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Abstract: The Jacobi pseudo-spectral method for the Volterra del@gin-differential equations of the second kind is proplase
this paper. We provide a rigorous error analysis for the @seg method, which indicates that the numerical error31ém.§%/3-norm

and theL.”-norm ) will decay exponentially provided that the sourcediion is sufficiently smooth. Numerical examples are gite@en
illustrate the theoretical results.
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1 Introduction type approach, as will be performed in this work, it is
natural to put the approximation scheme under the general
In this paper, we consider the Volterra delay integro-diffe Jacobi-Galerkin type framework. As demonstrated in the
rential equations of the form recent book of Shen etcl], there is a unified theory
" with Jacobi polynomials to approximate numerical
y’ (x) = a(x)y(x) + b(x)y(gx) + c(x) +/ Ki(x,Q)y()dZ solutions for differential and integral equations. It is@l
o 0 rather straightforward to derive the pseudo-spectral
+/ Kao(x,0)y(d)dd, 0<x<T. method from the corresponding continuous version. The
0 (1.1) relevant convergence theories under the unified
' framework, as will be seen from Sects. 4, are cleaner and

with the given initial conditiony(0) = yo, where the more reasonable than those obtainedii [

unknown function  y(x) is defined in . ! . )
0<x<T<o, 0<q<1. ax),b(x),c(x) are three given The purpose of this work is to provide numerical
functions andl (x, s), Ko(x,s) are two given kernels. methods for the Volterra delay integro-differential

Equations of this type arise in scientific fields such aséduations
physics, biology, ecology, control theory and so on. Duebased on pseudo—spectral mgthods._SpectraI methpds are a
to the wide application of these equations, they must beclass of techniques used in applied mathematics and
solved successfully with efficient numerical methods. Forscientific computing to numerically solve certain partial
these problems, many numerical approaches can béifferential equations (PDEs) (see e.@}([2].[3])and the
applied directly, such as collocation methods, which havereferences therein), often involving the use of the Fast
been provided [[0-[11]], Sine-collocation method see, Fourier Transform. Where app.hcable,' spectral methods
e.g., [L3 and references therein. But the main approachhave excellent error properties, with the so-called
used there is the spectral-collocation method which is'€xponential convergence” being the fastest possible.
similar to a finite-difference approach. Consequently, the  The paper is organized as follows. In Section 2, we
corresponding error analysis is more tedious as it does ndahtroduce the Jacobi pseudo-spectral approaches for the
fitin a unified framework. However, with a finite-element \olterra delay integro-differential equations (1.1). Som
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preliminaries and useful lemmas are provided in Sectlorﬂaﬁ( ),Jf’ﬁ(t),--- ,J,‘\’,”B(t) are the basis functions of
3. In Section 4, the convergence analysis is given. We@N( ).

prove the error estimates in tlhé, ;-horm andL”-norm. Next, we denote the collocation points Hy}l o
Numerical experiments are carried out in Section 5, whichwhich is the set of (N+1) Jacobi Gauss point. We also
will be used to verify the theoretical results obtained in define  the  Jacobi  interpolating  polynomial
Section 4. The final section contains conclusions. I Pye PN(N), satisfying

18Py(t) = v(t), 0<i<N.

2 Jacobi pseudo-spectral method It can be written as an expression of the form

In this section, we formulate the Jacobi pseudo-spectral u N

schemes for problem (1.1). For this purpose, Let IN’ﬁv(t) = ZﬁV(ti)H(t) (2.3)
Wep=(1- 1) (141)P be a weight function in the usual i=

sense, fora,B > —1.3" ( ), k=0,1,---, denote the whereF(t) is the Lagrange interpolation basis function
Jacobi polynomials. The set of Jacobl polynomials associated with the Jacobi collocation pm{r@

{Jgﬁ}kio forms a completel2, ( 1,1)-orthogonal Now we describe the Jacobi pseudo- spectral Galerkin
systemi P method For - this purpose,set
For the sake of applying the theory of orthogonal S = s(t,0) = + + 6, A = AE) =

polynomials, we make the linear transformations (45~ <t+l> -1+ (”1)9 6 e[ ,1]. We define that
x =10 7 T09 5 TA) Then the problem
2 L t+1
(1.1) bécomes / / —5-)u(s(t, ©))de, (2.4)

