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1 Introduction Now we give preliminaries and basic definitions which

are used throughout the paper.

In 2006, Mustafa and Sim8&]introduced the concept

In metric fixed point theory, Banach proved an important of G-metric spaces as follows:
result which is the mile stone in fixed point theory and its Definition 1.1. Let X be a nonempty seG : X x X x X —
applications. In 1922, Banach gives classical theorenh+ a function satisfying the following axioms:
known as Banach Contraction Principle. This principle .

éGl) G(x,y,z2) =0if x=y=2

gives under appropriate conditions, the existence an G2) 0< G(xx,y) for all x y & X with X,

uniqueness of fixed points and provides methods for .
- . ) . <
obtaining approximate fixed points. (G3) G xy) < G(xy,2) for all x,y, z& X with 27y,

(G4) G(x,y,2) = G(x,z,y) = G(Y,zX) = ... (Symmetry in
In 1963, Gahler?] introduced the concept of 2-metric, all three variables)

which denotes the area of a triangle. In 1992, Dhdge [ (G5) G(
introduced the concept of D-metric spaces and it denotes
the perimeter of the triangle with verticasy, z in R2.
However, Hsiao 3] showed that, in 2-metric spaces, all
the maps are either reduces to a single map or maps a
constant.

x,¥,2) < G(x,a,a)+ G(a,y,z) forall x,y,z,a € X,
(rectangle inequality).

The functionG is called a generalized metric or, more
rSé;uecifically, a G-metric oX and the pai(X,G) is called

a G-metric space.

In 2003, Mustafa and Sim§& pointed out the most of 'Let .(X’G) be a G-metric space{,xn} a sequencg of
oints in X. we say that{x,} is G-convergent tax if

the results claimed by Dhage and others are invalid and’ . .

i . . lim G(x,Xy,Xm) = 0; i.e., for eacte > 0 there exists an
they introduced a new structure of generalized metricmn—e
space and called it G-metric space. For more details oM such thal(X,xa,Xm) < € for all m,n > N. We callx the
G-metric spaces one can refer to the pap@r$11]. limit of the sequence and writg — x or lim xn = .
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Proposition 1.1.Let (X,G) be a G-metric space. Then the direction by various authors. It was the turning point in
following are equivalent; the “fixed point arena” when the notion of commutativity
was used by Jungckd] to obtain common fixed point
theorems. This result was further generalized and
extended in various ways by many authors. In particular,
now we look in the context of common fixed point
theorem in G-metric spaces. Start with the following
Definition 1.2.Let (X,G) be a G-metric space. A contraction conditions:

(i) {xn} is G convergent to x,
(i) G(Xn,Xn,X) — 0as n— oo,
(iii) G(Xn,X,X) — 0 as n— oo,
(iv) G(Xm,%n,X) — 0as mn — oo,

sequencéxy} is called G-Cauchy if, for each > 0 there Let T be a mapping from a complete metric space
exists arN such thas(Xn, Xm, X ) < € for all n,m,1 > N. (X,G) into itself and consider the following conditions:
Proposition 1.2.In a G-metric spacéX, G) the following G(Tx Ty, T2 <aG(xy,z) forallxyzeX,

are equivalent: where0<a <1 (L.1)

() The sequende} is G-Cauchy,
(i) For each € > 0 there exists an N such that
G(%n,Xm, %) < € for alln,m,1 > N.

It is clear that every self mapping T of X satisfying
condition (L.1) is continuous. Now we focus to generalize
the condition {.1) for a pair of self mapSandT of X in
Proposition 1.3.Let (X,G) be a G-metric space. Then the the following way:

function Gx,y,z) is jointly continuous in all three of its
variables. G(SxSyS2 < aG(Tx Ty, Tz forall x,y,ze X,

o . ) where0<a <1. (1.2)
Definition 1.3.A G-metric space(X,G) is called a

symmetric G-metric space if To prove the existence of common fixed points fbr,

it is necessary to add additional assumptions such as the
construction of the sequencgx,} and making some
mechanism to obtain common fixed point and this
problem was overcomed by imposing additional
hypothesis of commutative paf5,T}.

