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Abstract: In this paper,the four generalized cyclotomic binary sequences with period 4pn are proposed. It is showed that the proposed
generalized cyclotomic binary sequences have the maximal linear complexity,but do not have desirable autocorrelation properties.

Keywords: Binary sequences, Generalized cyclotomy, Linear complexity

1 Introduction

The linear complexity of a sequence is defined as the
length of the shortest linear feedback shift register that
can generate the sequence. A binary sequence with least
period N is considered to be good in terms of linear
complexity,if its linear complexity is larger thanN/2.
Sequences with high linear complexity are important for
cryptographic applications [1]. C.Ding, T.Helleseth, and
W.Shan determined the linear complexity of Legendre
sequences which are actually based on cyclotomic classes
of order two [2]. Then a generalized cyclotomy with
respect to pe1

1 pe2
2 · · · pet

t was introduced by Ding and
Helleseth [3]. The linear complexity of generalized
cyclotomic sequences of lengthpq was calculated by C.
Ding [4] and E.Bai et al. [5], respectively.Autocorrelation
and linear complexity of the generalized cyclotomic
sequences of lengthp2 and p3 were considered by T.Yan
et al. [6] and Y.-J.Kim et al. [7]. The linear complexity of
the generalized cyclotomic sequences of lengthpm was
determined by T. Yan et al. [8]. This includes the
sequences of lengthp2 and p3 as special cases. In [9], a
new way of computing linear complexity of series of
generalized cyclotomic sequences with lengthpn+1 was
introduced, which was based on the polynomial of the
classic cyclotomic sequences of periodp. The linear
complexity of the two generalized cyclotomic binary
sequences of length 2pm was investigated in [10,11,12,
13]. In this paper,the four generalized cyclotomic binary
sequences with period 4pn are proposed. It is showed that
the proposed generalized cyclotomic binary sequences

have the maximal linear complexity,but do not have
desirable autocorrelation properties.

The rest of this article is organized as follows. In
Section 2, we give generalized cyclotomic binary
sequences of length 4pn.In Section 3, The linear
complexity of generalized cyclotomic binary sequences
of length 4pn is derived. Finally, concluding remarks are
given in Section 4.

2 Generalized cyclotomic binary sequences
of length 4pn

In the rest of this paper we assume thatp is an odd prime
and q a prime power. For 0≤ s ≤ m − 1, let
Cs = {s,sq, · · · ,sqms−1} be the cyclotomic coset
containings, where ms is the smallest positive integer
such thatsqms ≡ s(modm).

Lemma 1.[14, p.322] Let p be an odd prime number. If q
is a primitive root modulo p2, then q is a primitive root
modulo pk, for all positive integer k.

Lemma 2.If q is a primitive root modulo pn then q is also
a primitive root modulo pn− j for all j ,0≤ j ≤ n−1.

Proof.By Euler’s theoremqϕ(pn− j) ≡ 1(modpn− j). If wj is
the order of q modpn− j , then wj |ϕ(pn− j) and

qw j ≡ 1(modpn− j),whence we getqp j w j ≡ 1(modpn)
which implies thatϕ(pn)|p jwj . Thus ϕ(pn− j)|wj and
thereforeϕ(pn− j) = wj .
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Lemma 3.If q is a primitive root modulo p2 and
q ≡ 3(mod4), then the order of q modulo4pn− j is
ϕ(pn− j), for all 0≤ j ≤ n−1.

Lemma 4.If q is a primitive root modulo p2 and
q ≡ 3(mod4), then there is a positive integer a such that
(a,4pq) = 1,1 < a < 4p,a 6≡ qk(mod4p), for all
0 ≤ k ≤ ϕ(p)−1. Moreover
{1,q,q2, · · · ,qϕ(pn− j )−1,a,aq, · · · ,aqϕ(pn− j)−1} is a
reduced residue system modulo4pn− j , {1,q,q2, · · · ,

qϕ(pn− j)−1} and {a,aq, · · · ,aqϕ(pn− j)−1} are generalized
cyclotomic classes of order two with respect to4pn− j for
all 0≤ j ≤ n−1.