u/<t>t=~<t> <> N() (qt+q1 1)+t) - B P
-1

-1<t< 1 . t
(AU)(t) = / Ry(t,9)u(s)ds
where - {41 - (2.6)
T o = [ (G Kalt.stt,0)ulsit. 0))ae.
u(t) = y(5(1+1), &1) = za(z(1+1)), -
b(t) - }(2 (1+0), €)= (5 (1+1)), Au) = [ Kaltgu(sys 27
1 .
< T T T -/ LRt sit, 8))u(s(t, 8))d6
Ki(t,s) = ?Kl(ér(l—kt) ET( s)), | (5)Ka(ts(t, 0))u(s(t, 9))
2 o t qt+9-1
Ka(t,n) = 5 Ka(5(1+1), 5(1+n)). AN(t) =q 3 (qs+q_1)ds:/l u(A)dA
Before using pseudo-spectral methods, we need to restate — /1 qt+1) u(A(t,0))de
problem (2.1). The usual way to deal with the original -1 2
problem is: writing v(t) = U (t),w(t) = u(qt +q — 1), (2.8)
(2.1) is equivalent to a linear Volterra integral equationsand
of the second kind with respect tov, w. 1 t
t ///uo—q/ b()(qs+q 1)ds .
_ 2.9
h=yo+ [, vis _/ at Ju(A (t,8))d6
at+q-1
w(t) = 0+q/ v(gs+q—1)ds= yo+/ VA,
Using (N +1)-point Gauss-Jacobi quadrature formula with
v(t) = +/ (Ka(t,9)u(s) +a(t)v(s) + Ka(t, s)w(s))ds weightw, g to approximate (2.4)-(2.9) yields
+q/ b(t)v(gs+q—1)ds. N 41
(22)  Au(t) =.Anut) = ZO(T)U(S(L 6)))w_a p(6))wj,
where 1=
Ka(t,) = gRa(t,gs+q—1).g(t) = yo(&(t) +b(t)) + &(t). e (210
Now, letN be any positive integer an@n(A) be the 7ty ~ Zzu(t) := Z)( “; YA U(S(t, ) w_g _p(6;)wj
set of all algebraic polynomials of degree at mokt =
Obviously, the Jacobi polynomials (2.11)
(@© 2015 NSP
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//7%() ~ () :
PAes )Ry, s(t,6)u(sit, 8)) 0 a_p(8))
N B (2.12)
//ZL’L( )~ ANu(t)
-3 (Rt 8)u(s(t, )00 05 (6))
(2.13)
A ~ M) = S q(t;n (M(L.6)) @, p(6) ) (214
and )
1 T - S ME(I)U(/\(t,ej)>w—a,—5(ej>wi (2.15)

AU(t) = AU =
u(t) u(t) ]ZD

where{@,} " oare the (N + 1)-degree Jacobi-Gauss points

associated witfwy, g, and{w,} ', are the corresponding
instead of the
continuous inner product, the discrete inner product will

Jacobi weights. On the other hand,

be implemented by the following equality,

N
- JZﬁu(@,)v(@, ) (2.16)
As aresult,
(UV)a, 5 = (UV)N, If UvE Pon(A).
By the definition ofiS*, we have
(V) = (13Pu,v). (2.17)

The Jacobi pseudo-spectral Galerkin method is to find

N N
Un(t) = jgoﬁjaf’ﬁ(t), N (t) = J;VJJ?*B (t),

wh(t) = 3N oW J" Pltye 2nn),

such that

(Un,V1)N = (Yo + AZNVN, V1N
(WN, V2)N = (Yo + A4VN; V2)N
(WN, V3)N = (9(t) + ANUN + 4 NN
NN + AN V3N
YWV1,Vo,V3 € <QZN(/\).

(2.18)

where{Uj}’j\‘:O, {vJ} 0and{wj} ", are determined by

N N
zo{(‘]w-Jn’B)N}U' - ;(”WNJ’G"B-JF’B)NV] = (y0, 9" )n
= =

720 //1JHBJGB ij+zb{ D’BJD’B)N}WJ (Yo, " B)n

723 (P 3P Nu,+zJ

*Zg (NI 3Py = (1), 3 ).
2

(2.19)

A2 NI P 3PN

Denoting
X = [G07G17 e ,UN,VO,VL e 7VN7W07W17 e 7WN]T1 (219)
yields a equation of the matrix form

AX = g, (2.20)

where
0<i<N,
N+1<i<2N+1,
2N+2<i<3N+2.

(YO, )N,
an() =13 (0,38 n,

(9(t), 355 2,

(7P 37P)N, 0<i<N,O< | <N,
0,N+1<i<2N+10<j<N,
(MNP IR N,

IN+2<i <3N+20§J§Nv
(///NJJ VAl

(///,&JJ O, ,
N+1<i<2N+1, NFisi=a+d,

(‘]Jq;ﬁ ('//N'i_'//N) j— N 17‘]| gN 2N,
2N+2§|§3N+2 N+1<j<2N+1,
0,0<i<N/2N+2<j<3N+2
B B
(JJG 2N— 2vJ| N-1N>
N+1<|<2N+1 2N+2<j<3N+2,
(///NJJ 2N-— 2vJ| gN 2N
IN+2<i<3N+22N+2<j<3N+2

3 Some useful lemmas

We first introduce some Hilbert spaces. For simplicity,
denotedv(t) = (d/6)v(t), etc. For a nonnegative integer
m, define

HE, 5 (—1,1) = {v: av(t) e Lo, (—11), 0<k<m},

with the semi-norm and the norm as
m

T _ k 2 1

Mz, , = 18Oz, o IMim= (3 IAVOI, )2

respectively. It is convenient sometime to introduce the
semi-norms

m 1

|V|HmN o = ( |‘9th('[)||_§,”(/\))2~

ap k=MiN(mN-+1)