() de(xy) =G(x,y,y) +G(y,x,x) for all x, y in X. Most of the theorems followed the following pattern:

If (X,G) is a symmetric G-metric space, then (i) Contraction
(if) Continuity of functions (either one or both)
(iii) Commuting pair of mappings.

G(x,y,y) = G(y,x,x) forallx,ye X.

Proposition 1.4.Every G-metric spacéX,G) defines a
metric spaceéX,dg) by

(i) da(x,y) =2G(x,y,y) forall x, yin X.

However, if(X,G) is not symmetric, then it follows from

the G-metric properties that In some cases condition (i) can be relaxed by

_ imposing some certain conditions but conditions (i) and
(iii) 3/2G(x,y.y) <dg(x,y) <3G(x,y.y) forallx,yin X. i) are unavoidable.
In 2011, Z. Mustafa et al.1[0] have proved the

Proposition 1.5.A G-metric spacéX, G) is G-complete if )
following results:

and only if(X,dg) is a complete metric space.
Theorem 1.1.Let (X,G) be a complete G-metric space
and let T: X — X, be a mapping which satisfies the
following condition, for all xy € X.

Proposition 1.6.Let(X, G) be a G-metric space. Then, for
any x, y, z, ain X it follows that:

() ifG(x,y,2) =0, thenx=y =72,

(i) G(x,Y,2) < G(X,X,Y)+ G(X,X,2), G(Tx Ty, Ty)

(i) G(x,y,y) <2G(Y,X,X), <max{(aG(x,y,y),b[G(x, Tx Tx) + 2G(y, Ty, Ty)],
(iv) G(x,y,2) < G(x,a,2) +G(a,y,2), b

(v) G(x,Y,2) <2/3(G(x,a,a)+ G(y,a,a) + G(z a,a)). (G TYTY) + G Ty TY) + GO TX T3,

where0 <a< land0<b< 1/3. Then T has a unique

There has been a considerable interest to study, ., point, say u and T is G-continuous at u

common fixed point for a pair (or family) of mappings
satisfying contractive conditions in metric spaces. Salver Theorem 1.2.Let (X,G) be a complete G-metric space
interesting and elegant results were obtained in thisand let T: X — X, be a mapping which satisfies the
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following condition, for all xy € X.

G(Tx Ty, Ty)
<kmax{([G(x, Tx TX)+2G(y, Ty, Ty)],
[G(X, Ty, TY) +G(Y, TY, Ty) + G(y, TX, Tx)],
[G(Y,Y, TX) +G(Y,, Ty) + G %, Ty)]) },

From (2.3), we have

G(fXn, fXnt1, FXni1)

< max{(aG(g%n, 9%n+1, 9%n+1),
b[G(g%, FXn, FXn) +2G(9%+1, FXnt1, FXata)],
c[G(9%, FXnr1, TXnt1) + G(IXt1, FXni1, FXata)
+G(9%+1, Xn, Fxn)])}

where0 <k < 1/4. Then T has a unique fixed point, say u or

and T is G-continuous at u.

2 Weakly compatible Maps

In 1996, Jungck §] introduced the notion of weakly
compatible mappings as follows:

Definition 2.1. Two mapsf andg are said to be weakly
compatible if they commute at coincidence points.

Example 2.1.Let X = [0, 3]. Definef,g: [0,3] — [0, 3] by

f(x) = {’;

g(x):{s—x if x € [0,1),

if x € [0,1),
if x € [1,3]

and

3 ifxel13].

Then for anyx € [1, 3], X is a coincidence point anthx =
gfx, showing thatf, g are weakly compatible maps on
[0,3].

We start our work with the following theorem:

Theorem 2.1.Let f and g be weakly compatible self

maps of a G-metric spadeX,G) satisfying the following
conditions:

(2.1) £(X) S g(X),
(2.2)any one of the subspacéX) or g(X) is complete,
(2.3)G(fx, fy, fy)

< max{ (aG(gx gy gy),b[G(gx fx, fx)  +

2G(gy. fy, fy)],

c[G(gx fy, fy) +G(ay. fy, fy) + G(ay. fx, TX)])}
forallx,ye Xand0<a<1,0<b<1/3and0<c<1/5.

Then f and g have a unigue common fixed pointin X.

ProofLet xg be an arbitrary point itX. By (2.1), one can
choose a poirt; in X such thatfxy = gx. In general one
can choos#, 1 such thay, = fx, =g%1,n=0,1,2,....

