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Abstract: In this paper,we handle ZK-BBM equation and to obtain itsrapjpnate analytical solutions, we use the homotopy anglysi
method (HAM), whose solution includes an auxiliary paraenét This parameter provides a suitable way for setting and obimiy
the convergence region of solution series. So we investigauitable choice of the auxiliary parameter in the modablpm.
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1 Introduction Using generalization of the HAM, Liao 1[2] has
formulated zero-order deformation equation

Mathematical modeling of many physical events in

various fields of physics and engineering generally lead to (1 — p).Z [@(x,t; p) — Uo(X,t)] = pht” [@(x,t; p)] (1)

nonlinear ordinary or partial differential equations. As i

is well known that searching and finding exact andwherep € [0,1] is the embedding parametérz 0 is an

numerical solutions of these equations are very importanauxiliary parameter,Z is an auxiliary linear operator,

in applied mathematics. The HAM which is a powerful ug(x,t) is an initial guess ofu(x,t), @(x,t;p) is an

tool for investigating the approximate solutions of unknown function, respectively. Obviously, we have great

nonlinear evolution equations (NLEEs) was first proposedfreedom to choose auxiliary things in HAM. If we choose

by Liao [1,2] . Differently from perturbation techniques, p=0andp =1 then we obtain

the HAM is not restricted to any small physical

parameters in the considered equation. For this reason, P(x,1;0) = Uo(X,1), (X, t; 1) = u(X, )

the HAM can overcome the preceding restrictions and . ) .

limitations of perturbation techniques so that it provides'eSpectively. So, as the embedding paramptiecreases

us a powerful tool to analyze nonlinear probleBjs| from O to 1, the SO|UtI0n$)(?(,t; p) differ from the |n|t|gl

Many authors have been applying this methodVvalue Up(xt) to the solutionu(xt) . If @(x.t;p) is

successfully to solve several nonlinear problems arisinggXPanded in Taylor series with respect to the embedding

in science and engineering[1-18] and the referenceparametep, we get

therein. In this paper, we apply the HAM to the ZK-BBM

equation. P(x.t;p) = Uo(X,t) + 5 Um(x,t)p"
m=1
where
2 Fundamentals of the HAM k) 1 0"p(xtip) (2)
In the manuscript, HAM has been applied to the e m! apm p=O'

treated problem.Let us consider the following differehntia

equation to give fundamentals of the method, If the auxiliary linear operator, the initial guess and the

auxiliary parameteh are chosen in a suitable way, the
N [u(x,t)] =0 series which are denoted above, converggs-atl, and
we have
where .4 is a nonlinear operatorx and t denote

independent variablesj(x,t) is an unknown function. u(x,t) :uo(x,t)—i—r;lum(x,t)
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which must be one of the solutions of the original

nonlinear equation, as proved by Lig)%$]. According to

So, the zero-order deformation equation is constructed
as

(2), the governing equation can be reduced from the

zero-order deformation equatioh) ( Define the vector

Un = {up(X,t),u1(X%,1),...,un(X,t) }.

If we differentiate Eq. I) m times with respect to the
embedding parametgrand then gep = 0 and divide by
ml, we obtain thamnth-order deformation equation

Z [Um(X,1) = XmUm-1(X,t)] = ARm (Um-1)

where

®)

1 9™t [e(xt;p)]

Rm(Um—l) = (m_ 1)| dpm_l p:O
and
] 0,m<1,
Xm=11 m>1.

Finally, we emphasize thai,(x,t) for m> 1 is governed

by the Eq. 8) with the boundary condition which comes
from problem. It can be easily solved using symbolic

computation software such as Mathematica.