For bounding some approximation error of Jacobi

polynomials, we need the following
nonuniformly-weighted Sobolev spaces:
HY (LD = {vigvt eld, (-11), 0<k<m},

equipped with the inner product and the norm as

(V7 V) m,

m
k k
(U,V)m7* = z (0t U,ﬁt V)wq+kTB+k7 |
k=0
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Next, we define the orthogonal projection where||- || is the norm of the spack®([—1,1]), and
Py L2(A) — PN(N) as when the functiorv € C([—1,1]). Actually,Ty is a linear
operator fronC"*([—1,1]) to Pn.
(U=RwWUY) =0, We PNA). We will need the fact thatZ,which be defined by (2.6),
Py possesses the following approximation properties'S compactas an operator frdi[—1,1]) to C¥*([-1,1])
((5.4.11), (5.4.12) and (5.4.24) on pp. 283-287 in Ref.forany 0<k <1.(seel8].)

. Lemma 3.4 Let 0 < k < 1. then, for any functiow €
([e):
lu— Pl 20 < N ~"||ul[ymn, (3.1) C(]—1,1]),there exists a positive constant C such that
and AN ) — V(L
lu— Pl < SNE)[u]|me (3.2) LAVE) 0l <c max |v(t)|.

[t/ —t"|K —1<t<1
We have the following optimal error estimate for the .
interpolation polynomials based on the Jacobi Gauss Proof. We only need to prove that# is Holder

points(cf.[L7)). continuous. For art;t” € [—1,1] andt’ #t”,
Lemma 3.1 For any function v satisfying B B - B
veHp .(=11), wehave M/v(ltt'):tﬁiva”)l _ L K1V<9>d9*‘{§j,ﬁi<t’*t”>V<9>d9>\ < max v
V=1Vl (1) < NIV 2 . (33)  Thisimplies that
@q.8 Dg+mB+m
for the Jacobi Gauss points and Jacobi Gauss-Radau |#V]jox <C|V||L», 0< kK < 1. (3.7)
points.

Lemma3.2Ifve Hg;ﬁ’*(—l, 1), forsomem>1and  Clearly,.#,.#*, .7, .7 and. also satisfy (3.7).

@€ Pn(A), then for the Jacobi Gauss and Jacobi Gauss- 10 Prove the error estimate, we will apply the standard
Radau integration we have(ct]) Gronwall Lemma. We call such a function= v(t) locally

integrable on the interva-1, 1] if for eacht € [—1,1], its

. 1 . g
(Vi @)y —(V@OIN| < [lV— 'S’BVHLEJ ol 2, Lebesgue integrg”; v(s)dsis finite. .
miam a.p ap (3.4) Lemma 3.5 Suppose that(t),w.(t) are nonnegative
< cN~M| g V|‘L§,a+mﬁ+m||¢||L§,aﬁ' and

t
We have the following result on the Lebesgue constant for v(t) < w. () +C/,1V(S)ds’ tel-11]

the Lagrange interpolation polynomials associated With.l.hen
the zeros of the Jacobi polynomials; (&f7]).

Lemma 3.3 Let {F; (t)}’j“:0 be the N-th Lagrange
interpolation polynomials associated with the Gauss, or
Gauss-Radau, or Gauss-Lobatto points of the Jacobi

t
v(t) gw*(t)+6/71w*(s)ds, te[-1,1].

polynomials. Then Due to Lemma 3.5, we have the following Lemma.
Lemma 3.6 Suppose thaE(t),H(t) are nonnegative
P e = max 36| F(t)] and 0<q <1,
te[—1,1]
t +g-1
_ { clogN —1<a,B < —%, (35) E(t) gH(t)+cl/ E(s)ds+(:2/Qt ! E(s)ds, te[-1,1]
= 1 . -1 -1
cNYTZ y=maxa,),otherwise.
Then

We now introduce some notation. For 0 andk € [0, 1], ;
C"¥([—1,1])will denote the space of functions whos¢h E(t) <H(t) +C/ H(s)ds, te[-1,1].
derivatives are Holder continuous with exponext -1
endowed with the usual norm|| - ||(x. When Proof. Obviousl
K = 0,C"%([-1,1]) denotes the space of functions with ' Y.
continuous derivatives on [-1, 1], also denoted by at+g-1 t
C'([-1,1)), and with norm| - || /1 E(6)d6 < /1E(9)d9

We will make use of a result of Ragozin7{[[8]),
which states that,for each nonnegative integeand  which implies that
K € [0,1], there exists a constaf x > 0 such that for
any functionv € C"¢([—1,1)), there exists a polynomial t
functiontuv e s such that B <HO + @+ [ Elgds

[Iv—tnV| e < Cr’KN‘(“’K) V]| k- (3.6) This leads to desired result with the help of Lemma 3.5.
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In our analysis, we will need the following estimate where
for the Lagrange interpolation associated with the Jacobi

