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1 Introduction 2 Preliminaries

Definition 1.[1] V = (V,+) be an additive abelian group
and(B,+,.,) be a Boolean algebra. The set V is said to
be a “Boolean vector space ov@” (or simply, a ‘B -

In 1964-65, Subrahmanyart,p] introduced the notion ~ Vector spacejif for all x,y € V.and ab € 3,
of Boolean vector spaces and studied the convergence d@-1) a(x+y) = ax+ay,

sequences in these spaces. For details on this aspect ofe2) (8b)x= a(bx) = b(ax);

may refer to B,4,5] and references therein. Fixed point 2.3) Ix=xand

theory of Boolean functions has many applications in the(2-4) if ab =0, then(a+ b)x = ax+ bx.

field of Switching circuits, cryptography, the design of Remark1] The “zero element’ oV and also the “null
circuits and chips for digital computers, electrical element;’ of B are both denoted by “0”, while the
engineering, reliability theory and many others. These“universal element” (= 0) 0B is denoted by 1
applications have often provided motivation for the study '
of the problem in fixed point theory for Boolean valued Example 11] Let 8 be any Boolean algebra akdbe the
functions. In 2011, Rao and Parf [utilized the concept  additive abelian group of the corresponding Boolean ring.
of finite normed Boolean vector spaces and proved som@efine fora € 8 andx € V, ax= the Boolean product af

common fixed point theorems for asymptotically regular andx in 8. ThenV is a Boolean vector space o\@r

maps. Recently, Mishra et ald][proved some common

fixed point theorems using propert.@) (which was  Definition 2.[1] A Boolean vector space V over a
introduced by Aamri and Moutawakil7]) in normed Boolean algebrg is said to be ‘B -normed” (or simply,
Boolean vector spaces. “normed”) if and only if there exists a map.|| : V — B

, _ . such that
In this paper, we prove some common fixed point i ||x|| = 0if and only if x= 0, and

theorems for four self maps in normed Boolean vectorjj) ||ax|| = a||x|| for all a € B and x€ V.

space by using propert¥(A) and its variants. Our results

extend and unify various known results in literature suchLetV be a8 -normed vector space aix V — 3 then
as Ghilzean 3], Rao and Pantd], Mishra et al. ] and  d(x,y) = ||Xx—Y|| defines a Boolean metric &h i.e.,
Rudeanu$]. (i) d(x,y) =0ifand only ifx=y;
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(i) d(x,y) = d(y,x) and (3.4) range of one of the maps,B,S or T is a closed
(iii) d(x,2) < d(x,y) +d(y,2). subspace of V.

Then pairs (A,S) and (B,T) have coincidence point.

Further if (A,S) and (B, T) be weakly compatible pairs of

self maps of V then B8,S and T have a unique common
fixed pointinV.

Definition 3.[8] Two self maps A and S of a Boolean
vector space V are weakly compatible if ASXSAx for
all x at which Ax= Sx.

Prooflf the pair (B, T) satisfies the propertyg(A), then
there exist a sequende} in V such thatBx, — z and
Tx, — zfor somezeV asn — o,
Since,B(V) C S(V), therefore, there exist a sequence
M 00 A%, = liMp 0S¥ = Z {yn} in V such thaBx, = Sy,. Hence Sy, — zasn — .
Also, sinceA(V) C T(V), there exist a sequenée, } inV
forsome = V. such thafl x, = Az, . Hence Az, — zasn — . Suppose
] ) ) . thatS(V) is a closed subspace ¥f Thenz= Sufor some
Clearly, both compatible and noncompatible pairs enjoy,, < /. ThereforeAz — Su Bx, — SU Tx — Su Sy, —
property E.A). Suasn —s oo.

