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Abstract: In this paper we provide a maximum norm analysis of an overlapping Schwarz method on non-matching grids for parabolic
quasi-variational inequalities related to impulse control problem with the mixed boundary conditions. The parabolic quasi-variational
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1. Introduction We consider the following evolutionary inequality: find
u € L*(0,T; H (£2)) solution of

%—Au—fgo, in X

u—Mu<0 Mu>D0,

(?;Z—Au—f) (u—Mu)=0 in 2,

Schwarz method has been invented by Herman Amandus
Schwarz in 1890. This method has been used to solve the ou
stationary or evolutionary boundary value problems on do- — =ginlgandu =0in I'/T,
mains which consists of two or more overlapping sub-domains o

(see [1, 3, 15, 19, 20, 23, 24]). The solution is approx-
imated by an infinite sequence of functions which results
from solving a sequence of stationary or evolutionary bound-

u(x,0) = ug in 2

ary value problems in each of the sub-domain. In this work where X is a set in R x R? defined as X = 2 x [0, T]
we provide a maximum norm analysis of an overlapping ~ With 7" < 400, where {2 is a smooth bounded domain of
Schwarz method on non-matching grids for parabolic quasi- R? with boundary I" and f is a regular function.
variational inequalities related to impulse control problem The symbol (., .) stands for the inner product in L2.
with respect to the mixed boundary conditions. f is aregular functions satisfying
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feL*0,T,L>(2)nC* (0,7,H' (2)) and f > 0.
(D

We specify the following notations.

222y = Il I = 1 llaz ) Hlzee(oury = oo »

M is an operator given by
Mu=k+ inf wu(zx+¢)
§20,z+8€f?
where & > 0 and £ > 0 means that £ = (£1,&;) with
&1, &2 > 0,and I is the part of the boundary defined by:

Iy ={x €02 =T suchthatV¢ >0, z+£ ¢ 2}.

0
Finally, 6—u = Vu.77 such that 7 is the normal vector.
U]

The symbol (., .), stands for the inner product in L?({2),
(), stands for the inner product in L2(I).

A great deal of work has been done since now three
decades on questions of existence and uniqueness for the
discrete solution of parabolic and elliptic variational in-
equalities and quasi-variational. However, very much re-
mains to be done on the numerical analysis side, espe-
cially the error estimates for them in uniform norm (cf.,
e.g.[6,7], [9-16]) and the asymptotic behavior in uniform
norm for parabolic variational inequalities (cf., e.g.[4,5]).
The existence and uniqueness and regularity of both the
continuous and the discrete solution have been intensively
studied and had already been dealt with in the past years,
(cf., e.g.[13,14] [20]) for details.

In a recent work (see [3]), exploiting the above argu-
ments, we analyzed the finite element approximation for
the coercive problem and derived the following error esti-
mate for elliptic quasi-variational inequalities

lu = unll oo () < Ch? [log hf?, 2

with C' a constant independent of both h and &.

In the previous our work [4,5] , we established firstly
the existence and uniqueness of weak solutions of parabolic
variational inequalities. Then we transformed the parabolic
quasi-variational inequalities related to impulse control prob-
lem into a coercive elliptic quasi-variational inequalities,
and we proposed a new iterative discrete algorithm to
show the existence and uniqueness of the discrete solu-
tion, and we gave a simple proof to asymptotic behavior
in L°°-norm using the theta time scheme combined with a
finite element spatial approximation.

Also, we analyzed the theta-scheme with respect to the
t-variable combined with a finite element spatial approx-
imation for the evolutionary variational inequalities and
quasi-variational inequalities with an obstacle defined as

an impulse control problem [4,5] and we derived the fol-

1
lowing asymptotic behavior, for 6 > 3
P
o =] < € |12 nowh® + (i55) ] ©

1
and for the second case 0 < 6 < 5

P
H“Z’p - “OOHOO <cC [hg log h|* + (2h2+§g(21—29)) } ’
“
where p (A) is the spectral radios of the elliptic op-
erator A and ui’p , the discrete solution calculated at the
moment-end 7" = pAt for an index of the time discretiza-
tion k = 1, ..., p, and u®, the asymptotic continuous solu-
tion.
and it can be seen in the previous our estimates in (1.3),

1 P 2 P
(1'4)(1+59At) ’<2+ﬁ9(1—29)p(A)> tend to

0 when p approach to infinity. Therefore, we get the previ-
ous estimates for elliptic case defined in (1.2).