Gaussian collocation points. AINVN = AN — (AN — ANN) = AN — Q(1),
Lemma 3.7 For every bounded function there exists _
a constant C independentw$uch that with
ap N Tt4+1
[N V()| =] Z}|V(tJ)Fj(t)|HL°° Q(t) = AN — ANWN =/_ (——)wn(s(t,8))d6
i= N
1 =5 (st )00 p(8
<{Clogl\ll|v||Loo “1<a,p<-3, % i)W —p(6))w
cNY*2||v||L=, y= max a, ), otherwise. t+1
2||VHL , Y X( 7B)7 Wi (( 5 )(A) a,—B> VN( (t )))wa,ﬂ
whereF;(t) is the Lagrange interpolation basis function —((t+1)w w(s(t, "))
associated with the Jacobi collocation poifttg |L, 2 /e B NN
Proof. It is obvious that 1) (4.2)
_|_
Qut) = (T w0 g WAL))ay

N
1 Pvt) |- = || zo|v<t,->Fj (t)]]|=

—( 2 w—Oh—EﬂVN()‘ (t )N,

S max %W DIF O] < max ZO“:J DIV in which (-,-)«, , represents the continuous inner product
with respect tof, and(-,-)n is the corresponding discrete
By the Lemma 3.3, we obtain the desired result. inner product defined by the Gauss-Jacobi quadrature

Lemma 3.8 For every bounded function there exists  formula. Similar to (4.2),we have that
a constant C independentw$uch that
%NVN = %VN — (]VN —%NVN) = %VN - G(t)a
IPvOllz < clvile,
(o] .
with
whereF;(t) is the Lagrange interpolation basis function

associated with the Jacobi collocation poiﬁ@»’j":o. T — T _/1 t+1 s(t.8))d6
Proof. It is obvious that Qt) =-Aw NVN 1( 2 Ja(t)v(s(t, 0))

N t+1
8By _/ (19By)200 Bt _Zo (S(t, 6))) g, (6)) wj
) zovz e < v g“ﬂ- = Yol ) “z’a“)‘“ @ Nl oy
- = —((5r)at)w-a, g Wn(S(t, )N,
whereyo = co(Jg P, 38F) w, - AS @ consequence, (4.3)
’ = o qt+1)~
sxq“gﬁv(t)u%ﬁ < C|V|L=, Qu(t) = (q(Hz-l) bt)w_q,—g, WA (L)) 5
) - 76 —ao,—fB> A )" .
with C = /16. (F5—b)@-q, g, WAL )N
AMnUN = M UN — (M Uy — M) = AUy~ Q(D),

4 Convergence for Jacobi pseudo-spectral with
method

~ —~ — Lt+1 -
As I,f,’ P is the interpolation operator which is based on the Q) = AUy = AUn = /_1( 2 JKa(t,S(t,6))un(6)d8
(N + 1)-degree Jacobi-Gauss points with weightg, N t+1
terms of (2.16) and (2.17), the pseudo-spectral Galerkm %( 2 JK1(t, 6))w_q, 5 (6))un(S(t, 6)))w)
solutionuy, v, Wy Satisfies 1=

t+1
(UN, V), 5 — (NP i V) g = (1 ﬁ‘ yO,Vl)waﬁ’ - {(t(+ ol ) 0l g
(WN,Vz)waB (I ”ﬁ%NvN,vz)waB (Iy' y07V2)wa[;a —((—— > JKa(t,S(t, ) w_q—p(-), Un(S(t, )N,
(WN — |N (ANUN + A NN+ AW "'///NVN) V3)ay and (4.4)
= (1§Pg(0).v 3) w0y 5> V1, V2,V3 € PN(A).

(4.1) /Z/EWN Z/Z/\WN—(L/Z/\WN—/ZZRWN)ZL/Z/\WN—Q\(U,

(@© 2015 NSP
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with Suppose N that
1t41 max{|Ki(t,s)],|Kz(t,s)],]at)|,|b(t)|,1} < L. It is clear
Q) = Ay — A = | (SRt 0)wn ()08 that from (2.4)-(2.9)
N t—|—1 t
_20 Ko (t,s(t, 8)))wi(s(t, 6))) w_g () wj O :/ N(S)dsH18E auy — iy,
1
t+1 . a+a-1
= (5 Kat,S(t, )6 W(S(E, ) e g = [ i (ds I
t+1 t .
(IRt S D) 6ap W(S(E ) Uy = / (Rt ) +AOM) +Ralt (3
(4.5)
The combination of (4.1)-(4.5) yields +/ N(S)ds+ I’ P aty —///uNJrIN AN
(0 15000 W) = (Y0 ) . —///VN+|N’B///WN—///VT/N+|N7B/// Uy — .
(W + 1y Q1(>7I§‘W/1VN Vz) :(|N Yo:V2)w, g0
( -+ 157 Q) — 1. u which yields
+HPQM) —1 val""Q()fl,ﬂ-B/?wN