G(Yn; Yn+1,Yn+1)
< max{(aG(yn-1,Yn,¥n),
b[G(Yn-1,¥n,¥n) + 2G(¥n, Yn+ 1, Yn+1)];
¢[G(Yn-1,Yn+1:Yn+1) + G(Yn, Ynt1,Ynr1)
+G(Yn, Yn, Yn)]) }-
Case 1.f,

max{ (aG(yn-1, Yn, ¥n);
b[G(Yn-1,¥n,¥n) + 2G(Yn, Yn+1, Yn+1)],
C[G(Yn-1:Yn+1:Yn+1) + G(Yn, Yn+1,Ynt1)
+ G(Yn, Yn, Yn)]) }
=aG(yn-1,Yn,¥n),

then, we get

G(Yn, Yn+1,Yn+1) < aG(Yn—1,Yn,¥n)-

Continuing in the same way, we have

G(¥n,Yn+1,Yn+1) < @"G(Yo,Y1,Y1)-
Therefore, for alln,me N, n < m, we have by rectangle
inequality
G(Yn,Ym, Ym)
< G(Yn,Yn+1:Y¥nt1) + G(Ynt1,Yni2,Yni2)
+ G(Ynt2,¥n+3,¥n+3) + - - - + G(Ym-1, Ym, Ym)
< (a+a"+...+a" MG(yo,y1,y1)

n

< G(Yo,Y1,Y1)- (2.4)

l1-a
Letting asn,m — o, we havenﬂng(yn,ym,ym) =0, as
0<ax< 1.
Thus{yn} is a G-Cauchy sequenceXh

Case 2If

max{ (aG(Yn-1,Yn, Yn),
b[G(Yn-1,¥n,¥Yn) + 2G(Yn, Yn+1, Yn+1)],
C[G(Yn-1:Yn+1,Yn+1) + G(Yn, Yn+1,Ynt1)
+ G(Yn, Yn, Yn)]) }
= b[G(Yn-1,Yn: ¥n) +2G(Yn, Yn+1, Yn+1)]-
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Then, we gefl—2b)G (yn,ynH,ynH) < bG(Yn-1,Yn,¥n)- which is a contradiction, agB+c) < 1. Hencefu=gu=

GivesG(Yn,Ynt1,Ynt1) < 1= 2b G(Yn—1,Yn,Yn) t. Thusuis a coincident point of andg. Sincef andg are
ie., weakly compatible, it follows thatgu=gfuy, i.e., ft = gt.
G(Yn, Yn+1,Yn+1) < dG(Yn-1,Yn,Yn), the:/vmceorzg\(l\;tas:gw> tg-atft " Suppese et 7
whereq = ﬁ), g<lasO<b< % From (2.3), on setting =t, y = u, we have
Now in view of (2.4), we conclude that the sequence
{yn} is a G-Cauchy sequenceXn G(ft, fu, fu)

< max{(aG(gt,gu,gu), b[G(gt, ft, ft) +2G(gu, fu, fu)],
c[G(at, fu, fu)+G(gu, fu, fu) + G(gu, ft, ft)])}.

Case 3 Finally, If

maX{ (aG(Yn—la Yn, yn)7

b[G(Yn—laYnaYn) + 2G(yn7yn+layn+l)]7 i'e"
[ G(ft,t,t) <maxaG(ft,t,t),c(G(ft,t,t)+ G(t, ft, ft))}.

c|G(yn_ y y +G ) ) .
G(yn L Yne1:Yos1) O Yo, Y1) Now in both case&(ft,t,t) < qG(ft,t,t), where 0<
+ G, yn.yn)l)} < 1, which is a contradiction, as0a< 1 and 0< c < £
= C[G(Yn-1,Yn+1,Yn+1) + G(Yn, Yt 1, Ynt1)] which in turn implies thaft =t = gt.
< ¢[G(Yn-1,¥n;Yn) + G(Yn, Yn+1,Yni1) In particular, we can say thats common fixed point
+ G(Yn Y1, Yns1))- of f andg. Uniqueness follows easily.
Then, we get Example 2.2.Let X = [0, 1] with the G-metric defined as
follows:

(1_ 2C) (Yn7Yn+17Yn+1) (Yn la)’naYn)
or G(Xaya Z) = maX{|X_y|7 |y_ Z|7 |X_ Z|}7 for all XY, Ze X.

c
G Y1, Y1) < 7=5.C0n-1,YnYn) Define: f (x) = % andg(x) = § for all x € X.
ie., Then (X,G) is G-metric space and(X) C g(X).
G(Yn, Yn+1:Ynt+1) < AG(Yn—1,¥n,Yn), Moreover, f andg has 0 as unique common fixed point

whereq= 1%, q<las0<c< L. and satisfy all the conditions of the Theorem 2.1, for

Consequently in view of (2.4), we conclude that the 8= %.b=7andc=g.
sequencdyn} is a G-Cauchy sequenceXh Hence in all
cases the sequenég, } is a G-Cauchy sequenceXh

Since either f(X) or g(X) is complete, for
definiteness assume thg(tX) is complete subspace of
then the subsequence §§in} must get a limit ing(X). G(f™(x), f™(y), f™(y)

)
Call it bet. Letuc g7't. Thengu=t, as {yn} is a M m
G-Cauchy sequence containing a  convergent < max{(aG(g"(x).g"(¥).9™(¥)).

Corollary 2.3. Let f and g be weakly compatible self maps
of a G-metric spacéX,G) satisfying (2.1) and (2.2) and
the following condition:

subsequence, therefore the sequefiysé also convergent b[G(g™(x), F™(x), ™(x)) +2G(g™(y), F™(y), f"(¥))],
implying thereby the convergence of subsequence of the  c[G(g™(x), f™(y), f™(y))+
convergent sequence. Now we show that=t. G(g™(y), f™(y), f™(y)) + G(g™(y), f™(x), f ()]},

On settingk = u, y = X, in (2.3), we have
forallx,ye X and0<a<1,0<b<Ziand0<c<i.
G(fu, fXn, fxn) ) . 2
Then f and g have a unique common fixed pointin X.
< max (aG(gu, g%, 0%),
b[G(gu, fu, fu) + 2G(g%, FXn, FXn)], Proof From Theorem 2.1, we havié” andg™ have unique
fixed point (sayt), that is f™(t) =t = g™(t). But
f(t) = f(fMt)) = M) = fM(f(t)), so f(t) is
+G(gx, fu, fu)])}. another fixed point of ™ and by uniqueness(t) =t and
Proceeding limit as — o and in view of Proposition 1.6, Similarly g(t) = t. Hence the result follows.

we have

c[G(gu, fXn, TXn) + G(g%, TXn, TXn)

Theorem 2.4.Let f and g be weakly compatible self maps
G(fut,t) < (b+c)G(t, fu, fu) <2(b+c)G(fu,t,t) of a G-metric spacéX,G) satisfying (2.1) and (2.2) and
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the following condition: By using Proposition 1.6, we have
G(fx, fy, f2) G(Yn, Yn+1,Yn+1)
S ma-x{aG(qu gy’ gZ)’ b[G(ng fx, fX) S kmax{([G(Yn—laYn+1aYn+l) + G(Yn+17Yn7yn)
+ G(gy’ fy’ fy) + G(gz’ fZ, fZ)], + ZG(Yna)’nJrla)’nJrl)]a [G(Yn—laYn+17Yn+1)
clG(gx Ty, fy) +Glay. fz 2) + G(gz X, X)]}, +G(Yn, Yn+1,Yn+1)], 2(G(Yn: Yn+1: Yn+1)
forallx,ye X andd<a<1,0<b<lando<c<i. INCTTARRYNPRYA N

Then f and g have a unique common fixed point in X. < kmax{ ([G(Yn_1,Yms1,Yns 1) + 4G(Y, Yors 1, Y1),

ProofTaking z =y in condition (2.3) and result follows 2/G(Yn Yns 1. Ynr1) + G(¥n-1.Yns 1, Yns1)]) }

from Theorem 2.1.
Example 2.5.Let X = [0, 1] with the G-metric defined as ©ase Lf

follows: max{ ((G(Yn_1,Yn+1,Ynr1) +4G(Yn, Y1, Yni 1)),
G(x,Y,2) = |[Xx—y|+|y—2 +|x—12, forall x,y,z€ X. 2[G(Yn,Yns1.Yni1) + G(Yn-1,Yns 1, Y1) }
Define: f(x) = £; andg(x) = 3 forall x € X. = [G(Yn-1,Yn+1, Ynt1) +4G(Yn, Yni1, Yt 1))