Our main concern in the present paper is to extend the
above result for the parabolic quasi-variational which in
turn can be transformed into system of coercive elliptic
quasi variational according the step of the time discretiza-
tion . Therefore the all results which introduced in this pa-
per remain true, where we have introduced a new approach
for the theta time scheme combined with a finite element
spatial approximation of an overlapping Schwarz method
on non-matching grids for the parabolic quasi-variational
inequalities related to impulse control problem. We con-
sider a domain which the union of two overlapping sub-
domains, where each sub-domain has its own generated
triangulation. The grid points on the sub-domain bound-
aries need not much the grid points from the other sub-
domain. Under a discrete maximum principle [cf. 9], we
show that the discretization on each sub-domain converges
quasi-optimally in the L°°-norm . For that purpose, fur-
ther to the above arguments, our main tool is a discrete
L°°-stability property with respect the obstacle defined as
an impulse control problem, the right-hand side and the
mixed boundary conditions.

The outline of the paper is as follows. In Section 2, we
lay down some notations and assumptions needed through
out the paper and state both the continuous and discrete
parabolic quasi variational inequalities. In section 3, we
state the continuous alternating Schwarz sequence for parabolic
quasi-variational inequalities and define their respective
the theta scheme combined with a finite element counter-
parts in the context of overlapping grids. Then, we prove
the L°°-stability analysis of the #-scheme for P.V.I. Finally
in Section 4, we associate with the discrete P.V.I problem
a fixed point mapping and we use that in proving the ex-
istence of a unique discrete solution, In section 5 the ge-
ometrical convergence is established using the new iter-
ative discrete algorithm stands in theta scheme. Than an
L°-asymptotic behavior estimate for each sub-domain is
derived in uniform norm.
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2. The Schwarz method for the parabolic
Quasi-variational inequalities.

We begin by down some definitions and classical results
related to Quasi-variational inequalities.

2.1. Parabolic Quasi-variational inequalities.

Let {2 be a convex domain in R? with sufficiently smooth
boundary 0f2. We consider the following obstacle problem

%fAuffgo, in X,

u—Mu<0 Mu>D0,
ou .
(at—Au—f> (u—Mu)=0in82, . (5

ou

a—nchinfoanduzoinF/Fo,

w(z,0) = ug in 2
M is an operator given by

Mu=k+ inf
£>0,2+E€02

u(x+¢). (6)
with M a regular operator given by

Mu=Fk-+ inf

_u(z+§)
£>0,a+6€02

where k is a positive number and £ > 0 means that £ =
(€1,82) with §; & > 0 and satisfying

Mu € L? (0, T, W>* (1)), (7
and we know by [21] M is satisfying some proprieties
* M is concave; i.e., Yu,v € C'(£2), 36 > 0:
M@u+(1—=08)v)>6M(u)+(1—-356 M), (8)
and also it is satisfying

Vn € R, M (u+mn) =M (u) +1, ©

f (.) is a regular function which satisfy

feL*0,T,L>(2)NC (0, T,H " (£2)), (10)

and  is a regular function in I

Theorem 1./cf. 22] The problem (5) has an unique solu-
tionu € L? (0,T; H' (£2)) . Moreover we have

u € L? (O,T;H1 (_Q)) ,

. (11)
du 2 -1
o €L (0.1 H 1 (12))

After applying the Green formula, the (5) can be trans-
formed to the following parabolic quasi-variational inequal-
ities

0

<u,v—u) +a(u,v—u)—(f,v—u),—
ot o

—(p,v—u)p, >0, on 2, ve H (2)

u—Mu<0 Mu>D0,

Mu=Fk+  inf

u(r+¢),
£20,2+£€02

9
2 sinIyandu = 0in I'/T,
on

u(z,0) = ug in 2
(12)
Thus, it can be easily deduced that
a(u,v) = /Vu.Vvdx = (Vu, Vv) g,
)

(f,v) = /f.vda:
o)

and

(90»”)1“0 = /gp.vda.