+l“*ﬁ6<>—l P W sy, 5 = (5P 9(0),V8) e 5 N _ _ o . N
v e Hoa (IUN|+IVNI+IWNI)Scl/1(|UN(S)I+|VN|+IWN(S)I)dS

which gives rise to -

at-+a-1 6
+c/ Un(S)| =+ ||+ [Wn(S)])ds+ Iil.
i+ 19BQ) 198 g = 108 yO’ 2/ ([Un(S)]+ [N+ [Wn(S)]) I;I il
WN+|N;Q1<)—|2‘*//11VN—LN Yo, )
W+ 1P — 1 Aoty Q) (46)  Wwhere ap 1o
—|“B///VN+I BQ() SN :1,8_/2] J/iVNJ/;u%;/N’ i_|I vB/Zf/ \/N—_ﬁvml’I3 _
‘HGBQJ_()_INB'/ZVN_IGBQ() N N,14 = N N,15 =

’B///WN — ///WN,le = IN’B/// UN — /// Un. Using
By the discussion above, (2.18), (4.1) and (4.6) afeLemmaSGIeads to

equivalent.
We first consider an auxiliary problem. We want to find
U\N,VN,V/\?NEgZN(/\) such that (‘U |+‘VN|+‘WN| <C/ Z|Il| dS+Z|II|<CZH|]HL .
(On, V)N — (//lvlr\i,vl)N = (Yo, V)N, This gives,
(W, V2)n — (27" Vn, V2N = (y07V2%N @7
(VN—// ]VN—%WN—] VN,Vg)N ' . . N 6 _
=(g(t),v )N,Vvl,vz,v3€32N( ) |||UN|+|VN|+|WN|HL°°SCZJ“J”L“- (4.9)

where ///,%,/ZZ and .7 are the integral operators
defined in Sect 2, and, )y is still the discrete inner
product based on the (N +1)-degree Jacobi-Gauss point

In terms of the definition ofﬁ’ﬁ, (4.7) can be written as

We now estimatg|lj||.=, ] = 1,2,3,4,5,6. By virtue of
§3.6),(3.7) and Lemma 3.7, we obtain that

g quw M= = | (1 =18 P). A O =

Oy 15 2. = Yo, — 1529 =y, = 10 = 17 (A O~ T AT -

O — Iy A — I P =10 A (4.8) <1:II|I 7|\||||L\Iw)l|///uN—rN//1/uNHLw .

137 = 18P gt) < [SCIOONN lnle, —1<af<-3
< Nz~ K| |On||L=, Y= maxXa,f3),otherwise

Whenyp = g = 0, (4.8) can be written as

This inequality also holds fd, j=1,24,5,6.

B
{ O 20 = 0, I 200 = These, together with (4.9), give

VNleB%/UNleB%/VNleB//W 7I v Un =0,

In terms of the fact that clogNN~= [ |G| + [Un| 4 [WN ][,
-1< Cf7ﬁ < _%

G198 o — G G o 19B O] -+ || + [ [|L= < =72
O A = G A O ), R = gt 4 o+ e
N —I,‘\’,"B///GN — Iﬁ’B///VN — IS’B//ZVTIN —I,‘\’,"B/// UN y=max a,B),otherwise

N = = aB o~
— N
U = MO (MO I A ) which implies, takingk € (0,1) such thatk > % +y,
= //ZVN + (//ZVN —In ///VN) when N is large enoughiy = Vy = Wy = 0. Hence, the

///WN+(///WN—| ' ///WN) Un,Vn and Wy are existent and unique agn(A) is
— M VN+(/// vN—IN’B/// UN)- finite-dimensional.
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Lemma 4.1. Suppose that € Hg} um_p (V) @nd

max{|Ky(t,s)|,[Ka(t,s)|[at)]. [bt)],1} < L,
have

then we

[[Tu =T+ [V —UN| + W — W] ||
3
ClogNNZ™|u[mi1e, —1<a,fB<—32
CN"SVWFVHUHerl,ooa y=maxa, B),otherwise

(4.10)
and

H|U_GN|+|V_VN|+|W_WN|”L§,GB(A)
) :

m(z o™

+c|ogNNﬁ‘mIIUI|m+1m, —l<a,p<-1

cN™ m % ||0m+ku|‘&kn—p,m—u)
K=

+CN%*'“+V|\ Umt1e, ¥=maxa,p),otherwise

k
unm—u m—u)

IN

(4.11)
Proof. Subtracting (4.8) from (2.2) yields
u(t) —an+ IN ﬁ///vN — () =
w(t) — i+ 13y ///lv(t) =0,
v(t) — O+ 1 B//mN — SN (412)
— AVt )+ N ﬁ%wN — AW(t)
PSP N~ ) = g(t) - 15 P g(t).
Sete = u(t) — Un,€ = V(t) — VN, € = W(t) — Wy. Direct

computation shows that

) VPt = v 18P a1 P o (v—)

= M+ M=) — [ (V— VN)—INﬁ///(v W)