Then (X,G) is G-metric space and(X) C g(X).
Moreover, f andg has 0 as unique common fixed point Then, we get
and satisfy all the conditions of the Theorem 2.4, for
a=2b=1andc=1 [1—4KIG(Yn, Yn+1,Yn+1)
=5 V=5 =5

<k _
Theorem 2.6.Let f and g be weakly compatible self maps < kG-, Yn+1.¥n41)

of a G-metric spacéX,G) satisfying (2.1) and (2.2) and < K[G(Yn-1,Yn:Yn) + G(¥n, Y1, ¥n+1)]-
the following condition: or

G(fx, fy, fy)

< _
S kmaX{([G(gX, fX, fX) + 2G(gy7 fy; fy)], G(ynayn+layn+1) = k/(l 5k)G(Yn—laYnaYn)a
(G(gx, Ty, fy) +G(ay, Ty, fy) +G(ay, fx, Fx)], e,
[G(ay.gy. 1X) + G(ay.ay: fy) + G(gx g% fy)])} GO Yn+1,¥nr1) < GG0n-1,Yn Yo,
(2.5) whereq= %5, q<las0<k< 3.

forallx,ye X and0 <k < %. Now using (2.4) we conclude th@y,} is a G-Cauchy

Then f and g have a unique common fixed point in X. sequence ix.

Case 2.f

ProofLet xg be an arbitrary point itX. By (2.1), one can

choose a poirt; in X such thatfxy = gx. In general one

can choose,, 1 such thay, = fx, = g% 1,n=0,1,2,....
From (2.5), we have

max{ ([G(Yn-1,Yn+1,¥n+1) +4G(Yn, Yn+1, Yni1)],
2[G(Yn,¥n+1,¥n+1) + G(Yn-1,Yn+1,Ynt+-1)]) }

- 2 G 5 5 + G —1L ) °
G( X, FXni1, ) (G(Yn, ¥n+1,Yn+1) (Yn—1,Yn+1,Yn+1)]

< kmax{ ([G(g%, Xn, FXn) +2G(9%+1, FXn+1, FXns1)], Then by using Proposition 1.6, we have
[G(9%, FXnt1, FXnt1) + G(O%r1, TXne1, TXnr1) [1— 2KG(Yn, Yni1, Ynst)
+G(9%+1; TXn, TXn)], [G(9X0+1, %1, TXn)
+G(9%n1,9%1, FXnp1) + G(9%, 9%, FXata)])}
or

S 2kG(Yn—17Yn+1aYn+l)
S Zk[(Yn—laYnaYH) + G(YnaYn+1aYn+1)]a

yielding that
G(Yn,Yn+1,Yn+1)
< kmax{ ([G(Yn_1.Yn:Yn) +2G(¥n, Yn+1, Y1), G(¥n:Ynt1:Ynt1) < 2K/ (1= 4K)G(Yn-1,Yn, Yn),
(G(Yn-1,¥n+1:Yn+1) + G(Yn, Yn+1: Yns1) ie.
+ G(Yn, Y, Yn)], [G(¥n, ¥n, ¥n) + G(¥n, Yn: Yn+1) G(¥n,Yn+1,Yn+1) < AdG(Yn-1,Yn: ¥n),
+G(Yn-1,Yn-1,¥ns1)])} whereq = 12, q<las0<k< 3.
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In view of (2.4),{yn} is a G-Cauchy sequenceXh

Hence in all cases the sequengg} is a G-Cauchy
sequence iiX.