3 Application of the HAM

We first consider the ZK-BBM equatiori§] in the
following form
u’[ + Ux+ a(uz)x+ b(U)q + Uyy)x - O (4)

with initial condition

u(x,y,0) = %: (1—3tanr‘°r (\/%(H—y))) . (5)

In this papera, b andc are going to be taken as 1/2

and —1, respectively for all calculations. To search the

series solution of Eq.4) with initial condition 6), the

linear operator is chosen
dQ(X,y,t;
2oyt p)) = FPEREP)
with the property
Zlc=0

wherec is constant. From Eq4j, we define a nonlinear

(1 - p)g [(p(xv yvtl p) - UO(X7 yvt)] = pﬁ‘/V [(P(X, yvtl p)EG)

Obviously, if we choos@ = 0 andp = 1 then we get

P(x,y,1;0) = Up(X,y,t) = u(x,y,0), @(x,y,t; 1) = u(x,y,t)

respectively. Thus, as the embedding parameper
increases from 0 to 1, the solutiopsx, y,t; p) vary from
the initial valueup(x,y,t) to the solutionu(x,y,t). If we
expand @(x,t; p) in Taylor series with respect to the
embedding parametg; we get

00

PXY.tp) =Xy, )+ 3y um(xy,)p"  (7)
m=1
where
1 0Mp(x,y,t;
Unxoyt) = — 2 OXYLP) (®)

m! apm p:O.

If the auxiliary linear operator, the initial guess and
the auxiliary parametdr are chosen in a suitable way, the
series which are denoted above, converggsatl, and
one has

0

U(X7y7t) = UO(vavt) + Z Um(XaYat)

m=1

which must be one of the solutions of the original
nonlinear equation, as proved by Lia®%]. The
mth-order deformation equation is obtained by
differentiating Eq. 6) m times with respect to the
embedding parametgx

g [um(X7 yvt) - XmUm—l(Xa yvt)] = ﬁRm(Um—l) (9)

where

m-1
+2 ZO uan‘l‘”
& ox

1™ 00 Qe dupk \ OUm_1-n
22 (kZOW ax | ot

OUm-1 i Oum_1

Rm(Um-1) = ot ax

operator as +}m§1<§%dun—k AU 11
IQ(X.Y,t; QXY t; 25 \& 9y 9y ox
L dex Yt p) The solution of thenth-order deformation Eq9j for
20yt p) ax m>1leads to
1 (%p(xytip)  °@(xy,t;p) )
2 Ix2at e ' Um(X,Yt) = XmUm-1(X%,y,t) + 27" [Rm(Um-1)].  (10)
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By using Eq.L0) with initial condition given by §) we "
successively obtain sl |7
Ug(X,y,t) = 1—3tankx+y)>?, | g I

ur(x,y,t) = 6htsech(x+ y)2tanh(x +y), -

( soL |n=—00
(

Up(X,y,t) = gﬁtsech(x+y)5

20+

x (—3htcosh{x+y) + htcosi3(x+y)) o
+(1—21R)sinh(x+Y) + (1+ 3A) sinh(3(x+Y))), == 7 Ts 78 o

. . . Fig. 2. The results obtained by the HAM for variods by
Therefore, we can write the series solutions expressed by orger approximate solution, in comparison with thecexa

HAM in the following form solution atx = 0.5 andy = 1.

U(X,y,t) = UO(Xayat) + Ul(X,y,t) + U2(X,y,t) + (11)

To show the efficiency of the method, the HAM solutions
of ZK-BBM equation given by Eq.4) are compared with
the exact solutionsl]

analytical solutions, respectively. Betwedén= 0 and
t =1, it can be seen obviously from this figure that the
choice ofh = —0.1 is a suitable value.
l1-c 1
ueGy.t) = 5 (1 3tanit (m(m-y ct))) : |
(12) 4 Conclusion
Note that auxiliary parameté&rwhich our HAM solution
series contains, provides us with a simply way to arrange  In this paper, we apply the HAM successfully to
and control the convergence of the solution series. Toobtain approximate analytical solution of ZK-BBM
obtain an suitable range fér, we consider the so-called equation. We also see that the HAM solution of the
h-curve to choose a proper valuefoWhich provides that  problem converges very rapidly to the exact one by
the solution series is convergent, as pointed by LBlp [ choosing a suitable auxiliary parameterConsequently,
by discovering the valid region &fwhich correspondsto as it is seen that the HAM is a powerful and efficient
the line segments nearly parallel to the horizontal axis.  technique for finding the approximate analytical solution
of ZK-BBM equation and also many other nonlinear
evolution equations which arise in science and

engineering.
u(0,0,0.1) g 9
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