18P =t (V=) — [t (v—In) =13 (v— )

+u—yo—13Pu—yo) =u—13Put e~ e —1\3P we).
(4.13)

Similarly

///u_|,;”3///uN+///v_| B0 + arwit) — 13 iy
18P —v—Iaﬁv—g(t) 18Pty +.7¢
[///s_|,35///s]+///e_[%e_| P le|+.as—|ae
2 R 7 S L L5
(4.14)
The insertion of (4.13)-(4.14) into (4.12) yields

e=u—I10Putr e e 1\3Fue,
E—wo SPw e~ T 1P,
E=v-— “Bv+///£ [///s—laﬁ//ls]Jr//le

—[ME—~ |N’B///8] +ME—ME-10P
e~ (M-S,

which implies that

9

el + el + €] < _;IJ|I+01/ (le(s)| +[(s)] +[e(s)])ds

at+g-1 R
o [ (ls(9)]+E(9) +[E())ds
(4.15)

where
h=u—13Pu, B=v-13Pv B=w—1{Pw 3=

Me — 1% ﬁ///e 35 — ME - |,‘j”3%§, b =
ME — P, //zz—r’ ME, g =
e - 15Pae, — 7't - 2P 7. Using
Lemma 3.6 gives
N 9 t 9
sl +El+E1< Y B+ [ (3 kds (416
k=1 1=
Similar to (4.9), we have that
9
(4.17)

el + &+ [Elll= < 1%L
k=1

By using (3.2), Lemma 3.7, we obtain that

Jlu=15Pullee = 1100157 (u—Paw) o < c(@+ (1157 o) Ju— Pyue
clogNNZ ™ ™||ullpe, —1<a,B<—3

<
cN4 ™Y||u[|me, y=maxa,p),otherwise

(4.18)
3 my !
[v—15Pv|e < cIogNNz U e, —1<a,B<—3
N CNlimyHu/Hmwy y:maKU,ﬁ)yotherwiSe
and
3
z—m _ 1
f[w— 18P ]| S{clogNN [Ulne, —1<a,B<—3 (419

eN4 ™Y me, y=maxa,B),otherwise

We now estimatels. It is clear thate € C[—1,1].
Consequently, using (3.6),(3.7) and Lemma 3.7 it follows
that

= = 10 = 15P) (M — M) e < (34 157 o)
Ve — Mg < o1+ 129 )N e
clogNN~=||e| + [€] + [€][|=, —1<a,B<—3
CN%*K+V|\|£|+\§\+|§||\|_m, y =max a,B),otherwise
(4.20)
wherek € (0,1) andny.Z € € ZN(A). (4.20) also holds
for || Js||L=, || Js[|L=, [|I7/[L=, || Jg]|L= and]|Jg||L=. Takingk €
(0,1) such thak > 3 + v, the estimate (4.10) follows from
(4.17)-(4.20), provider that N is large enough.
Next we prove (4.11). Foranyl < a,3 <1, we have
from (4.16) that

9
— ~1112 112
lllel + [¢] +|€|HL3)M < Ci;HJ.IIng- (4.21)

We obtain that from (3.6) (3.7) and Lemma 3.8
== 1§ )(//le—m///e)lhz
< CH//ZS— TN A €| < oNT¥]|[e] +[2] + IEIHLw

HJ4||L2
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It also holds for|Js[| 2 —[Jll 2 . These result, purpose,we consider equations

together with the estima’?és (4.10), (2.21) and (3.3), gield

(4.11). un +15PQ(t) — 13F . rwn =0,
Now subtracting (4.6) from (4.8) leads to W + I,‘\’,"BQl(t) — I,‘\’,”B//llvN =0,

w1 PQM) + I PQE) + 1P + IR Q)

On — Uy — I,‘\’,“BBQ(t) + |S’B{/VN - IS’B//B/VN =0, 18Py 18P — 18P — 18P 7w = 0.
Wt — Wiy — |15 a, Ly — 1% Gy = 4.25
:’7\:;‘_ \\/ZN_ | réNB 6%)(? IE’!EG(KZ—VIN ﬁ’B(IjN(t)/—/ZI ;%/’%61%) Obviously (4.25) can be written as 1429
‘HS’B/ZZUN + 'rzm%vN + 'rgﬁ////\WN + IS’B%% Uy — v = 18P vy 18P Q) — vy = Ry + R,
18P Gy — 18P0 — 18P i — 18P =0, W — W = 1P 1P Qu (1) A M = R R,

VN 7L%//,\[JN 7%VN — M WN 7%1VN = |,Z’BL////\[JN + |,Z>B%VN
ISP i 18P T — 18P Q) — 18P — 18P Q)

which can be simplified as, by settiig= Uy — Un, E1 = 13PQy(t) — MU — T — AW — U

VN_VNaEZZV/\\IN_WNa =Rs+Rs+ Ry +Rg+ Ry + Rio+ Ri1+ Ria.
namely,

E— |§*B§(t) - I,‘\’,”B/B//El =0,

a, a, 1 N i

Ex— I,g,{ Bgl(t) —LNB_/// E1 GZBOL ope Un :/ﬁLVN(S)dSJrRlJrRZ, Wy :/j ) 1VN(s)ds+Ra+R4,

