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Abstract: This article proposes a new synchronization method, called a receding horizon synchronization (RHS) method, for a general
class of chaotic systems. A new linear matrix inequality (LMI) condition on the finite terminal weighting matrix is proposed for chaotic
systems under which non-increasing monotonicity of the optimal cost is guaranteed. It is shown that the proposed terminal inequality
condition guarantees the closed-loop stability of the RHS method for chaotic systems. As an application of the proposed method, the
RHS problem for Chua’s chaotic system is investigated.
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1. Introduction inverse Riccati equation [14,15]. We call this method the
terminal equality condition. Since the requirement for infi-
Synchronization for chaotic dynamic systems has receivedhite terminal weighting is too demanding, studies of finite
much interest among scientists since a scheme to synchréerminal weighting matrices have been made [16-19]. Al-
nize two identical nonlinear chaotic systems was intro-though there are many advantages of RHC, to the best of
duced in [1]. It has been widely investigated in severalour knowledge, the RHC based synchronization method
fields including chemical, physical, and ecological systemgor chaotic systems has not been established in the litera-
[2]. Inthe literature, several synchronization schemes, suckure so far. This situation motivates our investigation.
as OGY method [3], variable structure control [4], param-  In this paper, a new synchronization method based on
eters adaptive control [5,6], observer-based control [7]the receding horizon control is proposed for chaotic sys-
active control [8,9], time-delay feedback approach [10],tems. This method is called a receding horizon synchro-
backstepping design technique [11, 12], complete synchronization (RHS) method. First, we propose a new linear
nization [13], have been applied to the chaos synchronizamatrix inequality (LMI) condition on the finite terminal
tion successfully. weighting matrix of the receding horizon cost function.
Receding horizon control (RHC) scheme has been widépder this condition, non-increasing monotonicity of the
studied as an excellent feedback strategy [14-19]. RH®ptimal cost is shown to be guaranteed. Based on this LMI
has made an important impact on industrial controls andcondition, we propose the RHS method for chaotic sys-
is being increasingly applied in process controls. Varioustems which guarantees the closed-loop asymptotic stabil-
advantages are known for RHC, including the ability to ity of the synchronization error system. We present a nu-
handle time-varying and nonlinear systems, input/outputmerical example to illustrate the effectiveness of the pro-
constraint, uncertainty, and so on. The first method to guarposed synchronization method.
antee the stability of the RHC is to impose an infinite ter-  This paper is organized as follows. In Section 2, we
minal weighting. It is known that this method is equiv- formulate the problem. In Section 3, an LMI condition for
alent to setting a zero terminal weighting matrix for the non-increasing monotonicity of the optimal cost is pro-
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posed. In Section 4, a new RHS method for chaotic sys-3. Monotonicity of the Optimal Cost
tems is proposed. In Section 5, a numerical example is

given, and finally, conclusions are presented in Section 6.!n this section, we obtain a new LMI condition for the fi-
nite terminal weighting matrix); under which the non-

increasing cost monotonicity is guaranteed.

2. Problem Formulation Theorem 1Assume that there exisf = X7 > 0 and
Y € R™*" such that

Consider a class of chaotic systems described by the fol 1,1 x YT X B

lowing nonlinear differential equation:

X -Q0' 0 0 0
. Yy o0 -R' 0 0
t) = Ax(t) + Bf(z(t 1 <0, )
&(t) = Ax(t) + Bf(x(t)) 1) X 0 0 —LIo0
wherez(t) € R" is the state vectorf(z(t)) € R" is a BT 0 0 o _1

nonlinear function vector satisfying the global Lipschitz

condition with Lipschitz constant; > 0, A € R™»  where[l,1] = (AX + CY) + (AX + CY)". Then, the
and B € R™™ are known constant matrices. The sys- optimal cost/*(e(r), 7, o) satisfies the following relation:
tem (1) is considered as a drive system. The synchronizag j*(¢(r), 7, o)

tion problem of system (1) is considered using the drive-T <0, T<o. (6)
response configuration. According to the drive-responsei: . w1

concept, the controlled response system is given by urthermore,Q is given byQ)y = X

. 0J7(e(1),m0) gatisfi i -
A(6) = A=(t) + BF(=()) + Cu(t) ) Proof: S satisfies the following relation:
oJ*
wherez(t) € R™ andu(t) € R™ are the state vector M
and the control input of the controlled response system, ‘71
respectively, and” € R™ ™ is a known constant ma- = lim —{J*(e(7), 7,0 + A) — J*(e(7),7,0)}
trix. In fact, the matrix C is chosen arbitrarily. In this pa- A-0 A
per, we design a feedback control inpuft) via the RHC BT ‘or T
scheme. In order to design the feedback control imgftit, =i A i [ex (0)Qen (8) + uy (8) R ()]t

we need information on states of drive and response sys-
tems. Thus, the control inpuf(t) in (2) depends on states +J*(e1(0), 0,0 + A) - / [e5 (1) Qea(t)

o

of drive and response systems. Define the synchronization T
errore(t) = z(t) — x(t). Then we obtain the synchroniza- T 0 Ruo ()di — o 7
Sor Crtor systom +uf (1) Rua(0)}dt — ¢ (0)Qpealo) 7)