Definition 5.[9] Two pairs of self map$A,S) and (B,T) FinSt we claim thatu =tSU Suppose not, then by (3.2),
on a Boolean vector space V satisfy common propertyf2<€X =Y =X, We ge

Definition 4.[ 7] Self maps A and S of a Boolean vector
space V satisfies the property (E.A) if there exist a
sequencéxy} inV such that

E.A) if there exists two sequenc and inV
guch)that quencee) tyn) d(Au,Bx)) = Y (M(u,Xn)).
lIMn_se0A% = liMn—0S% = lIMp_e TYh = liMnSoBYn = p Asn— o,
for some pe V. d(Au,Su) = ¥(limp-oM(U,Xn))...(3.5)
where

Definition 6.[10] Two pairs of self map$A, S) and (B, T)

on a Boolean vector space V satisfy téCLRsT) _
property ( with respect to mappings S and T there exist M(UXn) = Max d(SuTx), d(SuAu), d(Bx, Tx)}.

two sequences{xp} and {y,} in V such that Asp_ o

=Sz=Tz =maxd(SuSu,d(SuAu),d(SuSu} = d(SuAu).
where ze V. (3.5) gives,

Definition 7.[9] Two finite families of self map$§A }"; A — Wid(A A /

and {Bj}{_; on a set V are pairwise commutinglai‘) d(Au Sy (d(AuSy) < (d(AuSy)

AA; =AjA, T ] E€{1,2,3,....m}, a contradiction, hencéiu = Su As A and S are weakly
(i) BiBj =B;Bi,i,j € {1,2,3,...,n}, compatible. ThereforddSu= SAuand thelPAAu= ASu=
(i) AB; =BjA;, 1 €{1,23,...m},j € {1,2,3,...,n}. SAu= SSu

On the other hand, singgV) C T(V), there exisv €
V such thaAu= Tv. We now show thafl v= Bv. Suppose
. not, then by (3.2), take = u,y = v, we have,
3 Main Results
d(Au,Bv) = ¥ (M(u,v))
Let @ be the set of all continuous functiot4: 8 —
satisfying¥(a) < & forallae . or
d(Tv,Bv) = ¥(M(u,v))...(3.6)
Theorem 1Let AB,S and T be four self maps in normed
Boolean vector space V satisfying: where

53 e ot = s M (1) = maxd(SuTY). d(SuAW.d(BTY)

d(Ax By) = W(M(x,y)) M(u,v) =maxd(Tv,Tv),d(Au,Au),d(By, Tv)}
M(u,v) =d(Bv, Tv).
Thus, (3.6) gives,

where

M(x,y) = max{d(SxTy),d(SxAx),d(By, Ty)}
d(Tv,Bv) = ¥(d(Bu,Tv)) < (d(Bv,TV))
forallx,y e V;
(3.3) pair (A,S) or (B,T) satisfies the property (E.A). a contradiction, henc&v=Tv.
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As B andT are weakly compatible, therefoBT v=
TBvand hence,

BTv=TBv=TTv=BBv

Next we claim thaAu= Au.
Suppose not, then by (3.2), take- Au,y = v, we get

d(AAuBv) = Y (M(Au,v))...(3.7)
where
M(Au,v) = maxd(SAUTV),d(SAUAAU),d(Bv, TV)}
M(Au,v) = max d(AAu Bv),d(AAUAAU),d(Tv,TV)}
M(Au,v) = d(AAu,Bv).
(3.7) gives,
d(AAu Bv) = ¥(d(AAUBV)) < (d(AAUBV))

again a contradiction, hend®Au= Au. Therefore Au=
AAu= SAuandAu is a common fixed point oA andS.
Similarly, we can prove thdvis a common fixed point of
B andT. As Au= By, we conclude thaf\u is a common
fixed point ofA,B,SandT.

The proof is similar wherT (V) is assumed to be a
closed subspace &f. The cases in whic\(V) or B(V)
is a closed subspace dfare similar to the cases in which
T(V) or S(V) respectively, is closed sind&V) C T(V)
andB(V) C §V).