E;— |N;Q(t) — |,\LQ('[) -1y g(t) -1y gll(t) Wy = / (Ra(t.S)un(S) +a(t)v(S) + Ka(t, S)wn(s))ds (4.26)

1P\ SP e \SP e\ S E = 0. At 2

(4.22) +/71 bn(s)ds+ 3 R.
Letey =u—un, BN =V—Vy and& = w—wy be the
error corresponding to the Jacobi pseudo-spectral Galerki, . _apB B _ _aB _
solutionuy, vy, wn Of (2.18). Now we are prepared to get V\gtp Rll = In /{VN AW, R ;,B IN"Q().Rs =
our global convergence result for problem (2.2). IN B/{/VVN - MW, Ra N —IN"Q(t), Rs =
~ _ a, a.B— —

Theorem 4.1. Suppose that mdKy(t,s)|, [Kz(t,s)], N /{/\UN - ///UN/’\Rﬁ = INT AW — //fVNa Ry =
|a(t)|,|b(t)|,1} < Land the solution of (2.2) is sufficiently WP — awRs =  —I{PQM),R =
smooth. For the Jacobi pseudo spectral Galerkin squtiorusﬁé(t),Rlo = _|§v3(j(t),R11 = —|ﬁ’ﬁ61(t),R12 =
defined in (2.18), we have the following estimates Iaﬁ]lvN —]1VN Using (4.26) gives

(1) L® norm of [en| + [en] + [En] satisfies, N ' '

t
I (len] + [en] + [&n]) e (lun -+ [vi[ +wn) < 01/1(|UN(S)I+IVN(S)|+IWN(S)I)0|S
! _
clogNN2~"|uf|m 1,00 qt+a-1 12
OGN Ui 1< ap< -1 2y te2f,  (©l+Iw(S)]+(ds+ Y IRl
5 4009 1 ) = ) _ &
N ™Y Uljmp .0+ ENZT™Y U1 o, (4.27)
y=maxa,B),otherwise Using Lemma 3.6 yields

(2) The Jacobi spectral err@ |+ [en| + & satisfies, 2
[1(Jun] =+ [vn |+ wWaD e < € 5 (IR (4.28)
=1

el +[en + vl |
‘ On the other hand, according to Lemma 3.7,

ClogNN ™l 1.0 +ClOGNN~™ul|1.c
1
1
+N-M Y g™ Ry , —l<a,p<-2, BA
)T A e <=3 IRell2= = 15 QM- 1
= +cN%fmivuu\|m+l_,w+cN%fm+vuu\|1,w <{C(I<232Ny)2~IQ(t)ZIIEw, -1< a,BS—hg
~ | cN t)]|f, Y= maxa,f),otherwise
+cN—™M zOHdtm*kuH%MmB, y =maxa, 3),otherwise IQM)IIE- v Xa.B) (4.29)
k= .

(4.249) By the expression o(t) in (4.4), we have from Lemma

Proof. We first prove the existence and unigqueness 0f3-2
the Jacobi pseudo-spectral Galerkin solutign As the

. : S _ t+1 ~
dimension of #n(A) is finite and (2.18) and (4.6) are |Q(t)| < CN’mllﬁén((%)Kl(T(t,9))w7a,7;3(9)|\Lz
equivalent, we only need to prove that the solution of m “nt-a,mi-B
(4.6) isuy = vy = Wy = 0 wheng = yg = 0. For this X”UNHLg,M <cN HUNHLE)G_B’
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which, together with (4.29), gives

clogNN=™[(|un]| =+ [vn| + [wn ) |Le,
—l<a,p<—3,

RIS 0 < o) (u + i+ i
y=maxa,f),otherwise
(4.30)
Similarly, (4.30) holds for
IRelle. IRl |RollLe, [IRsoflL> and [Rgfli=.  The

combination of (4.20) and (4.30) yields

| (Jun] + v | 4 [wi]) [
(|ogNN—m+IogNN‘K
-1 <a B<—
C(NE-MHY B | ] + [ + ) e
y=maxa,3),otherwise

) (un] + ] + [ [,

(4.31)
Based on (4.31) and Lemma 3.4 with> 3 +y, when N
is large enoughy = vw = wy = 0. As a result, the

existence and uniqueness of the Jacobi pseudo-spectral

Galerkin solutionsiy, vy, Wy are proved.

Now we turn to theL™ error estimate. Actually (4.22)

can be transformed into

E— /lel(s)derIS"B//{Ela///E1+I,Z"BQ(I).,

Er= /Tq*la( S)ds+ 18P #1Ey — 4By +13PQu (1),
Ei= / (Kt () +HOELS) +Ralt IE(3)cs

+ / Sds— .7E - 7€, - ME,

R4 E1+|,3 £ ///E+ 19P 2B +18P A+ 18P ey
HEPQW +1RPQM) + 15 Q) + 157 Qu(1).

