)?
The result follows by setting |z| = Rj. O

1/(k—p)
} for k> p+n,n e IN.

Theorem 7.2. Let d > 0,c > —p and f(z) belong to the class K(u,v,n,a,b,c, o, [3).
Then the function 1(z) defined by (7.3) is p-valent in the disc |z| < Ra, where
B — inf { [F(L+ B) — (o + pB)IL(c +d + k)T (c + p)g(k) }1“’“"’) ,
k (p—a)(c+k)T(d+c+p)

The result is sharp for the function given by
(p—a)l(c+k)I(d+c+Dp)
[k(1+B) = (a+pB)|L(c+d+ k)(c+p)g(k)
Proof. In view of the arguments similar to Theorem 7.1 and relation (7.5), we get

2| = { [k(148) — (a+pB)T(c+d+ K)(c+ p)g(k) }1/(k'p)
(p— )T(c+ k)D(d+ c+p)

2Pt e IN.

f(2) =2 -

for k> p+n, n e IN.

O

8 Radius of 3-Uniform Convexity

Theorem 8.1. Let the function f(z) defined by (1.2) be in the class K (u,v,1n,a,b, ¢, o, 3).
Then f(z) is B-uniformly convex in |z| < Rg of order 6,0 < 6 < p,0 < a+ & < p where

[ — (ot pB)la(R) 0~ a)
'Z'<R‘°’*kf{ - Bk —p) - (p—6 ) }

the result is sharp for

oo

o p(p—a) 2% for some
fe)= k; KR+ 8)— (a+pB)lg ()~ §
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Proof. To prove the result it is sufficient to show that
2f"(2)
f'(z)
Simplifying by fairly straight forward calculations and using Theorem 2.1, we get

i < B0 D)~ (@t pd)lg(R)p 6 —a)
(p—a)[Bk—p)—(p—06—a)]
Setting |z| = Rj in (8.2) we get the desired result. O

5‘1+ —p’+a§p—5~ (8.1)
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