Io

Lemma 1./cf. 22]Under the previous hypotheses we have
the following inequality

[Mu = M| ooy < [t =l o () (13)
Let (M€, o), (M 3 @) be a pair of data, and £ =

o (M¢E, o), é =0 (M 5, @) be the corresponding solu-

tions to the following parabolic quasi-variational inequali-
ties (PQVI):

b(§v=8)=>(fiv—§ o+

+(p, (v =€))p, Vv € L? (0,T; Hg (12))
and

b(e-9)= (10-9),

+(@, (v =8)p, Vv € L2 (0, T Hy (12)) ,
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where

(gf’(v_f)>9+a(£’v_€):b(g’v_g)

Then, the following comparison result holds.

Lemma 2.Under the previous hypotheses and the nota-
tion..

Ifo> ¢ . Theno (M, ) > o (Mé,gb).

Proof.Let v = min (O, & — é) . In the region where v is
negative (v < 0), we have

€< €< ME< ME,

which means that the obstacle is not active for u. So,
for that v, we have

b(gav) = (va)Q + (S‘Qav)[‘g ) (14)
E+v< ME (15)

SO
b(€v) 2 (f,0)g + (@,0)p, (16)

Subtracting (14) and (16) from each other, we obtain

b(é—é,v) > 0. (17)
But
b(v,u)zb(g—é,v) :—b(é—g,u) <0 (18)

SO

and consequently,
£>¢
which completes the proof.

Proposition 1./cf. 3]Under the previous hypotheses, we
have the following inequality

w =l oo g,y < [Mu— M| e g, +

+ H‘p - ngLOO(SQiOQJ) s such that 1 7& j, ’L,j =1,2.

3. The discrete parabolic quasi-variational
inequalities

3.1. The space discretization

Let {2 be decomposed into triangles and 7, denote the
set of all those elements . > 0 is the mesh size. We
assume that the family 73, is regular and quasi-uniform.
We consider the usual basis of affine functions ¢; ¢ =
{1,...,m(h)} defined by ¢; (M;) = J;; where M; is a
summit of the considered triangulation. We introduce the
following discrete spaces V" of finite element

vp € L2 (0,T,H} (2)) N C (0, T, Hy (2)),

such that vy, |k € Py, K € 13,

Vh - Up, S T’hM (’Uh), Uh (,O) = Uho in _Q,

)
# = pinIpand v, = 0in I'/ T}
"

(19)
We consider 7, be the usual interpolation operator de-
fined by

vp € L2 (0,T,H} (2)) N C (0, T, Hg (2)),
m(h) (20)

TRU = ; v (M;) i ().

The discrete maximum principle assumption (dmp)[cf.

9]: We assume the matrix whose coefficients a (¢;, ¢;) are
M —matrix. For convenience in all the sequels, C' will be
a generic constant independent on .

We discretize in space, i.e., that we approach the space
H{ by a space discretization of finite dimensional V" C
H}. In a second step, we discretize the problem with re-
spect to time using the #-scheme. Therefore, we search a
sequence of elements u} € V" which approaches u™ (t,,), t,
= nAt, with initial data u% = ugp. Now we apply the 6-
Scheme on the following to the semi-discrete approxima-
tion for v, € V?

%7% - UIL)Q +a (up,vp —up) >

2n
> (f,on —un) g + (@, (vn —un))p, -

3.2. The time discretization

Now, we discretize the problem (21) with respect to time
by using the theta-scheme. Therefore, we search a sequence
of elements ufl € Vj, which approaches uj, (tx), t) =
k At, with initial data u9 = ugp.