(4.32)

which yields
11 18
|E|+ |E1| + |E2| < [Ro| + |Ral+ Y R+ Y |R]
| SRS,
+01[l(IE(S)I +[Ea(s)| +|Ez(s)|)ds

dtra-1
+02[l (IE()] + [Ex(s)] +[E2(5)])ds
(4.33)

with Riz = |£’ﬁ///El — MEq, Ria =
\SP ), — M ELRis = 18P AE — HE R, =
|£7B%E1 — %El,R]j = |S7B////\E2 — j/\Ez,ng =
I,‘j"p%lEl — Z'E:. Similar to (4.11),it follows from
(4.33) and Lemma 3.6 that

I1E[+[Ea] +[EzlllL= < c([|Raf|L> + [[Raf|L=
11 18

+28HRIIL°° +i;3I\RHL°°)-

Similar to the estimate of (4.20), we obtain

(4.34)

It also holds forRy4 — Ryg. In terms of (4.30), (4.34) and
(4.35), when N is large enough, we obtain
E]+ [Ea| + [Ez[[L
clogNN=™[ (Jun |+ Vi | + [wn )L

< clogNN="™([|(u[ + [v[ + [W]) |
+H£\U—UN|+\V—VN|+\W—WNDHLwL
CNT;MVHUUN\+|VN\+|WNDHL°°

< eNZT™Y(([(Jul + V] + [wi) ||
+l(Ju—un|+[v—yn|+[w—wn|)[[L=),
y=maxa,f),otherwise

_1<G’B§_l’

IN

(4.36)
By the triangular inequality,

[[u—un|+[v—Vn|+w—wn[[[L= < [[|E[+ [Ea| + [E2f ||
+|||u—Tn| + |V —In| + |W— Ry ] || Lo -
(4.37)
as well as (4.36),(4.37) and Lemma 4.1, we can obtain
(4.23) provided N is sufficiently large.
Next we prove (4.24). Using Lemma 3.6, one obtains
r]at from (4.33)

[I1E|+ |Ea| + |E2|Hﬁgw < C(HRzHngi + ||R4||ngi
1 5 18 5
+Y IR + -
iZBHRHL%’a,B i:ZsHR‘”L‘Z”M)
(4.38)

The combination of (4.30), (4.35) and (4.36) yields

clogNN="([|(ful -+ [V] + [w])[|L=
+|llen|+[en| + [&n]) =),
_1< G>B S _%>
ONE =Y (]| ([u] + V] + ) |
+llen| + [en] + &l lL=),
y=maxa,f),otherwise

(4.39)

IIE|+ x|+ |2l , <

By the triangular inequality again,
el + 1wl +1enllz, < IEl+ Bl +[Bllg
lju— G|+ v — ] Wiz,

(4.40)
In terms of (4.23)(4.39)(4.40) and Lemma 4.1, we obtain
the desired result.

5 Numerical results

We give two numerical example to confirm our analysis.
Example 1 Consider the \olterra delay
integro-differential equation

u\t) = —2tu(t)+u(qt+q—1)+g(t)+/ T2u(1)dt
at-+g-1 -
+/4 u(n)dn.

with g(t) chosen so thai(t) = cog0.5t). By calculation
31

I Ruslie < ClogNN™"[[Eqfl=, —1<a,p<—3 g(t):(__2t2)sin(o5t)+1zsir(o5) 6tcog0.5t)
N2~ K*Y||Eq||L~, y= maXa,p),otherwise 2 qt+q qt+q 1
(4.35) —8¢040.5) —cof ———— ) 2sin(——).
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Fig. 1 shows the errons— uy of approximate solution in
L* and Weighted_ﬁ,aﬁ norms. Fig. 2 shows the errors

u —uy in L* and weightedL, = norms obtained by

using the pseudo-spectral methods described above. It is w
observed that the desired exponential rate of convergence

is obtained.

Example 2 Consider
integro-differential equation

the \olterra delay

QO = U@+ ot o (ot

, @)ezqﬂ—/ot u(t)dt
+/Om(t—r)u(r)dr.

The corresponding exact solution is givenufy) = 2.

Figure 1. error oli for example 6.1

Figure 2. error otl for example 6.1

Fig.3 and Fig.4 plot the errors— uy andu’ — uy, for 4 <
N <16 in L* and LEJGB norms. Once again the desired
spectral accuracy is obtained.

log, ,

Figure 3. error ofi for example 6.2

Figure 4. error otl for example 6.2

6 Conclusion

This paper proposes a numerical method for \olterra
delay integro-differential equations based on a Jacobi
pseudospectral approach. To facilitate the use of the
method, we first restate the original \olterra delay
integro-differential equation as three simple integral
equations of the second kind. The most important
contribution of this work is that we are able to

demonstrate rigorously that the errors of approximations
decay exponentially in_“and_ﬁ,aﬁ, which is a desired

feature for a spectral method.
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