For uniqueness, leti andv are two common fixed
points of AB,S and T. Therefore, by definition,
Au=Bu=Tu=Su=uandAv=Bv=Tv= Sv=v.
Then by (3.2), tak& = uandy = v, we get

d(Au,Bv) = ¥ (M(u,v))

or
d(u,v) = W(M(u,v))...(3.8)

where
M(u,v) = max{d(SuTv),d(SuAu),d(By, Tv)}
M(u,v) = max{d(u,v),d(u,u),d(v,v)}
M (u,v) = d(u, V).
Equation (3.8) gives,
d(u,v) = ¥(d(u,v)) < (d(u,v))’

a contradiction, therefore,= v. HenceA, B, SandT have
a unigue common fixed point M.

TakingB = AandT = Sin Theorem 1, we get following
result:

Corollary 1.Let A and S be two self maps in normed
Boolean vector space V over Boolean algeBrsuch that
(3.9) there exis¥ € @ such that

d(Ax,By) = ¥ (M(x,y))
where

M(x,y) = max d(Sx Sy),d(Sx Ax),d(Ay, Sy }

forallx,y e V;

(3.10) pair (A, S) satisfies the property (E.A)

(3.11) the range of one of the maps A or S is a closed
subspace of V.

Then A and S have a coincidence point in V. Further if
(A,S) be weakly compatible pair of self maps then A and
S have a unique common fixed pointin V.

Now we attempt to drop containment of subspaces by
replacing propertyE.A) by a weaker condition common
property €.A) in Theorem 1.

Theorem 2Let AB,S and T be four self maps in normed
Boolean vector space V satisfying condition (3.2) of
Theorem 1 and

(3.12) pairs (A,S) and (B,T) satisfies the common
property (E.A)

(3.13) S(V) and T(V) are closed subspace of V.

Then pairs (A,S) and (B,T) have coincidence point.
Further if (A,S) and (B, T) be weakly compatible pairs of
self maps of V then B8,S and T have a unique common
fixed pointin V.

Proofln view of (3.12), there exist two sequendes} and
{yn} inV such that

||mn_>ocAXn = |Imn_>w5)h == |imn_>ooTyn = “mn_}ocByn =27

forsomeze V.

SinceS(V) is a closed subset &f, therefore, there exists
a pointu € V such thaz = Su

We claim thatAu = z. Suppose not, then by (3.2), take-

uvy: yn!
d(Au,Byn) = W(M(u,yn))
takingn — oo, we get
d(Au,z) = Y(limpeM(U,Yn))...(3.14)
where
M(u,yn) = max{d(Su Sy,),d(Su Au),d(Ayn, Sy) }

n— o, we get

liMn—eM(U,Yn)

=maxXd(SuSu),d(z Au),d(z,2)} = d(z Au).
(3.14) becomes,

d(Au,z) = W(d(Au,2) < (d(Au,2))’

a contradiction, This give®\u= z

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

184

N SS ¥

S. Manro, A. Tomar: Fixed Point Theorems for Quadruple of Bilps...

Therefore, Au = z = Su which shows thatu is a
coincidence point of the paiA,S). SinceT (V) is also a
closed subset of , therefordimp_,.. Ty = zin T(V) and
hence there exists such thet = z= Au= Su Now, by
taking X = u,y = v in (3.2) we can easily show that
Bv = z ThereforeBv= z= Tv which shows thav is a
coincidence point of the paiB, T).

Since the pairéA, S) and(B, T) are weakly compatible
andAu= SuBv= Ty, therefore,

Az= ASu= SAu= Sz

Bz=BTv=TBv=Tz

Next, we claim thatAz= z Suppose not, then by using
inequality (3.2), takex= zandy = v, we have

d(AzBv) = ¥ (M(z,v))

> d(Azz) =¥ (M(zv))...(3.15)

where
M(z,v) = maxd(SzTv),d(SzA2),d(Bv,TV)}
M(z,v) = maxd(Azz),d(Az Az),d(Bv,Bv)}
M(zv) =d(Azz).
which gives (3.15) as
d(Az2) = W(d(Az2)) < (d(Az2))’

a contradiction. Hencéyz=z= Sz
Similarly, one can prove thaBz= Tz = z Hence,
Az= Bz= Sz= Tz andzis common fixed point oA, B, S

andT. The uniqueness of common fixed point is an easy

consequence of inequality (3.2).