Since either f(X) or g(X) is complete, for
definiteness assume thg(tX) is complete subspace of
then the subsequence ¢} must get a limit ing(X).
Call it bet. Let uec g7't. Thengu=t, as {yn} is a
G-Cauchy sequence containing a
subsequence, therefore the sequelygé also convergent

convergent

the following condition:

G(f™(x), f™(y), f™(y))

< kmax{([G(g"(x), f™(x), f™(x))
+2G(g™(y), f™(y), F™(v))],
[G(g™(x), ™(y), T™(y)) + G(g"(y), f™(y), T"(y))
+G(g™(y), F™(), F"()], [G(g™(y),g™(y), F™(x))
+G(g"(y),g™(y), f™(y)) +G(g"(x),g"(x), F(y))]) }

implying thereby the convergence of subsequence of théor all x,y € X and0 < k < g_

convergent sequence. Now we show that=t.
On settingk=u, y = X, in (2.5), we have

G(fu, fXn, fxn)

< kmax{([G(gu, fu, fu) + 2G(gX, Xn, FXn)].
[G(gU, fXn, FXn) + G(%, TXn, TXn) + G(g%, fu, fu)],
[G(9%, 9%, Fu) + G(g%, 9%, Fxn) +G(gu, gu, Fxn)])}.

Proceeding limit as — o and in view of Proposition 1.6,
we have

G(fu,gu,gu) < 2kG(fu,gu,gu),

which is a contradiction, ds< 3.

Hencefu = gu=t. Thusu is a coincident point of
andg. Sincef andg are weakly compatible, it follows that
fgu=gfu,i.e., ft =gt

We now show thatft = t. Suppose thatft # t,
thereforeG(ft,t,t) > 0.

From (2.5), on setting =t, y = u, we have

G(ft, fu, fu)
< kmax{([G(gt, ft, ft) +2G(gu, fu, fu)],
[G(at, fu, fu)+G(gu, fu, fu) +G(gu, ft, ft)],
[G(gu,gu, ft) +G(gu,gu, fu) +G(gt,gt, fu)]) }
= kmax{[G(ft, fu, fu) + G(fu, ft, ft)],
[G(fu, fu, ft) + G(ft, ft, fu)]}.
Then by using Proposition 1.6, we have
G(ft,t,t) < kG(ft,t,t) + 2G(ft,t,t) = 3kG(ft,t,t),

which is a contradiction, ds< 3, yielding thatft =t = gt.
i.e.,t is common fixed point off andg. Uniqueness
follows easily.

Corollary 2.7. Let f and g be weakly compatible self maps
of a G-metric spacéX,G) satisfying (2.1) and (2.2) and

Then f and g have a unique common fixed pointin X.

ProofThe proof follows from Theorem 2.6 and the result
follows similarly as in Corollary 2.3.

Theorem 2.8.Let f and g be weakly compatible self maps
of a G-metric spacé¢X,G) satisfying (2.1) and (2.2) and
the following condition:
G(fx, fy, fz)
< kmax{[G(gx fx, fx) +G(gy. fy, fy) + G(gz fz f2)],
[G(gx Ty, fy) +G(gy. fz f2) + G(gy, fx, fX)],
(G(ay.9y; fx) +G(9z 9z fy) + G(gx. g, f2)]}

forall x,y € X and0 < k < 3.
Then f and g have a unique common fixed pointin X.

ProofTaking z=y in condition (2.5 ) and result follows
from Theorem 2.6.

3 (CLRg) property in G-metric spaces

Recently, Sintunavarat and Kumad®] introduced a new

property which is so called “Common Limit in the Range
of g property” (i.e., (CLRg) property). (CLRg) property
relaxes the condition of closeness of range of mappings.

Definition 3.1. ([12])Suppose thatX,d) is a metric space
andf,g: X — X. Two mappingd andg are said to satisfy
the common limit in the range of g property if there exists
a sequencéx,} in X such that

lim fx, = lim gx, = gxfor somex € X.
n—oo n—oo

The common limit in the range of g property will be
denoted by the (CLRQ) property.