Proof.Let q = l t , where l is a prime. Thenl ≡ 3(mod4)
since q ≡ 3(mod4). Thus l2 ≡ 1(mod4) and therefore
lϕ(p) ≡ 1(mod4p) and qϕ(p) ≡ 1(mod4p).
1,q,q2, · · · ,qϕ(p)−1, l , l2, · · · , lϕ(p)−1 are
2ϕ(p)− 1 = 2p− 3 numbers which are relatively prime
to 4p. From ϕ(4p) = 2(p− 1) it follows that there is a
positive integer b such that
(b,4p) = 1,1 < b < 4p,b 6≡ qk(mod4p),b 6≡ lk(mod4p)
for all 0 ≤ k ≤ ϕ(p)−1. If (b, l) = 1 then chooseb = a
which satisfies(a,4pq) = 1,1 < a < 4p,a 6≡ qk(mod4p),
for all 0≤ k ≤ ϕ(p)−1. If (b, l) 6= 1 thenb= lsa, where
(a, l) = 1.Obviously,
(a,4pq) = 1,1 < a < 4p,a 6≡ qk(mod4p), for all
0 ≤ k ≤ ϕ(p)−1. By Lemma3 it is easy to verify that
{1,q,q2, · · · ,qϕ(pn− j )−1,a,aq, · · · , aqϕ(pn− j)−1} is a
reduced residue system modulo 4pn− j .
Thus,{1,q,q2, · · · ,qϕ(pn− j )−1} and {a,aq, · · · ,
aqϕ(pn− j)−1} are generalized cyclotomic classes of order
two with respect to 4pn− j for all 0≤ j ≤ n−1.

Theorem 1.Suppose that q is a primitive root modulo p2

and q≡ 3(mod4). There are4n+ 3 cyclotomic cosets
modulo4pn over the field Fq given by

C0 = {0}, Cpn = {pn, pnq}, C2pn = {2pn}

and for0≤ i ≤ n−1,

Cpi = {pi, piq, · · · , piqϕ(pn−i)−1},

C2pi = {2pi,2piq, · · · ,2piqϕ(pn−i)−1},

C4pi = {4pi,4piq, · · · ,4piqϕ(pn−i)−1},

Capi = {api,apiq, · · · ,apiqϕ(pn−i)−1},

where a is chosen as in Lemma4.

Proof.(i) Since q2 ≡ 1(mod4), so pnq2 ≡ pn(mod4pn)
and thereforeCpn = {pn, pnq}.

(ii)Sinceq≡ 1(mod 2), so 2pnq≡ 2pn(mod 4pn) and
thereforeC2pn = {2pn}.

(iii) From Lemma2 and qϕ(pn−i) ≡ 1(mod2pn−i) it
follows that 2piqϕ(pn−i) ≡ 2pi(mod4pn) and therefore

C2pi = {2pi,2piq, · · · ,2piqϕ(pn−i)−1} for 0 ≤ i ≤ n− 1.

Similarly C4pi = {4pi,4piq, · · · , 4piqϕ(pn−i)−1} for
0≤ i ≤ n−1.

(iv) By Lemma 3 qϕ(pn−i) ≡ 1(mod4pn−i), so
piqϕ(pn−i) ≡ pi(mod4pn) and therefore

Cpi = {pi , piq, · · · , piqϕ(pn−i)−1} for 0≤ i ≤ n−1.

(v) Since a(qϕ(pn−i) − 1) ≡ 0(mod4pn−i), so
apiqϕ(pn−i) ≡ api(mod4pn), and therefore

Capi = {api,apiq, · · · ,apiqϕ(pn−i)−1} for 0≤ i ≤ n−1.
Finally Cs for s= 0, pn,2pn, pi ,2pi , 4pi,api ,0≤ i ≤ n−1
are all the cyclotomic cosets modulo 4pn because|C0|+

|Cpn|+ |C2pn|+
n−1
∑

i=0
(|Cpi |+ |C2pi |+ |C4pi |+ |Capi |) = 1+

2+1+4
n−1
∑

i=0
ϕ(pn−i) = 4pn.