Thus we have, forany 6 € [0,1] and k = 1,...;p
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k—1 0,k
(uﬁ—uh y Up — Uy )Q—i—

> (a0 (20— ) (5 (=) ]

(At)a (uzk,vh — uzk) >

(22)
where
k= Ouf + (1 — H)Uffl
and
fOF=0fF4+(1—-0) L (23)
p M =008+ (1-0) " (24)

By multiplying and dividing by 6 and by adding

uﬁil Jop — ul®
AL’ " R

to both parties of the inequalities (22), we get for vy, € V},

0,k
U
h 0,k 0,k 0,k
(M,vhuh ) +a(uh , Up — Uy )2
Q

o L U 0,k
> ) —
N Ay vk I B
(93
+ (309’]“, vy — uflk) .
Iy

‘We have
up® = Quf + (1= 0)uj !

(25)

< Orp,Muf + (1 —0) rp Muf™!,
using the concavity of r, M we get

R < Or,Mul + (1-0) i Muy ™1
< M(Ouf + (1 —0)uy ™)

< rhMuZ”“,

thus ! N ke V4, then, the problem (25) can be reformu-
lated into the following coercive discrete system of elliptic
quasi-variational inequalities

0,k 0,k 0,k
b(uh ,vh—uh) (fek—l—uuklvh—uh )Q

0.k 0,k
+<<P’ yUp — Uy, )F,Um uh Fev,
0

(26)
such that

b (uf* 0K\ _ 0,k 0,k
uy v =y ) = pluy, v — ) 5

+a (ui’k,vh — ui’k) y Uh, Uh € Vp, (27)
1 T
F= %At~ on

3.3. Stability analysis for the discrete PQVI

It is possible to analyze stability taking advantage of the
structure of eigenvalues of the bilinear form « (.,.), and
we recall that W is compactly embedded in L? (£2) since
{2 is bounded. Thus, there is a non decreasing sequence
of eigenvalues § < \; < Ay < ... for the bilinear form

al(.,.),le.,
wj€L? wj#0:
a (wj,vh) = )\j (w]‘,Uh)Q, Yy, € v,

The corresponding eigenfunctions {w;} form a complete
orthonormal basis in L? (§2) . In analogous way, when con-
sidering the finite dimensional problem in ", we find a
sequence of eigenvalues 6 < Ay < Agp, < ... < Am(h)
and L2-orthonormal basis of eigenvectorss w;;, € Wh i =
1,2,...,m(h). Any function vj, in V" can thus be ex-
panded with respect to the system w;, as

vp = Ti’;) (Vn, Win) o Win,
in particular, we have

Uk k
uy = m(h)u wip and uf = = (uf,win) -

Moreover, let f;* be the L2-orthogonal projection of 6 f *+
(1—0) f* Linto Whie., f,} € W" and

(1), =017 001,
(¢:7kavit>p - (9¢k+(1_9)¢k_17v}L)F0
0 (28)
and set
fik =m0 o s £F = (£, win)

k

ol =0 fRwin s o = (o win) py

We are now in a position to prove the stability for 6 €

s
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Choosing in (22) vh = 0 and by using the trace theo-
rem, thus we have for uh eVvh

1 k=1 6.k 0.k 0.k
(k=) ()
0,k 0,k 0,k 0.k
<( , u) +( , u)
= fh U )y, Pp Uy, I

< (fhe’k, uZ’k)Q +e (gah
Thus the inequality (22) is equivalent to

Alt (uk—u )+)\1h( gk,uf’k) <

9k> ,e>0.
0

(29)
< fF+epk e>0.
Since w;y, are the eigenfunctions means

a (wWin,win) = Ain (Win, Win)

= Ain-0ii = Nin,
foreachk =1, ..
1—(1-6).At N\ .
1+ 0At ), i
LAt
1+ 0AE N,
the inequality (30) stable if and only if
1—(1-6).At

., P, we can rewrite (29) as

uf <
(30
(fik + E@ik)v

<1
1+ 0At N\ ’
that is to say
2
20-1> ——,
Ain- At
means
At —o
(1—20) N\,

So that this relation satisfied for all the eigenvalues
Aqp, of bilinear form a (., .) , we have to choose their high-
est value, we take it for \,,;, = p (A) (spectral radius of
A).