e(t) = Ae(t) + B(F(z(1) — F(z(t) + Cu(t). (3 whereu, (t) andus (t) are the optimal controls to minimize
) ) SIS ) ®. @ J(e(r), 7,0 + A) andJ(e(r), T, 0), respectively. lfu; (-)
For the design of the RHS controller, the following finite is replaced byis(-) up too andu; () = Kes(t) fort > o,
horizon cost is associated with the synchronization errotthen

system (3): aJ*(e(r), 7, 0)
(e(to) ) tl[T() (t) + ™ (1) Ru(t)] o
J(e(tg), to, t1 :/ e’ (t)Qe(t) +u” (t)Ru(t)]dt 1 o
to < ilinoA{ / [e3 (t)Qex(t) + uj (t) Rua(t))dt
Tt t 4 i
+e ( 1)Qf€( 1)7 ( ) +J(€2(U)7U’U+A)

wherety > 0 is the initial time,t; is the final timeQ > 0, . - -
R > 0,andQ; = Q¥ > 0. The optimal control min- —/ ez (1)Qea(t) + uy (1) Rua(t)]dt — eg (U)Qf€2(0)}
imizing the cost function (4) and the corresponding opti- T A
mal cost will be denoted by*(t), (tp < t < t;),and _ .. 1 [ [77% ¢ T 7T
J*(e(to), to, t1), respectively. The RHS controller is then ilglo Al S, [e2 (t)Qea(t) + ez (T REea(t)]dt

obtained by minimizing the cost function (4) with the ini-

tial time t, and the terminal time; replaced by the current  + €3 (o + A)Qrea(o + A) — eg(U)QfBQ(U)}
timet and the future time+ 7', respectively, wher@& > 0

is a constant. The stability of the proposed RHS controller = €3 (0)Qza(0) + €3 () KT RKea (o)
depends on the choice of the terminal weighting matrix g

Q;. In this paper, we show that the RHS controller with + - —{e (7)@yex(0)}

the cost function (4) guarantees the asymptotic stability T T

under an LMI condition on the finite terminal weighting ~ ©2 (0)Qw2(0) + €3 (0) K~ REex(0)

matrix Q ;. + ¢ (0)Qrea(o) + eX (0)Qpéa(0). )
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By using (3), it can be shown that

oJ* (6(87), T,0)

< el(0)Qez(0) + el (0) KT RKes(0)

+e3 (0)Qf[Aea(0) + B(f(22(0)) = f(x2(0)))

+ CKes(0)] + [Aez(0) + B(f(22(0)) — f(w2(0)))

+CKea(0)]" Qpea(o)

= ¢3 (0)Qea(0) + e3 (0) KT RKea(0) + 3 (0)[Qs A

+QfCK + KTCTQs + ATQylea(0)

+ €35 (0)QsB(f(22(0)) — f(w2(0)))
(

+ (f(22(0) = f(z2(0)))" BT Qgea(0). (9)

If we use the inequalitX 7Y +Y7TX < XTAX+YTA-Y,

which is valid for any matricex’ € R"*™,Y € R™*"™,
A= AT >0,A € R, we have

€3 (0)QsB(f(22(0)) — f(w2(0)))
+ (f(22(0)) = f(22(0)))" BT Qyez(0)
< e5(0)QfBB  Qrea(o

)
N (f(22(0)) = f(a2(0)))

(
)

+ (f(22(0)) = f(2a(o
) Hea(0). (10)

)
<el(0)QsBBTQ; + L
Using (10), we have

oJ*(e(r),1,0)
Oo
<el(0)[Q+ KTRK + QA+ Q;CK + KTCTQ;

+ ATQs + QBB Qg + L] ex(0). (11)
If the following matrix inequality is satisfied:
Q+K"RK +Q;A+QCK + KTC"TQy
+ATQs + QBB Qs + L} <0, (12)

it is clear that

% < 0. From Schur complement,
the negative semi-definite of (12) is equivalent to

(1L,1) I KT I QB
I -Q7* 0 0 0
K 0 —R' 0 0 | <o (13)
I 0 0 -&1 0 |
f
BTQ; 0 0 0 I

where (1,1) = Qf(A + CK) + (A + CK)TQy. Pre-
and post-multiplying (13) bytiag(Q;*, I, 1,1, 1) and in-
troducing change of variables suchis= Q;l andY =
KQ;!
completes the proof. |

In the following theorem, it will be shown that the
monotonicity of the optimal cost holds for all subsequent 5.7 (e(t+u),t4+4,0)

times if it holds once.

, (13) is equivalently changed into the LMI (5). This

Theorem 2If W < 0 for somer’, then
7‘9‘]*(6(51;)’7”"’) < 0wherer’ < 7" < o.

dJ" (e(r'),m’,0)
do

Proof: satisfies the following relation:

aJ*(e(r'), ', 0)
30

A G
N kglo A{ /T, lex (¢
!