Example 3.1. (L2])Let X = [0,) be the usual metric
space. Defind,g: X — X by fx=x+ 1 andgx= 2x for
all x € X. Consider the sequenéé + £1. Since

i 0= I 90 =01 =2

thereforef andg satisfy the (CLRg) property.
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Example 3.2. (LZ)Let X = [0,%) be the usual metric In both case&(ft,t,t) < qG(ft,t,t), where0< g< 1as
space. Defind,g: X — X by fx= 7 andgx= %X for all O0<a<l,and0<c< % a contradiction, yielding that
x € X. Consider the sequenég,} = {1}. Since ft=t=ogt.

i.e.,t is common fixed point off andg. Uniqueness

Nim, £ = lim % = go =0, follows easily.

thereforef andg satisfy the (CLRg) property. Theorem 3.2.Let f and g be weakly compatible self maps

In similar mode, we use (CLRg) property in G-metric ©f a G-metric spacéX, G) satisfying condition (2.5). Then
spaces. f and g have a unique common fixed point in X provided

f and g satisfy the (CLRg) property.
Theorem 3.1.Let f and g be weakly compatible self maps

of a G-metric spacéX, G) satisfying condition (2.3). Then ProofSince f and g satisfy the (CLRg) property, there
f and g have a unique common fixed point in X providedexists a sequendex } in X such that

f and g satisfy the (CLRQ) property.
lim fx, = lim gx, = gufor someu € X.
ProofSince f and g satisfy the (CLRg) property, there n—e n—e

exists a sequende,} in X such that First we show thagju= fu.

,L[,n Fxy = ,lﬁ,n 9% = gufor someu € X. Now on settingk = u, y = X, in (2.5), we have

First we show thatju= fu. G(fu, fxn, fxn)
Now on settingx = u, y = x, in (2.3), we have < kmax{[G(gu, fu, fu) +2G(g%,, fXn, Fxa)],
[G(gU, fXn, FXn) + G(9%, FXn, FXn)
+G(g%, fu, fu)l, [G(g%n, Xy, fu)
+ G(9%n, 9%, FXn) + G(gu. gu, fXq)]}-

G(fu, fXn, fxn)
< max{aG(gu, gxn, 9%»), b[G(gu, fu, fu)
+ 2G(g%, Txn, fXn)],c[G(gu, fXn, fXn)

+ G(g%, Fxn, FXn) + G(gx%n, fu, fu)]}. Proceeding limit as — c and in view of Proposition 1.6,
L o . we have

Proceeding limit as — o and in view of Proposition 1.6,
we have G(fu,gu,gu)
G(fu,gu,gu) < kmaxG(gu, fu, fu),G(gu,gu, fu)}
< max{aG(gu, gu, gu), b[G(gu, fu, fu) + 2G(gu, gu, gu)], = kmax{2G(fu,gu,gu),G(fu,gu,gu)}
c[G(gu,gu,gu) + G(gu, gu, gu) + G(gu, fu, fu)]} = 2kG(fu,qu,qu),
= 2(b+¢)G(fu,gu,qu), which is a contradiction, de< %, yielding thatfu = gu=
which is a contradiction, asB+c) < 1. t(say). o _ _

Hencefu = gu=t (say). Thusi is a coincident point Thusu is a comc@ent pomt off andg. Sincef gnd
of f andg and the pair(f,qg) is weakly compatible, it 9 are weakly compatible, it follows thdtgu = gfu, i.e.,
follows thatfgu= gfu, i.e., ft = gt. ft =gt

We now show thatft = t. Suppose thatft # t, We now show thatft = t. Suppose thatft # t,
thereforeG(ft,t,t) > 0. thereforeG( ft,t,t) > 0.'

From (2.3), on setting =t, y = u, we have, From (2.5), on setting =t, y = u, we have
G(ft, fu, fu) G(ft, fu, fu)
< max{aG(gt,gu,gu), b[G(gt, ft, ft) +-2G(gu, fu, fu)], < kmax{[G(gt, ft, ft) +2G(gu, fu, fu)],
c[G(gt, fu, fu) + G(gu, fu, fu) + G(gu, ft, ft)]} [G(gt, fu, fu) +G(gu, fu, fu) + G(gu, ft, ft)],
= max{aG( ft, fu, fu),c[G(ft, fu, fu) + G(fu, ft, ft)]}. [G(gu,gu, ft) + G(gu,gu, fu) + G(gt, gt, fu)]}.
In view of Proposition 1.6, we have In view of Proposition 1.6, we have

G(ft,t,t) < max{aG(ft,t,t),2cG(ft,t,t)}. G(ft,t,t) < k{G(ft,t,t) +2G(ft,t,t)} = 3kG(ft,t,t).
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Which is a contradiction, as < %, yielding thatft =t =
gt.

i.e.,t is common fixed point off andg. Uniqueness
follows easily.
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