1
We deduce that if 8 > 3 the #-scheme way is stable

1
unconditionally (i.e., stable VA?). However, if 0 < 6 < 5

the 6-scheme is stable unless

2

Notice that this condition is always satisfied if 0 < 6 <

1
— Hence, taking the absolute value of (30) we have

m—1
o) < [+ | e \z (5 + o),

also we deduce that

o <l o+

| S it

|

(32)
Proposition 2.We have for eachk = 1,...,p
o 5+ At (s ) <
(33)

p
< (ol + 3 Atllf %4200

Proof.-We take v, = 0 in (22), for the left-hand side we
can easily show

(ui - ulfb_l, uZ’k)Q + At.a (uzk,u%k) =
(Ihatlly = l1ak1) +

1
2
(0 5) k=t + v (00

—_

then we get for 6§ > 3

k k=1 0.k 0,k 0,k
(uh—uh , Uy )Q+At.a<uh Uy, )2

> 3 (I = [l 1) + At (%, )
1 _12 2
> 5 (s = k™ 1) + a0 ]

For the right-hand side we make use of the following
algebraic inequality

ab§%(a2+b2), Ya, b € R,

Also, by using the Trace theorem and the coerciveness as-
sumption of a (., .)

At ( 0.k 07k) ( 23 0k) <
( )|: f Up, Q+ 14 Uy, ol =
2
1| 6.k 1 0,k 0,k||2
< At <2 H“h HQ"‘E 1£ 7% +ep ||2)

< 20 (o (5, 029) + 117 4+ o242
thus

k13 = 5 + At () <

< At||f Ok +ep 97’“||§.
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We deduce that Vk =1, ...,p
—1
5 s+ 2t S () <
k=1 =
> [k S 0.k 0.k 112
<X Huh HZ-FAtZ Hf ket H2
k=1 k=1
The sum becomes
2 < 0.k 0k
a2+ At 3 (u ut) <
k=1
P
<00) (Il + 3527 2%+ 2042

where C (p) is a constant independent of h and At,
thus we have proved that the scheme is unconditionally
stable for 6 > %

On the other hand, since in a finite dimensional space
all norms are equivalent, we can infer that

2 P
lf i3 + At > a (ui”“, u%k) <

p
<Cp) (nuomi + A M e ‘”@Hi)

3.4. The discrete Schwarz sequences.

As we have defined before (2 be a bounded open domain
in R? and we assume that {2 is a smooth and connected.

Then we decompose (2 in two sub-domains (21, (25
such that

=00 (34)

and wu satisfies the local regularity condition

u|o,€ L*(0,T, WP (£2;)) (35)

andwedenoteby I' = 082, [ = 08y, I = 08, v1 =
891 n 92, Yo = 8(22 n Ql, 0172 = Ql N 92.

For i = 1, 2, let 7" be a standard regular and quasi-
uniform finite element triangulation in {2;; h; (hy = ho = h),
being the meshsize. We assume that the two triangulations
are mutually independent on {2; » in the sense that a tri-
angle belonging to one triangulation does not necessarily
belong to the other.

Let V" be the space of continuous piecewise linear
functions on 7" which vanish on £2; NOS2, it # 3,1, j =
1, 2. Forw € C (391) we define

v, € Vi oy, = T, (w) on £2; N OL2y;

vp (-,0) = vpo in £2,

hi _
[ KT
877_SO 0>

vp,=0inI'/Ty; i #34, 4, j=1, 2,
(36)
where 7, denotes the interpolation operator on 0f2;

and V" defined in (19) .

We consider the model obstacle problem: Find ufl’k €

Vjsuch that

0,k 0.k 0.k k-1 0.k
b(“h s Uh — Uy, )Z(f +puy T vh )QJF

: 0,k 0,k
+ (¢€7k7 (Uh — Uy ))F y Uh, Up S Vh
0

(37
We define the discrete counterparts of the discrete Schwarz
. 0,k,2n+1 h
sequences, respectively by u, , Un € V(ue,k,2n)’
h
such that
0,k,2n+1 2n+1
b(uh oo —uhn"' ) —