Now we attempt to drop closedness of subspaces by using

weaker conditiodCLRst property in Theorem 2.

Theorem 3Let AB,S and T be four self maps in normed

Boolean vector space V satisfying condition (3.2) of

Theorem 1 and

(3.16) (A,S) and (B, T) satisfy JCLR property.

Then pairs (A,S) and (B,T) have coincidence point.

Further if (A,S) and (B, T) be weakly compatible pairs of

self maps of V then B8,S and T have a unique common
fixed pointin V.

ProofAs the pairs(A,S) and (B, T) satisfy theJCLRst
property, that is, there exists two sequenpeg and{yn}

in X such that

lIMnp S 0AX = liMp 0 Sk

= “mn_}ocTyn = “mn_}ocByn = SZ: TZ

forsomeze V.

Firstly, we assert thahz= Sz Suppose not, then by (3.2),
takex = zandy = y,, we have

d(AZByn) = Y(M(z,yn))

takingn — oo, we get
d(Az S2 = ¥ (limpeM(Z,yn))...(3.17)
where
M(z yn) = maxd(SzTyn),d(SzA2),d(Byn, Tyn) }

n— oo,

liMpseM(Z,yn)
=maxXd(SzS2,d(SzA2),d(SzS2} =d(SzAz.
(3.17) becomes,

d(AzS2 = W(d(Az S2) < (d(AzS2)’

a contradiction,Az = Sz which shows thatz is a
coincidence point of the pafA, S).

Similarly, we can easily prove th&z= Tz by taking
x=Yy=zin (3.2) which shows thatis a coincidence point
of the pair(B, T). Thus, we hav@ z=Bz= Az= Sz

Now, we assume that= T z= Bz= Az= Sz Since the
pairs(A,S) and(B, T) are weakly compatible, this gives,

Au= ASz= SAz= AAz= SSz Su

Bu=BTz=TBz=TTz=BBz=Tu

Finally, we assert thatu= u. Suppose not, again by (3.2),
takingx = u andy = z, we have

d(Au,Bz) = ¥(M(u,2))

> d(Au,u) = ¥(M(u,2))...(3.18)

where
M(u,z) = maXd(SuTz),d(SuAu),d(Bz T2}
M(u,z) = max{d(Au,u),d(Au,Au),d(Bz B2)}
M(u,z) = d(Au,u).
(3.18) gives,
d(Au,u) = W(d(Au,u)) < (d(Au,u))’

a contradiction, again. This givesu = u = Su which
gives,u is common fixed point oA andS. Similarly, by
takingx = zandy = u in (3.2), one can easily prove that
Bu=u=Tu, that isu is common fixed point oB andT.
Thereforeu is common fixed point oA, S,B andT. The
uniqgueness of common fixed point is an easy
consequence of inequality (3.2).

RemarkTheorem 1 and 2 remains true if we replace
condition (3.2) by any one of the following conditions:
(3.19) there exis¥ € @ such that

d(Ax By) = ¥(M(x.y))

where

M(x,y) = maxd(Sx Ty),d(Sx By),d(By, Ty)}
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for all X,y € V. (A1A2...Am,2) (Am,lslSZSpAnﬂ
(3.20) there exis¥ € @ such that (AtAz..Am—2)($/S...S5Am-1Am)
= .= A(SS. . She.. Am)
d(Ax,By) = W(M(x,y)) (5152 .Sp)(A1A2...Am) =
Similarly one can prove thaBT = TB. And hence,