Denote D(1)
1 =

n−1
⋃

i=0
(Cpi ∪ C2pi ) ∪ {0} and

D(1)
0 = Z4pn\D(1)

1 ;

D(2)
1 =

n−1
⋃

i=0
(Cpi ∪C4pi )∪{0} andD(2)

0 = Z4pn\D(2)
1 ;

D(3)
1 =

n−1
⋃

i=0
(Capi ∪C2pi )∪{0} andD(3)

0 = Z4pn\D(3)
1 ;

D(4)
1 =

n−1
⋃

i=0
(Capi ∪C4pi )∪{0} andD(4)

0 = Z4pn\D(4)
1 ;

For 1 ≤ k ≤ 4, the generalized cyclotomic binary

sequenceS(k)1 = {s(k)i } of length 4pn is then defined by

s(k)i =

{

0, if i ∈ D(k)
0 ,

1, if i ∈ D(k)
1 .

(1)

For each k with
1 ≤ k ≤ 4, |D(k)

1 | = 1+ 2∑n−1
i=0 ϕ(pn−i) = 2pn − 1. Thus,

the number of 1’s and the number of 0’s in the sequences
defined above are respectively 2pn−1 and 2pn+1.

3 The linear complexity of generalized
cyclotomic binary sequences of length 4pn

Let S= {si} be aN-periodic binary sequence. The monic
polynomial f (x) = xL +aL−1xL−1+ · · ·+a1x+a0 ∈ Z2[x]
is called the characteristic polynomial ofS, if
sL+t +aL−1sL+t−1 + · · ·+a1st+1 +a0st = 0 holds for any
t ≥ 0. The characteristic polynomialm(x) ∈ Z2[x] with
least degree is called the minimal polynomial ofS,
N − deg(m(x)), denoted byL(S), is called the linear
complexity of S. The generating polynomial of the
sequence S is defined by
S(x) = s0+s1x+ · · ·+sN−1xN−1 ∈ Z2[x]. It is well-known
that m(x) = (xN − 1)/gcd(xN − 1,S(x)). And the linear
complexity of S is then given by
L(S) = N−deg(gcd(xN−1,S(x))).
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Let e be the order of 2 modulopn andθ a primitive
pnth root of unity inF2e. whereF2e denotes the finite field
with order 2e. In the following let σs(x) = ∑

j∈Cs

x j , we

assume thatq is a primitive root modp2, q≡ 3(mod4).

Lemma 5.If q is a primitive root modulo pk and θ is a
primitive pkth root of unity in F2e, then

ϕ(pk)−1

∑
s=0

θ qs
=

{

−1, if k = 1,
0, if k ≥ 2.

Proof.Since 1,q,q2, · · · ,qϕ(pk)−1 is a reduced residue
system modulopk, we have

ϕ(pk)−1

∑
s=0

θ qs
=

pk

∑
s=1

θ s−
pk

∑
s=1,p|s

θ s.

If k= 1, then

ϕ(p)

∑
s=1

θ qs
=

p

∑
s=1

θ s−
p

∑
s=1,p|s

θ s =
θ p−1
θ −1

−θ p = 0−1=−1.

If k 6= 1, then

ϕ(pk)−1

∑
s=0

θ qs
=

pk

∑
s=1

θ s−
pk

∑
s=1,p|s

θ s=
θ pk

−1
θ −1

−
θ p[(θ p)pk−1

−1]
θ p−1

= 0.

Thus
ϕ(pk)−1

∑
s=0

θ qs
=

{

−1, if k= 1,
0, if k≥ 2.

Lemma 6.Let α be any primitive pnth root of unity in F2e.
For 0≤ i, i′ ≤ n−1,

ϕ(pn−i)−1

∑
h=0

α pi+i′qh
=







ϕ(pn−i), if i + i′ ≥ n,
−pn−i−1, if i + i′ = n−1,

0, if i + i′ < n−1.

Proof.Let β = α pi+i′

. Wheni+ i′ ≥ n, β = 1 and therefore

ϕ(pn−i)−1

∑
h=0

α pi+i′qh
= ϕ(pn−i).