0,k—1,2n—1 0,k,2n+1
_(fg,k_’_uuh, n avh_uh n+ )Q
1

0.k 0,k,2n+1
- (<P , U — Uy, ) 2 07
I

0,k,2n+1 0,k,2 9.k,2
uy"” nt =u,"" " on 021, vy =, 7" on 082y,

uz,k,2n+1 < ,rhMuZ,anfl
(38)

0,k,2n
)

and u,’ v e VP, 5. 1\ such that
h (un 2 7)

6,k,2n 2n
b(uh ,vh—uh>—
0.k 0,k—1,2n—2 0,k,2n
—(f Ny, VR — U )Q -
2

0,k,2
- (@9,19’,0_,“’17 ’ n) > 07
Iy

0,k,2 0,k,2n—1 9,k,2n—1
wp" T =T on 982, vy, = w7 on 082y,

0,k,2n 0,k,2n—2
Uy, < rpMuy, .
(39)
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4. Existence and uniqueness for discrete
PQVL

Next using the preceding assumptions, we shall prove the
existence of a unique solution for problem (3.20) by means
of the Banach’s fixed point theorem.

4.1. A fixed point mapping associated with
discrete problem

We consider the following mapping

Ty : L () — Vh
(40)
w —r Th (w) = fh,

where &y, is the unique solution of the following PQVI:
find &, € VP

b (Enson —&n) = (f OF 4+ pw,vn — &) , +

+ (906 b (Uh - gh))

Proposition 3.Under the previous hypotheses and nota-

, vaVh.

tions, if we set 0 > —, the mapping T}, is a contraction

1
in L™ (22U I') with a rate of contraction (H—@At/>
Therefore, T}, admits a unique fixed point which coincides
with the solution of PQVI (38).
Proof.For w, @ in L*° (£2U I"), we consider
fh =T (w) =90 (f 0.k + (,Oe’k + pw, T’th}L)
and

& =T (@) =0 (1 "% + " + o, raM&,)

solution to quasi-variational inequalities (38) with right-
hand side

FOk — p Ok L0k Fok — FOF 4 OF 4y,

Now setting
ol

then for &, 4+ ¢ is solution of

b(&n+ ¢, (vn + @) — (én + @) =
> (fOF + pw+ o, (on + ¢) — (En + ), +
+ (" + 6, (o + ) — (Gn+9))

&+ ¢ < rpMé&p + 9,

v+ ¢ < rpME&, + ¢ Nuy € Vvh,

We have
ok < Fok HF 0,k _FMH
< POk HFM FekH
ﬁ+u 0
<+,

s0, due to lemma 2 and assumption (2.5), it follows that

O (f OF + "F + pw, rMep) <
<o (f OF 4" 4 pd+ 6, M (€ +0)) <

< ah <f 0.k + @91}9 + 2 QII, ThMéh) + ¢a

hence .
En < &n + 0.
Similarly, interchanging the roles of w and w we also get
€ < &+ 9.
It finally yields

Hah (F%F rpM&,) — O (Fe’kaThMéh) H <

oo

< - HFOk FOkH
< 0k 4 o0k 1y — Ok L
_1+u”f O+ pw — fOF =P — ]|
< Jw-a]

— ||W w
— 14+ 60At oo’

which completes the proof.
1
Proposition 4.If we set 0 < 0 < 5 the mapping Ty, is

a contraction in L™ (2 U I") with the rate of contraction

2

2+60(1-20)p(A)
operator A.

where p (A) spectral radius of the

Proof.Under condition of stability we have shown the 6-
2
scheme is stable if and only if At < ————,
(1—20)p(A)

thus it can easily shown

0w (PO e — on (Fo* rabiés) | <

1
< — — W <
< Traa vl
< 2 o — ]
=27 0(1-20)p(A) o
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thus the mapping T}, is a contraction in L (2 U I") with such that
rate of contraction . Therefore, T}, ad- 2n+1 2
2+0(1—20)p(A) 4 sup [up? — up” "t ‘Sklsup up —up Tt (46)
mits a unique fixed point which coincides with the solution m 7
of PQVI (37). and
sup |up® — uzo’%ﬂ‘ < kosup |uf® — u;>?" 47)
72 V2

4.2. Iterative discrete algorithm

We choose uf as the solution of the following discrete
equation

b(up,vn) = (¢° vn) , vi € V", (41)
where ¢° is a regular function give.