where obviously the pair (A;S) and (B,T) are weakly
M(x,y) = max{d(Sx Ty),d(Ax SX,d(Ty,Ax), compatible.
d(SxBy),d(By, Ty)} forallx,y e V. Using Theorem 1, we conclude thatS B andT have
a unique common fixed point M, sayz. Now, one needs
to prove thakz remains the fixed point of all the component
Example 2(6)Let She a non-empty set arithe class of maps. For this considéx(A;z) = ((A1Az...Am)A))z
all subsets ofS. Then the clasB3(+,.’) = B(U,N,°) = (ArA2...Am 1)(AnAI)Z
defines a Boolean algebra. Al§@,A) defines a Boolean = (A1A2...Am-1)(AiAm)Z
ring whereA represents symmetric difference between= (A1Az...An_2)(Am— 1AiAy)z
two sets. LeV = be the additive abelian group as defined = (A1Az...An-2) (AiAm-1Am)Z
in Example 1. TheV = (V,A) is a Boolean vector space = A1(AA2...Am)z
overB. Let A B,S T be four self-maps oW defined by (AlAi)(Az---Am)Z
Ax=Bx= & andSx= T x= x (identity map) for alx € V (AAL) (A2...Am)zZ
and & is some element ivV. Let ¥ : B — B defined by = A(A1Az...An)Z
W(@) =a—1 for all a € B, where "1’ is the universal =AAz=AZ
element of3. Then, clearly¥’ € ®. Also,S(V) andT (V)  Similarly, one can prove that
are closed subspace \éf

Now there exist sequencés,} and{yn} in V defined A(S2) = & (A2 =Sz,
byxpn=yn=¢& foralln=1,2, ..., such that

Now we give an example to illustrate Theorem 2.

1M e0A% = M _00S% = M e Ty = iMn e By = & S(82) =S(52 =35z
Further, led(x,y) = |[x—y|| forall x,y € V. S(Aiz) = Ai(S = Aiz
Clearly,A,B,SandT satisfies equation (3.2). Thus all the

hypothesis of Theorem 2 are satisfied &ni$ a common B(B;z) = B(B2) = B,z

fixed point ofA,B,SandT.

As an application of Theorem 1, we prove a common B(Tiz) =Ti(B =Tz

fixed point theorem for four finite families of maps. While

proving our result, we utilize Definition 7 which is a T(Tz) =T(T2) =Tz
natural extension of commutativity condition to two finite

families. and

Theorem 4Let{Aq,A2,...,An}, {B1,Bz,...,Bn}, {S1, S,

»Sp} and |, Tp,..., T} be four finite families of self which shows thatfor all i,r,k andt) AizandS.z are other
maps of a normed Boolean vector space V. such thafixed point of the paif A, S) whereas, zandTiz are other
A=AiAy....An, B=B1.By....By, S=5.5.....5 and fixed points of the pai(B,T). As A B,SandT have a

T(Brz) == Br(TZ) = Brz,

T= Tl.Tz ..... Tq satisfy the condition (32) and unique common fixed point' S0, we get
(3.21) A(X) © T(X) (or B(X)  S(X) );
(3.22) the pair(A,S) (or (B, T)) satisfy property (E.A). z=Az=Sz=Bz=Tiz

Then the pairs and have a point of coincidence each.
Moreover finite families of self maps,&B; and Thave ¢ . 411 = 1,2,..mk=12...pr=12..nt=12
a unique common fixed point provided that the pairs of .q T T

;i:n;“els_({fqz} {Sk})kaidl({Br} éT;}l Clog‘m“r:et p_allrvgse which shows thaz is a unique common fixed point of
’q ) 7 s My {A|}| 1,{5(}kp:11 {Br}le and{Tt}?:l'

ProofSince self map&é\ B,S T satisfy all the conditions
of Theorem 1, the pairs and have a point of coincidence.

Also the pairs of familie{A},{&}) and ({B;},{Ti})
commute pairwise, we first show thaS= SAas
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