— [ Qe+ () Rus(oat

— J*(eg(T"),T",U)}, (14)

wherew; (t) anduy(t) are the optimal controls to mini-
mize J(e(7'), 7,0 + A) andJ(e(7'), 7/, o), respectively.
If us(-) is replaced byu (-) up tor”, then we have

oJ*(e(r"), 7', 0)

do
> - * 1Zi _ * 1" 2
XLHOA{J (e ( ),T yo+A)—=J (er ("), T 70)}
oJ*(er(r"), 7", o)
= . 15
- (15)
%{W < Oimplies%;)””’") < 0. This com-
pletes the proof. i

4. Closed-loop Stability of Receding Horizon
Synchronization Controller

The RHS controller is obtained by replacitigandt; by ¢
andt+T, respectively, wher& denotes the horizon length
satisfyingd < T' < co. The stability of the RHS controller
is given in the following theorem:

Theorem 3If W < 0, the synchroniza-

o=t+T
tion error system (3) with the RHS controller is asymptot-
ically stable.

Proof: J*(e(t),t,t + T) is given by
J*(e(t),t,t +T)

t+p
- / €T ()Qe (1) +
+ J (e(t+p), t +p,t+T).

uw*T (t) Ru* (t)]dt
(16)

According to Theorem 227-(4(1:1.7)
o=t+T

< 0 implies

< 0forany0 < pu < T. Hence,

Jdo

o=t+T
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we have where
[-10.69 10 0
J*(e(t), t,t +T) A= 1 -1 1 ,
t+p 0 —15-0.0385
*T * *T * -

> /t [ (t)Qe* (t) + u*" (t)Ru*(t)]dt 05900

F T e(t+ p),t+ pt+ T + p), 17) B= 8 88 ;
which means thaf* (e(t), t,t + T') is strictly decreasing. 51 () + 1] = [ (1) — 1))
Therefore, J*(e(t),t,t + T) — ¢ > 0 ast — oo. Fur- fla(t)) = 0
thermore, from (17), it is clear thdf“[e*T(t)Qe*(t) + L 0

w*T(t)Ru*(t)]dt — 0 ast — oo. Finally,e(t) — 0 and  For the numerical simulation, we use the following param-

u(t) — 0 ast — oo. This completes the proof. I eters:
1 100
This result states that the non-increasing monotonicity Ly=1, C=|1|, Q= (010},
of the optimal cost is a sufficient condition for the stability 0 001

of the RHS controller. Based on Theorem 1, we obtain the Re1l T—05
following result on the stability of the RHS controller with - -
the finite terminal weighting matrig) ;. whereL; = 1 is obtained from the relatioftf (z(t))| <
[lz(®)|]- In this simulation, we us& = 0.5. If T" is a big

. ) L positive constant, the computational burden to obtain the
Corollary 1. Assume that the finite terminal weighting ma- s controller may increase very much. In this case, we
trix Qy in (4) satisfies the LMI condition (5). Then, the neeq 1o use the high performance hardware for the imple-
synchronization error system (3) with the RHS controller ,antation of the proposed RHS controller. Applying The-

is asymptotically stable. orem 1 to the Chua’s chaotic system (19) yields
Proof: The existence of) ; satisfying the LMI condition X — 888;? 883% 88232 ’
(5) guarantee§’(4lt).1.0) < 0. Thus, the closed- 0.0323 0.0332 0.2377

loop stability follows from %htgoTrem 3. This completes the Y= [0'0470 —0.3578 0~0543] .

proof. 1 In this section, in order to solve the LMI feasibility prob-
lem in Theorem 1, we utilized MATLAB LMI Control
Toolbox [20], which implements state-of-the-art interior-
point algorithms. Figure 1 shows state trajectories when

5. Numerical Example the initial states are given by

22(0) | = 3.1, |2(0)]| =] 1.2
In this section, to verify and demonstrate the effectiveness 23(0) 2.5 23(0) —1.1

of the proposed method, we discuss the simulation resulfrom this figure, it can be seen that drive and response

for synchronizing Chua's chaotic system. Consider the fol-systems are indeed achieving chaos synchronization. Fig-

lowing Chua’s chaotic system: ure 2 shows that the proposed RHS method guarantees the
asymptotic stability of the synchronization error system.

jfl(t) = —10$1(t) + 10$2(t) + l:— 069.T1(t)
6. Conclusion

0.59
D) (Jz1(8) + 1] = fara (¢) — 1|)} ’ In this paper, we have proposed the RHS controller, which
. _ is a new synchronization controller, for chaotic systems. A
?Q(t) = a1(t) — () + 23(1), (18) " hew LMI condition on the finite terminal weighting ma-
3(t) = —15z2(t) — 0.0385z3(1). trix was proposed, which guaranteed the monotonicity of
the optimal cost. Under this condition, it was shown that
The Chua’s chaotic system (18) is rewritten as the asymptotic stability of the RHS method is guaranteed.
Furthermore, the synchronization for the Chua’s chaotic
) system was given to demonstrate the effectiveness of the
i(t) = Ax(t) + Bf(x(t)), (19)  proposed synchronization method.
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Figure 2 Synchronization errors
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