When i + i′ ≤ n−1, β is a primitivepn−i−i′ th root of
unity. We have

ϕ(pn−i)−1

∑
h=0

α pi+i′qh
=

ϕ(pn−i)−1

∑
h=0

β qh
(2)

It is clear that β qh
= β qr

if and only if
qh ≡ qr(modpn−i−i′) if and only if h≡ r(modϕ(pn−i−i′)).
Therefore, By Lemma5 the sum in (2) is

ϕ(pn−i)

ϕ(pn−i−i′)

ϕ(pn−i−i′)−1

∑
h=0

β qh
= pi′

ϕ(pn−i−i′)−1

∑
h=0

β qh

=

{

−pn−i−1, if i + i′ = n−1,
0, if i + i′ < n−1.

Lemma 7.Let θ be a primitive pnth root of unity in
F2e,u ∈ {1,2,4,a},where a is chosen as in Lemma
4,1 ≤ v < pn and v = zpi′ ,where (z, p) = 1. Then

σupi (θ v) = ∑
j∈Cupi

(θ v) j =







ϕ(pn−i), if i + i′ ≥ n,
−pn−i−1, if i + i′ = n−1,

0, if i + i′ < n−1.

Proof.From (u, p) = 1 and (z, p) = 1 it follows that
(uz, p) = 1. Thereforeα = θ uz is also a primitivepnth
root of unity in F2e. By Lemma 6 we get

σupi (θ v) = ∑
j∈Cupi

(θ v) j =







ϕ(pn−i), if i + i′ ≥ n,
−pn−i−1, if i + i′ = n−1,

0, if i + i′ < n−1.

Theorem 2.The sequences defined in (1) have linear
complexity4pn.

Proof.Using above notations, the generating polynomial of

S(1)1 is

S(1)1 (x) = 1+
n−1

∑
i=0

σpi (x)+
n−1

∑
i=0

σ2pi (x).

Let θ be a primitive pnth root of unity in F2e. When

1 ≤ v < pn, S(1)1 (θ v) = 1 by Lemma 7,because our
computations are performed inF2e. When v = 0,

S(1)1 (θ v) = 1+
n−1
∑

i=0
ϕ(pn−i) +

n−1
∑

i=0
ϕ(pn−i) = 1. Thus, we

have gcd(x4pn
− 1,S(1)1 (x)) = gcd((xpn

− 1)4,S(1)1 (x)) =

gcd(xpn
−1,S(1)1 (x)) = 1 and the linear complexity ofS(1)1

is then given by

L(S(1)1 ) = 4pn − deg(gcd(x4pn
− 1,S(1)1 (x))) = 4pn.

Similarly, we can prove that the linear complexity ofS(2)1 ,

S(3)1 andS(4)1 is 4pn.

Example 1.Let p= 3,n= 2 andq= 11.

(1) The sequence{s(1)i } of length 4·32 = 36 is 1, 1, 1,
1, 0, 0, 1, 0, 0, 0, 1, 1, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1,
1, 0, 0, 0, 1, 0, 0, 1, 1,1.

(2)The sequence{s(2)i } of length 4·32 = 36 is 1, 1, 0,
1, 1, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 1, 0, 0, 0, 1, 0, 0, 1, 1, 1,
0, 0, 1, 0, 0, 0, 1, 1, 0,1.

(3)The sequence{s(3)i } of length 4·32 = 36 is 1, 0, 1,
0, 0, 1, 1, 1, 0, 0, 1, 0, 0, 0, 1, 1, 0, 1, 0, 1, 0, 1, 1, 0, 0, 0,
1, 0, 0, 1, 1, 1, 0, 0, 1, 0.

(4)The sequence{s(4)i } of length 4·32 = 36 is 1, 0, 0,
0, 1, 1, 0, 1, 1, 0, 0, 0,1, 0, 0, 1, 1, 1, 0, 1, 1, 1, 0, 0, 1, 0, 0,
0, 1, 1, 0, 1, 1, 0, 0,0.

The linear complexity of the sequences above is
4 ·32 = 36.

4 Concluding Remarks

In this paper, we proposed four generalized cyclotomic
binary sequences of period 4pn. Then we showed that
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their linear complexity is maximal. Consequently, the
four proposed sequences are good in terms of linear
complexity. But the suggested construction indicates that
the autocorrelation e.g. with shift 2pn is bad. Essentially
we havesi+2pn = si +1. Thus, these sequences should be
not secure in application for cryptography and
communication.
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