Now we give our following discrete algorithm

0,k2n+1 __ k—1,2n+1 _ 0,k,2n+1 h
up, = Thuy Jk=1,...,p, Uy, € V(uz,k,2n)
(42)
or
60,k2n k—1,2n o 0,k,2n h
Uy, = Thuh Jk=1,..,p, Uy, S V(u}el,k,anl
(43)

where uf;k is the solution of the problem (37).

Remark.If we choose 8 = 1 in (42) or (43) we get Ben-
soussan’s algorithm. The idea of this choice has been stud-
ied by [8].
Proposition 5./cf .4] Under the previous hypotheses and
notations, we have the following estimate of convergence
1
if 6> —
o= 2

0,k2n+1 UZCH <
oo

k
Huh (ﬁ) Huﬁw _UhoHoo,

(44)
if0<0< %,wehave

0,k,2n+1
[ -

(45)

5. L*°-Asymptotic Behavior

Theorem 2./cf. 3] If A = (as;), (1.
Then there exists two constants k1, ko
k1 = sup{wp (x), z € %2} € (0,1)

and
k1 = sup{wp (z), z €7} € (0,1)

k
2
U?HOO < (m) l[un” = tnoll o -

N} is the M -matrix.

In [3 ] we proved the following main convergence re-
sult

Theorem 3./cf. 3] The sequences (ui’k’%H) ; (ui’k’%)

0 produced by the Schwarz alternating method converge
geometrically to the solution u of the obstacle problem
(5). More precisely, there exist k1, ko € (0,1) which de-
pend only respectively of (£21,72) and ({22,71) such that
alln > 0.

nt1
sup ’u?f R s ‘ < EPkYsup [up® —up|  (48)
o, Y1

and

00,2n

sup ‘ufl’o —uy (49)
2,

npn—1 oo 0
< Eki'ks sup’uh —uh‘.
72

Proof.The continuous case has been proved in [19, 20] and
for the discrete case has been proved in the previous work
[cf. 3]. This theorem remains true for the problem intro-
duces in this paper, because it is system of coercive ellip-
tic quasi-variational inequality according the step of time
discretization k.

Also in [3], we proved the following error estimate for
the elliptic Q.V.I related to impulse control problem:

Theorem 4./3,17] Under the results of the theorem 2, and
the theorem 4. Then there exists a constant C' independent
of both h and n such that

00,2n+1

Huoo — < CR?|loghl®  (50)

and

oo 00,2n
u= =7

< Ch?|logh®.

L (022) Gl

where u™ is the continuous solution of elliptic quasi
variational inequality

5.1. Asymptotic behavior

This section is devoted to the proof of main result of the
present paper, where we prove the theorem of the asymp-
totic behavior in L*°-norm for parabolic variational in-
equalities, where we evaluate the variation in L> between
uY (T, z), the discrete solution calculated at the moment
T = pAt and 4 the asymptotic continuous solution
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Theorem 5.(The main result). Under the results of the propo-

sition 5 and the theorem 4, we have
1
for the first case 6 > 3

p
Hu%p,Qn-i-l _ uooH S C |:h2 |10g h|3 —+ (ﬁ) :| )
(52)
and

Huf;f’v?" - “OOHOO < C [1? floghf* + (ﬁ)p] :
(53)

1
and for the second case 0 < 0 < 3

Huz,p,QTH-l — UOOHOO <C [hQ |10g h|3 + (m)

(54)
and

6. Conclusion

In this paper, we have introduced a new approach for an
overlapping Schwarz method on non-matching grids for
parabolic quasi-variational inequalities related to impulse
control problem with respect to the mixed boundary condi-
tions, where we have established the asymptotic behavior
in uniform norm similar to that in the previous published
paper [3] regarding the overlapping Schwarz method for
the stationary free boundary problems,. The type of es-
timation, which we have obtained here, is important for
the calculus of quasi-stationary state for the simulation of
petroleum or gaseous deposit.
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